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ABSTRACT

Many experiments in metrology involve the use of instruments or measuring sys-
tems that measure values ofr@sponsevariable corresponding to given values

of a stimulusvariable. Thecalibration of such instruments requires using a set

of measurements of stimulus and response variables, along with their associated
uncertainties, to determine estimates of the parameters that best describe the rela-
tionship between them, along with their associated uncertainty matrix.

Algorithms for determining thealibration parametergor problems where mea-
surements of the stimulus variable can be assumed to be accurate relative to those
of the response variable are well known. However, there is much less awareness in
the metrology community of solution algorithms for more generalised problems.

Many standards that deal with calibration, while identifying the typesgression
problems to be solved, offer only limited advice regarding the selection and use
of solution algorithms. There is also a need for guidance regarding uncertainty
evaluation.

The aim of this report is to provide more assistance to the metrologist, allowing
the calibration problem to be easily classified according to the uncertainty struc-
ture associated with the measurement data, providing solution algorithms for the
main types of calibration problems, and describing the evaluation of uncertainties
associated with the calibration parameters.

The report will also act as input to JCGM-WGL1 and ISO TC69/SC6/WG7.
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1 Introduction

Experimental data analysis is a key activity in metrology. It involves developing

a mathematical model of a physical system in terms of mathematical equations

involving parameters that describe all relevant aspects of the system. The model
specifies how the system is expected to respond to input data and the nature of
the uncertainties associated with this data. Given measured data, estimates of
the model parameters are determined by solving the mathematical equations con-
structed as part of the model, and this requires developing an algorithm (or estima-

tor) to determine values for the parameters that best explain the data.

In many areas of metrology the relationship between a “stimulus” variable and

a “response” variable is used as the basis for the calibration of an instrument
or measuring system. Actual measurements consisting of the observed response
for settings of the stimulus variable are fitted by an appropriate calibration curve
to quantify the required relationship. In cases where the measurements of the
stimulus variable can be considered to be accurate compared with those of the
response variable, ordinary least squares or other procedures can be used to pro-
vide the “regression” curve. The uncertainties associated with the curve and its
subsequent usage can also readily be determined. However, in many applications,
such as dimensional metrology, gas-standards work and analytical chemistry, the
uncertainties associated with the measurements of the stimulus variable can be
appreciable, and ignoring them can yield invalid results and unreliable uncertainties
associated with the calibration curve.

The motivation for this report is as follows:

e Calibration problems occur widely in metrology and algorithms for problems
where measurements of the stimulus variable can be assumed to be accurate
relative to those of the response variable are well known. However, there is
much less awareness in the metrology community of solution algorithms for
more generalised problems and this lack of awareness needs to be addressed.

e A recent Software Support for Metrology (88 survey [17] has investi-
gated the extent to which metrology algorithms are used within standards.
This survey has identified the need for more comprehensive advice regarding
the selection and use of such algorithms. For example, there is a generic stan-
dard [8] on regression, but it has a limited scope, dealing only with straight
line calibration curves. Also identified is the need for more guidance regard-
ing uncertainty evaluation and a recommendation that reliable software be
provided. The survey identifies the requirement for generic standards that
specify the statistical methods that should be used in all the calibration cases
that occur in metrology, with appropriate guidance on uncertainty evaluation.

http://Awww.npl.co.uk/ssfm/download/documents/cms@24pdf Page 1 of 46
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o NPL has representation on JCGM-WEdnd 1ISO TC69/SC6/WEY both
of which have identified a need for increased guidance relating to calibration
problems. In the case of JCGM-WGL, it is expected that guidance will be
provided in the form of a supplemental guide to the GUM [3] on least squares
adjustment.

The main aims of this report are therefore:

e To describe the main types of uncertainty models encountered by metrolo-
gists, and provide a basic classification of the resulting calibration problems
into which metrologists can characterise their own problems.

e To provide algorithms for the estimation of calibration parameters and their
associated uncertainties.

e To describe the “application” of the calibration curve to the evaluation of
other quantities and their associated uncertainties.

e To act as input to the work of JCGM-WG1 and ISO TC69/SC6/WGT.

The layout of the remainder of this report is as follows. Section 2 introduces
many of the relevant terms and the mathematical notation. Section 3 describes the
formulation of the calibration problem and introduces a classification of calibration
problems based on the structure of the uncertainty matrix associated with the stim-
ulus and response variables. Sections 4 and 5 describe algorithms for estimating the
calibration curve parameters and their associated uncertainties when the response
variable is respectively a linear function and a non-linear function of the stimulus
variable. In both these sections, it is shown that the calibration problems require
the solution of a number of “standard” problems to which standard algorithmic
tools can be applied. In section 6, the application of the calibration curve to
function evaluation, inverse function evaluation and the evaluation of other derived
guantities is detailed. Section 7 discusses some of the issues concerning poly-
nomial calibration curves, a class of calibration curve widely used in metrology.
Concluding remarks are given in Section 8.

August 2004 revision
This revised version of the report contains corrections to formulee concerning Cheby-
shev polynomials in sectign 7.1.

1Joint Committee for Guides in Metrology, Working group 1 (Measurement Uncertainty)
2Technical committee 69/Subcommittee 6/Working group 7 (Application of statistical
methods/Measurement methods and results/Uncertainty of measurement)
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2 Terms and definitions

Throughout the report, the following notation is used:

S 3

number of measurements.
number of model parameters.

ay
vector of model parametess=
an
set ofm elements indexed by=1,...,m.
transpose of a vector or matrix.
Zero matrix.

identity matrix.

diagonal matrix

w

1
the 2-norm of the vectax: ||al| = (a? + -+ + a2)2.

m
sum of elements of the vectar sz =z1 4+ T

i=1
partial derivative of the functioth = h(t) with respect tot,
evaluated at = .
partial derivative of the functioh = h(a) with respect toa;,
evaluated ah = ag.
partial derivative of the functioh = h(¢,a) with respect tor,
evaluated at = ¢y, a = ay.
partial derivative of the function = h(t,a) with respect taz;,
evaluated at = ¢y, a = ag.
vector of partial derivatives of the functidn= h(a) with respect
to the parameters, evaluated ah = ay:
D0 (ag)
Vah(ao) = .

2 (ag)

http://Awww.npl.co.uk/ssfm/download/documents/cms@24pdf Page 3 of 46
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Vah(t(), ao)

Uy
var(z)
cov(z,y)

U (orU,)

Page 4 of 46

vector of partial derivatives of the functioh = h(t,a) with

respect to the parameters evaluated at = tg,a = ag:
dh
Fa. (to, a0)

vah(to,ao) =
25 (to, ap)

Jacobian matrix associated with a set of functig¢hg(a)};* of

parametera with general element;; = g’;%.
J

standard uncertainty associated with the estimatd random
variable X

variance associated with the estimat®f random variableX:
var(x) = u2.

covariance associated with the estimatesnd y of random
variablesX andY'. Note: cov(z, z) = var(z).

uncertainty matrix (also known as covariance matrix) associated
with a having general elemebl; = U, ;; = cov(ai, a;) if i # j,

Uij = Uaﬂ'j = V&F(CL,‘) if 1= j

http://www.npl.co.uk/ssfm/download/documents/cms624pdf
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3 Problem formulation

3.1 Functional models

Many metrology experiments involve determining the behaviour of a response
variablev as a function of a stimulus variabte Model building involves estab-
lishing the functional relationship between these quantities, usually involving a set
of model parameters

aj
a= 9
an,
ie.,
v = h(t,a). 1)

The termsa parametrize the range of possible response behaviour, and the actual
behaviour is specified by determining values for these parameters from measure-
ment data. Equatiof|(1) definegalibration curveanda is sometimes referred to

as the vector ofalibration coefficients

The functional model isinear (in the parametera) if h can be expressed in the

form N
h(t, a) = Z ajhj(t) =a1hy (t) + a2h2(t) + -+ anhn(t),
j=1

where{h;(t)}7 is a set of basis functions, andrien-linearotherwise.

Often the same curve can be expressed in a number of ways by choosing different
basis functions. The problem of choosing an appropriate set of basis functions
to represent the calibration curve is onepaframetrisation a fuller discussion is
available [[7]. Section]|7 contains a brief discussion of parametrisation issues that
arise when working with polynomials which constitute a class of calibration curves
widely used in metrology.

Example: Calibration of a thermometer. The response of a thermometer to
temperature is modelled as

VvV =a1 +a2(t — tg),

wheret, is a fixed temperature. This is a linear calibration curve with basis
functions
hi(t) =1, ha(t)=t—to

a:lZ;]'

http://www.npl.co.uk/ssfm/download/documents/cms@24pdf Page 5 of 46
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Example: Calibration of a hydrophone. As part of the calibration of an un-
derwater electroacoustic transducer, measurements are made of the response of the
transducer to a sinusoidal drive signal of frequeficyAssuming that the system
behaves as a linear damped harmonic oscillator, the respoissmodelled as a
function of time as follows:

14+n,
v=Arsinrft+ 1)+ Y Ape®sin(2n fit + o),
k=2

where the first term represents the steady-state behaviour of the device, and the
remaining terms are used to represent its resonant behaviour. The coefficients
a comprise the amplitude@Aﬁ}*”T, resonant frequencie{sfk}§+"r, damping
factors{d, }57" and phase anglgg;.}7""". The calibration curve is a non-linear
function of the coefficienta.

3.2 Least squares analysis/adjustment

In this section, we describe the general approach to the least squares analysis or
adjustment (LSA) of calibration data. Suppose, in a calibration of a measurement
system, that the response of the system is modelled-as:(¢, a) and that mea-
surements

comprising of measurements

U1 tl
v = : and t =
Um tm
of the response and stimulus variables, are gathered.

Associated withx is its uncertainty matriXJy, a 2m x 2m symmetric matrix.
Supposé/, can be factored as

Ux = GGT,

whereG is an2m x k matrix. G could be derived from an eigenvalue decompo-
sition of Uy, for example, but often the nature of the experiment providgsn

Page 6 of 46 http://www.npl.co.uk/ssfm/download/documents/cms634pdf
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this form. In a least squares analysis, estimates of the calibration paramaters
determined by solving the optimisation problem

min yTy (2)
a7q7y

subject to the constraints

][
t q

where theith element of then-vectorh(q, a) is h(g;, a). This optimisation prob-
lem implicitly definesa = a(x) as a function of the input dataand the general
principles of the GUMI[[8] can be applied to determine the uncertainty métyix
associated with, given the uncertainty matrif(y.

+ Gy, 3)

LSA methods are used widely throughout metrology (and science in general) and
can be justified for a wide range of applications. For measurement data modelled
in terms of Gaussian distributions, the LSA estimate of the parame{@msvides

the most likely explanation of the data, i.e., the maximum likelihood estimate. The
Gauss Markov theorem [13] states that, with some mild qualifications, the LSA
approach makes the best use of the availablexlarad U .

While (2) defines the LSA estimate in completely general terms, in many regres-
sion problems the uncertainty matfi% has a structure that allows the optimisation
problem to be reformulated in a more simple way. In this report, we list some of the
most common uncertainty structures and describe corresponding estimation algo-
rithms. The algorithms employ numerically stable procedures such as orthogonal
factorisation methods in order to avoid the unnecessary loss of accuracy in the
computed estimates.

The LSA method assumes that the data uncertainty miiis known. However,
the solutiona for datax andUy is the same as that for ando2Uy, 02 > 0, i.e.,
changingUyx by a scale factor does not change the solufiorin this way, LSA
methods can be applied to datandU, = 02GGT, where the facto€ is known
but the scaler? is unknown. In this situation, the uncertainty maifix associated
with the estimated parameters can be written as

Us =0’UU",

whereU is known. Often, once the LSA estimaiehas been determined, an
estimates of o can be derived and then used to spe€ifyandUx completely.

3.3 Uncertainty models

The uncertainties associated with the measurement data

!

http://Awww.npl.co.uk/ssfm/download/documents/cms24pdf Page 7 of 46
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are described by the uncertainty matrix

_ UV th
w5t

Theith diagonal element of sub-matri, [U,] is var(t;) [var(v;)], the variance
of t; [v;], while thei, j (i # j) element ofUy [Uy] is cov(t;,t;) [cov(vs, v;)], the
covariance of; andt; [v; andv].

The sub-matridU contains the covariance of the stimulus and response variables,
i.e., thei, j element ofUy is cov(v;, t;).

Common examples of calibration problems where the measurements of the stimu-
lus variable are assumed to be accurate relative to the measurements of the response
variable are those where the measurements of the response variable are:

4.

uncorrelated but havenknownequal variances?, i.e., U, = s2I with s
unknown,

uncorrelated but havenownequal variances?, i.e., U, = oI with ¢
known,

. uncorrelated with theth measurement having known variangei.e.,Uy, =

diag{o?,... 02},

correlated with general uncertainty matkiy,

while typical examples of more generalised uncertainty structures include cases
where:

5.

the measurements are uncorrelated but the measurements of the stimulus and
response variables hauaknowrequal varianceg® ands?, respectively, but

the ratio ofr to s is known, i.e.,.Uy = r?I, Uy = s*I, Uy = 0, = a

known,

. the measurements are uncorrelated and the measurements of the stimulus

and response variables hausownequal variancep? ando?, respectively,
i.e.,Ut = pZI, UV = 0’21, th =0,

. the measurements are uncorrelated andth@measurements of the stimulus

and response variables hakeownvariancesp? and o7 respectively, i.e.,
Uy = diag{p?,...,p2,}, Uy = diag{c?,...,0%}, Uyt = 0,

. as 7, but théth measurements andv; are correlated witknowncovariance

cov(vi, t;) = oy, i.e., Uy = diag{p?,...,p2%}, Uy = diag{o?,...,02},
Uyt = diag{ai,...,an},

Page 8 of 46 http://Awww.npl.co.uk/ssfm/download/documents/cms@4pdf
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9. allthe response variable measurements are (generally) correlatéchonth
uncertainty matrixtUy,, all the stimulus variable measurements are (gener-
ally) correlated wittknownuncertainty matrixy and there is no correlation
between stimulus and response variable measurementgies 0,

10. all the measurements are (generally) correlated kmtiwnuncertainty ma-
trix Ux.

Note that any uncertainty model can be considered to belong to at least one of
types 3, 4, 8 or 10. In particulaany uncertainty model can be classified as the
most general (case 10), but the provision of information to it, and its numerical
handling, will not necessarily be efficient.

The above list is not exhaustive and it is not the intention of this report to provide
individual solution algorithms for each. In the following sections we will focus on
the four distinct types of statistical model that we consider to be the most important,
viz., 3, 4, 8 and 10. Algorithms for each of the resulting calibration problems,
namely [9]:

I. diagonally weighted least squares problems (uncertainty models 1, 2 and 3),
i.e.,U, diagonalU; = Uyt = 0,

II. Gauss-Markov regression problems (uncertainty model 4)lie= Uyt =
o,

lll. generalised distance regression problems (uncertainty models 5, 6, 7 and 8)
2], i.e., Uy, Uy andUy¢ diagonal,

IV. generalised Gauss-Markov regression problems (uncertainty models 9 and
10), i.e.,Uyx a full matrix,

are described along with details of the evaluation of the uncertainties associated
with the solutions to these problems.

Note that while the same algorithm is therefore used to find parameter estimates for
uncertainty model 1 (5) as for uncertainty models 2 and 3 (6, 7 and 8), evaluation of
the uncertainty matrix associated with the solution parameters requires an estimate
of the unknown variance(s) to be incorporated; see, for example, [7].

Table 1 relates the four main types of calibration problem listed above to the
appropriate parts of Sectionps 4 dnd 5.

For calibration problems of types | and I, direct methods are used to obtain the
solution parameters, and different algorithms are recommended for the cases where
the calibration functiom: is linear and non-linear. For calibration problems of

http://Awww.npl.co.uk/ssfm/download/documents/cms@24pdf Page 9 of 46
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Calibration problem Calibration function| Section
I Linear 4.1
| Non-linear 5.1
Il Linear 4.2
Il Non-linear 5.2
i Linear 5.3
i Non-linear 5.3
v Linear 5.4
v Non-linear 5.4

Table 1. Location in this report of descriptions of solution algorithms
corresponding to the four main types of calibration problem, for linear and
non-linear calibration functions.

types Il and IV, where non-direct methods involving the application of the Gauss-
Newton algorithm[[111] are recommended, there is no clear advantage in distin-
guishing between linear and non-linear calibration functions.

Example: Preparation of primary standard natural gas mixtures Within the

Centre for Optical and Analytical Measurement at NPL, one part of the work of
the Environmental Standards Group is to prepare primary standard natural gas
mixtures. Cylinders containing natural gas are prepared gravimetrically to contain
known compositions of each of the 11 constituent components (methane, ethane,
propane, |-butane, n-butane, |-pentane, n-pentane, neo-pentane, hexane, nitrogen
and carbon dioxide). Mixtures are prepared to cover various concentration ranges,
e.g., methane4% — 98%. These primary standard mixtures are used as the basis
for determining the composition of a new mixture and hence its calorific value.

Given a number of primary standard natural gas mixtures containing known con-
centrations of one of the constituent components (e.ge) Qe detector response

for each mixture and the detector response for the new mixture, it is required to
determine the concentration of G@ the new mixture.

An approach to solving this problem is firstly to use the calibration data (relating to
the primary gas mixtures) to calibrate the detector and, secondly, to use the calibra-
tion curve so constructed with the new measurement to predict the concentration
in the new mixture.

Uncertainties to be accounted for are:

e the process of preparing the primary standards means that they are known
inexactly, and indeed the uncertainties in the standards may be correlated

Page 10 of 46 http://Awww.npl.co.uk/ssfm/download/documents/cms624pdf
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x 10

Detector reponse (peak area)

_1 1 1 1 1 1 1 1
-1 0 1 2 3 4 5 6 7 8

CO2 concentration (%)

Figure 1: Sample data (+), fitted calibration curve and predicted measuresent (

(this is a consequence of the gravimetric process used to prepare the standard
mixtures which involves comparing on a balance each standard mixture at
each stage of preparation against calibrated masses selected from a common
set of masses),

e the data returned by the detector (which is based on the analytical technique
of chromatography) is subject to measurement uncertainty.

The data analysis has to account for the inexactness of the measurement data and
guantify the resulting uncertainty associated with the final measurement result.

Figure[] shows a sample set of measurement data, with the ellipses around the
calibration points illustrating the uncertainties in the concentrations and detector
responses. (The uncertainty ellipses have been magnified greatly for illustrative
purposes.) The figure also shows a linear calibration curve which is used to esti-
mate the concentration of the component for which the detector response (and its
uncertainty) is known.

Note that of the ten models described earlier in this section, this example is clas-
sified as uncertainty model 9 (and the resulting calibration problem therefore is
classified as type V).

http://Awww.npl.co.uk/ssfm/download/documents/cms@24pdf Page 11 of 46
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4 Linear models

In this section, we assume that the calibration function is linear in the parameters
a,i.e.,

h(ti,a) = > _ajh;(ti),
j=1
and defineC to be them x n matrix whoseith row isc}’, where
ha(t:)

C; =

(1)

4.1 Linear diagonally weighted least squares problems

Consider the case where the measuremétits” of the stimulus variable are
assumed to be accurate relative to the measureneits’ of the response vari-

able, the response variable measurements being uncorrelated and therefore having
(diagonal) uncertainty matrix

U, = diag{c?,...,0%}, ;> 0.

The LSA problem is

min (h(t,a) —v)* Uy

a v

! (h(t,a) — v).

The matrixU,, can be written as
U, =LL"T,

whereL = diag{o1,...,0m}.

SettingC = L~'C andv = L~'v, the LSA problem takes the form of a (weighted)
linear least squares problem, and estimatesarie found by solving

m&n (C’a — \NI)T (C’a — \7) ,
min |Ca—v|?.

Page 12 of 46 http://www.npl.co.uk/ssfm/download/documents/cms624pdf
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4.1.1 Solution algorithm

For reasons of numerical stability and efficiency, the use of orthogonal factorisation
is generally recommended to solve this problem. The méatrhas QR factorisa-
tion [12]

- ~| R
whereQ is m x m orthogonal, i.e.QTQ = I, them x m identity matrix, andR
isn x n upper-triangular.

Using the fact thal Qx| = ||x||, we have

)

|Ca— || = |G7Ca— G = 'H N ] a- [ & ]

whereq; is the firstn andqs the lastn — n elements of)™v. From this it is seen
that||C'a — v|| is minimised ifa solves the upper-triangular system

Ra = qi1.

C andv can be calculated efficiently froi andv by row scaling:

~ C; -
Ci=—, U=
g g

Vg

4.1.2 Uncertainties associated with solution parameters

Us, the uncertainty matrix associated with the solution paraméteissgiven by
[13]
Us=UU"T,

whereU is the solution of the upper-triangular system

RU = 1.

A fuller derivation of this expression can be found in Apperdjx D.

4.2 Linear Gauss-Markov regression problems

Consider the case where the measuremétits” of the stimulus variable are
assumed to be accurate relative to the measurenfeyits of the response vari-

able, the response variable measurements being correlated and therefore having
(general) uncertainty matrié(, with rank(Uy,) = m.

http:/Awww.npl.co.uk/ssfm/download/documents/cms@24pdf Page 13 of 46
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The LSA problem is

min (h(t,a) - Uy

v

" (h(t,a) —v),

and takes the form of a linear Gauss-Markov regression problem, with estimates of
a found by solving
min (Ca—v)TU, Y (Ca—v).

4.2.1 Solution algorithms

The Gauss-Markov estimate can be found by forming the Cholesky decomposition
[12] of Uy,
Uy, =LL7T,
whereL is m x m lower-triangular, and then solving
X 2
min ,
a

(5)

’C’a—{/‘

whereC' andv solve the upper-triangular systems

LC=C, Lv=v.

This problem can be solved using the approach described in section 4.1.1.

However, ifUy is poorly conditioned (a consequence of strong correlation effects)
the formation ofC andv may introduce significant numerical instability.

A stable approach to solving this type of problem is providedgeyeralised
QR factorisation This section will list the main points in the application of this
method. More details can be found in Apper{dix A.

Evaluate the generalised QR factorisation of the péirL), i.e., findm x m
orthogonal matrixQ, n x n upper-triangular matrixz, m x m upper-triangular
matrix T" andm x m orthogonal matrixZ such that

CzQ[ﬁ],Q%:TZ

Partition andT":

e=[@ @]. Tzligl %2]

whereQ1, Q2, T11, Ti2 and Ty, are respectivelyn x n, m x (m —n), n x n
upper-triangularp x (m — n) and(m — n) x (m — n) upper-triangular.

Page 14 of 46 http://www.npl.co.uk/ssfm/download/documents/cms634pdf
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Let (m —n) x (m — n) matrix T, be the solution of the upper-triangular system

TooTho = 1.

The solution parametegs are then given by the solution of the upper-triangular
system

Ra = (err — T12T22Q2T) V.

The generalised QR factorisation can also be applied in the case Whésenot
full rank, but we do not consider this case further here.

4.2.2 Uncertainties associated with solution parameters

Us, the uncertainty matrix associated with the solution paramétéassgiven by
Us =UUT,
whereU is the solution of the upper-triangular system

RU =1T1;.

A fuller derivation of this expression can be found in Apperdjx D.

http://Awvww.npl.co.uk/ssfm/download/documents/cms@24pdf Page 15 of 46



NPL Report CMSC 24/03

5 Non-linear models

5.1 Non-linear diagonally weighted least squares problems

Consider the case where the measureménts” of the stimulus variable are
assumed to be accurate relative to the measurenfeyits of the response vari-

able, the response variable measurements being uncorrelated and therefore having
associated uncertainty matrix

U, = diag{o?,...,0%}, o;>0.

The LSA problem is

min (h(t,a) - V) U (h(t,a) —v).

v

If the calibration function is non-linear in the parametarghen the above LSA
problem takes the form of a weighted non-linear least squares problem, and esti-
mates of the parametesiscan be found by solving

min 3 Pa), (6)
=1
where "
filay = M2
0;
5.1.1 Solution algorithm
Let -
fi(a)
fla)=]
fm(a)

Then the minimisation problerh|(6) can be written as

min fT(a)f(a).
Estimates of the solution parameters can be found by applying the Gauss-Newton
algorithm (see AppendB) th(a).

At each iteration of the Gauss-Newton algorithm we are required to solve, in the
least squares sense,
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where.J is them x n Jacobian matrix associated withevaluated at the current
estimatea of the solution parameters.

An updated estimate of the calibration curve parameters is now givantby.
5.1.2 Uncertainties associated with solution parameters
Us, the uncertainty matrix associated with the solution paramétessgiven by
~p o\ —1
Ua=(JTJ)

where.J is them x n Jacobian matrix associated witts).

Let.J have QR factorisation

- | R
whereQ is m x m orthogonal and? is n x n upper-triangular.
Since S

JUJ = RTR,
Us is given by

Us =UUT,

whereU is the solution of the upper-triangular system

RU = 1.

5.2 Non-linear Gauss-Markov regression problems

Consider the case where the measuremétits” of the stimulus variable are
assumed to be accurate relative to the measurenfefts of the response vari-

able, the response variable measurements being correlated and therefore having
associated uncertainty matilik, with rank(Uy) = m.

The LSA problem is

min (h(t,a) —v)* Uy

a v

!(h(t,a) — v).

If the calibration function is non-linear in the parametarghen the above LSA
problem takes the form of a non-linear Gauss-Markov problem, and estimates of
the parametera can be found by solving

min f(a)tU;f(a), (7)
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where
f1 (a) h(tl, a) — V1
f(a) = : = :

fm.(a) h(tm, a) — U,

5.2.1 Solution algorithms

Calculate the Cholesky factorisatibly = LL™, whereL is m xm lower-triangular,
and let

Then the minimisation problerp|(7) can be written as

min fT(a)f(a).

a

Estimates of the solution parameters can be found by applying the Gauss-Newton
algorithm (see AppendB) th(a).

At each iteration of the Gauss-Newton algorithm we are required to solve, in the
least squares sense, ) . )
Jp=—f, LJ=J,

whereJ is them x n Jacobian matrix associated withevaluated at the current
estimatea of the solution parameters.

As inthe linear case, i is well conditioned this represents a satisfactory approach
to solving ﬂ’). Otherwise, the formation of and f can introduce numerical
instability.

A stable approach to finding the update step is provided by generalised QR fac-
torisation. This section will list here only the main points in the application of this
method. More details can be found in Apper{dix A.

Evaluate the generalised QR factorisation of the pdirL), i.e., findm x m
orthogonal matrixQ, n x n upper-triangular matrixz, m x m upper-triangular
matrix " andm x m orthogonal matrixZ such that

J:Q[ﬂ, Q"L=Tz.

PartitionQ andT"

Q=[@ @] =] 2

T Tho ]
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whereQ1, Q2, 111, T12 andTyy are respectivelyn x n, m x (m —n), n x n
upper-triangularp x (m — n) and(m — n) x (m — n) upper-triangular.

Let (m —n) x (m — n) matrix T, be the solution of the upper-triangular system

Too Ty = 1.

The Gauss-Newton step is then given by the solution of the upper-triangular
system

Rp = (T12T22Qg - Q?) f.
An updated estimate of the calibration curve parameters is now givantby.

We note that, unlike the linear case in Secfion 4.2, the case Wheasmot full rank
cannot in general be solved using the Gauss-Newton algorithm and generalised QR
factorisation since the optimisation problem involves non-linear constraints.

5.2.2 Uncertainties associated with solution parameters

Us, the uncertainty matrix associated with the solution paramatergiven by
=7 = -1
Ua = (JTJ)
whereLJ = J, J being the Jacobian matrix evaluated at the solution parameters

a.

A similar analysis to that carried out in Section 4]2.2 (see also Appéndix D for a
fuller derivation) gives

Us =UUT,
whereU is the solution of the upper-triangular problem

RU =1T11.

5.3 Generalised distance regression problems

Consider the case where the the stimulus variable measurements are uncorrelated
and have uncertainty matri, = diag{p?, ..., p2,}, the response variable mea-
surements are uncorrelated and have uncertainty magrix diag{o?,...,02,}

and theith measurements; and v; are correlated witkcov(v;, t;) = «, i.e.,

Uyt = diag{ay,...,am}, 02p? —ai #0.
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The LSA problem is

X

h(qva) -V ‘|TU1

where

_ Uv th
o= |

Estimates oh andq can be found by solving

m T
min Z [ h(g;,a) _‘Ui ] U [ h(gi,a) — v; ] ’ ®)

qi — t

where

5.3.1 Solution algorithm

Generalised distance regression problems can be solved efficiently by taking ad-
vantage of the fact that the paramegelappearsonly in the ith summand in[(8),
allowing the application of a structured approach to solve the Jacobian system
5, 16].

For eachi = 1,...,m, calculate the Cholesky factorisatioi = L?Li, whereL
is 2 x 2 lower-triangular.
Let
r _ h(q’La a) — V;
szz(%aa) - [ ql _ tq/ b
and .
fl (Qh a)
f(q,a) = :
fm(QTm a)

Then the minimisation problerh(8) can be written as

min £(q,a)f(q,a).

Estimates of the solution parameters can be found by applying the Gauss-Newton
algorithm (see AppendB) t6(q, a).
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At each iteration of the Gauss-Newton algorithm we are required to solve, in the
least squares sense,

Jp = —f, (9)

whereJ is the2m x (m 4 n) Jacobian matrix associated wihevaluated at the
current estimates

q

a

K J1
Kn Jm

(=

of the solution parameters.

J can be written as

i.e.,J is composed of the x 1 blocks{K;}}* and2 x n blocks{.J;}* where

- Oh (..
L;K; = l 8q(ql“a) ]

and

R

LiJ — %(qzya) %(qz‘,a) '
v 0 0

The update step can be found using QR factorisalﬁ)as follows:

1. Find2m x 2m orthogonal matrix) and(m +n) x (m+n) upper-triangular
matrix R such that

. [ R
J=Q [ 0 ] . (10)
2. pis the solution of the upper-triangular system
RP = ?1,

wheref; is the firstm + n elements of)T¥.

An updated estimate of the solution parameters is now giveﬁHe)p.

Other approaches to solving generalised distance regression problems are consid-
ered in[7]2].

3An efficient approach to finding the update step is described in App@dix D.
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5.3.2 Uncertainties associated with solution parameters

Let 12 be the lower-right. x n block of the upper-triangular factdt of the matrix
J as defined in (10).

Us, the uncertainty matrix associated with the solution paramatassgiven by
Us =UU",
whereU is the solution of the upper-triangular system

RoU = 1.

A fuller derivation of this expression can be found in Apperdjx D.

5.4 Generalised Gauss-Markov regression problems

Consider the case where the the measurements are generally correlated and have
uncertainty matriXUx with rank(Ux) = 2m.

The LSA problem is

M%Q_V]. (11)

5.4.1 Solution algorithm

Calculate the Cholesky factorisatidi, = LLT where L is 2m x 2m lower
triangular. Let
_ h(q7 a) -V

and

Lf(q,a) = f(q,a).
Then the minimisation problerh (JL1) can be written as

. NT P
min £ (q, a)f(q. a).

Estimates of the solution parameters can be found by applying the Gauss-Newton
algorithm (see AppendB) (g, a).
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At each iteration of the Gauss-Newton algorithm we are required to solve, in the
least squares sense, ) . )
Jp=—f, LJ=J, (12)

whereJ is the2m x (m+n) Jacobian matrix associated with the functig, a),
evaluated at the current estimates

(=

o) Q)
[

of the solution parameters.
J can be written as
K J1
J= |
Ky Jn
i.e.,J is composed of the x 1 blocks{ K;}{* and2 x n blocks{J;}{* where

K- l 9 (gi, ) 1
! 1

and

J; = [ %(Qiaa) 387};(%3) ] _
0 0
If L is poorly conditioned, the formation of andf can be numerically unstable.
A stable approach to finding the update step is provided by generalised QR fac-
torisation. This section will list here only the main points in the application of this
method. More details can be found in Apper(dix A.

Evaluate the generalised QR factorise{ﬂmrhthe pair(J, L), i.e., find2m x 2m
orthogonal matrix@, (m + n) x (m + n) upper-triangular matrix, 2m x 2m
upper-triangular matrif” and2m x 2m orthogonal matrixZ such that

J:Qllﬂ, QTL=12z
Partition andT":

Q=] Q] Tlegl o

)

whereQ1, Q2, T11, Th2 andTh, are respectivelgm x (m + n), 2m x (m — n),
(m+n) x (m+n) upper-triangularim + n) x (m —n) and(m —n) x (m —n)
upper-triangular.

“An efficient approach to evaluating the QR factorisation is described in Apperdix D.
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Let (m —n) x (m — n) matrix Th, be the solution of the upper-triangular system
TooThs = 1.

Then the Gauss-Newton stpps then given by the solution of the upper-triangular
system

Rp = (T127~j22Qr2F - Q;F) f.

An updated estimate of the calibration curve parameters is now givantby.

We note that the case whdrg is not full rank cannot in general be solved using the
Gauss-Newton algorithm and generalised QR factorisation since the optimisation
problem involves non-linear constraints.

5.4.2 Uncertainties associated with solution parameters

PartitionR andT};:

| Ri1 Ry | Wi Wag
R—lo Ro}’Tn_[O W22‘|7

whereRy1 andWy, arem x m upper-triangularR,2 andWi, arem x n and Ry
andWy, aren x n upper-triangular.

Us, the uncertainty matrix associated with the solution paramétéassgiven by
Us =UU",
whereU is the solution of the upper-triangular system

RoU = Waa.

A fuller derivation of this expression can be found in Apperdjx D.
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6 Applications of the calibration curve

6.1 Function evaluation

One use of a calibration curve obtained by LSA is to estimate the values of the
response variable and the associated uncertainty matrix corresponding to given
values of the stimulus variable and their associated uncertainty matrix.

In the following, it is assumed that calibration curve parameieasd their asso-
ciated uncertainty matrik’; have been obtained using LSA. Note that often other
information associated with the calibration needs to be stored, e.g., in fitting a
polynomial curve using Chebyshev polynomials (see Seffion 7), the valugs
andz,.x used to normalise the data abscissae.

The results quoted below are obtained using an approach to uncertainty evaluation
consistent with those recommended by the GUM [3].

6.1.1 Linear models

Given a number of values (that may or may not correspond to measurements)
{tox}; of the stimulus variable and associated uncertainty méfsjxthe calibra-
tion curve can be used to obtain estimates of the corresponding response variables

{vor}:

o,1
vy = : = (Y, a,
Vo,p
whereCy, is thep x n matrix whosekth row is(hy (to ), . . ., hn(tox))-

Assuming that the calibration curve parametgrand the valuegt, ;. }; are not
correlated[Jy,,, the uncertainty matrix associated with, is given by

UVO = JtoUto Jt(] + CtoniCtr;Io‘a

WhereJtO = diag {%(toyl), ceey %(top)}.

In particular, for a single stimulus variable valtyevith associated uncertainty,,,
an estimate of the response variable is

T ~
UO = Ctoa.7

where
hi (o)

Cto =

b (to)
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Uy, the standard uncertainty associated withis given by
2 3
oh
Uyy = <{at(to)} ufo + CE)U.;lctO) )

6.1.2 Non-linear models

Given a number of value§t ;. }} of the stimulus variable and associated uncer-
tainty matrix Ug,, the calibration curve can be used to obtain estimates of the
corresponding response variables j }1:

V0,1 h(to1,a)
vo,p h(to,p,a)
Assuming that the calibration curve paramet&rand the valuegt }} are not
correlated[/,,, the uncertainty matrix associated with, is given by
Uvo = JtUto Jto + JaUsaJa

where.J;, = diag {%@‘(to,l, a),..., 2t é)} and.J; is thep x n matrix whose
ith row is (Vah(to,,a))".

In particular, for a single stimulus variable valtyewith associated uncertainty,,
an estimate of the response variable is

vy = h(t(), fl)

Uy, the standard uncertainty associated withis given by

=

2
Uyy = ([?;Z(to, 5)} ufo + (Vah(to,a))" Ua (Vah(to, é)))

6.2 Inverse function evaluation

A problem more frequently encountered is that of inverse function evaluation, i.e.,
given a value of the response variable and its uncertainty, estimate the value of the
stimulus variable and the associated uncertainty.

Given a number of measuremerts, ;. }; of the response variable and associated
uncertainty matrix/,,, the calibration curve can be used to obtain estimates of
the corresponding stimulus variablg , };. Typically each estimatg j is found
using a bisection method (see Apperd|x C).
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Assuming that the calibration curve parameterand the valuegv ; }} are not
correlated[/y,, the uncertainty matrix associated with

to,1
to =
top
is given by
Uso = iy [Uvo + JalUad3 | T},
whereJ;, = diag {%(tm, a),..., %(t,, é)} and.J; is thep x n matrix whose

ith row is (Vah(to,,a))".

In particular, for a single response variable valyewith associated uncertainty
uy,, @n estimate, of the stimulus variable satisfies

Vg = h(to, gl)
ut,, the standard uncertainty associated withs given by

1
2

—2
Uty = <{88?(to, é)} U12;0 + (Vah(to, é))T Ua (Vah(to, é))>

6.3 Derived quantities

In many metrology applications, quantities (other than the function and inverse
function values) derived from the calibration coefficients are required.

In the following, we use the fact that for all of the models considetégd, the
uncertainty matrix associated with the solution parametecsin be written as

Us=UUT.

6.3.1 Linear functions of the parameters

If f = fTa is a linear combination of the parameters, then the standard
uncertainty associated with is given by

up = |||,

where
f=UTt.
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Similarly, if f = Fais a vector of linear combinations of the solution parameters,
thenUy, the uncertainty matrix associated witlis given by

Ug = FFT,
where

F=FU.

6.3.2 Non-linear functions of the parameters

If f = f(a) is a non-linear function of the solution parameters, then the
standard uncertainty associated wjtfs given by

up = [|f]],
where
f‘ - UTVaf(é)
Similarly, if
fi1(a)
f=1]
fr(a)

is a vector function of the solution parameters, tlign the uncertainty matrix
associated witlfi, is given by -
Us = GG",

where )
G = GU,

whereG is ther x n matrix whoseith row is (V. fi(a))™.
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7 Polynomial calibration curves

Polynomial calibration curves are frequently encountered within metrology. A
polynomial of degree can be written as

n n
h(t,a) = ag + a1t + ast® + ... + apt" = Zajtj = Zajhj(t)7
J=0 §=0

where{h;(t) = t/}1 are themonomialbasis functions.

Section 5.1.3 of [[7] describes some of the important aspects associated with poly-
nomial fitting.

There are two problems that arise from representing a curve using monomial basis
functions:

1. For values of significantly greater than one/ becomes very large as
increases.

This problem can be overcome by using the normalised variable

(t - tmin) - (tmax - t)

tmax - tmin

f= , (13)

where
tmin § t é tmax>

so thatf (and therefore all its powers) lies in the rarjgd, 1].

2. For largej, the functionh; is very similar toh; 2 and this can lead to ill-
conditioning in the calibration problem.

This problem can be overcome by the use of basis functions that have better
properties. One such set is tidebysheypolynomials [10], denoted by
T;(x), and defined by the recurrence relation

To(z) =1, Ti(x) ==z, Tj(z)=22Tj1(x) = Tj2(x), j=2.
Therefore when a calibration problem involves finding the best-fit polynomial to
data, we write

h(t,a) = $agTo(t) + arTi(t) + asTo(t) + ... + an T (D), (14)
with 7 defined as in equatiof (f13) and
tin < ti < tmax, i =1,...,m.

(The use of the facto% in equation ) allows for a simpler recursion formula
when evaluating the partial derivative loft, a) with respect ta.)
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For non-linear problems, it is required to evalu%lje(t, a), the partial derivatives
of h(t,a) with respect taz;, but it is easily seen that

For generalised distance regression and generalised Gauss-Markov regression prob-

Iems,%(t, a), the partial derivative of the functiain(t, a) with respect ta is also

required, and can be expressed as

oh . . . R
E(t, a) = %boTo(t) + blTl(t) + szg(t) + ...+ bn—lTn—l(t)y
where the set of coefficients
bo
b1
b= bo
bn—l

are defined by the recurrence relation

4ja;
bpy1 =0, b, =0, bj—lzbj+1+t — , J=nn—1,...,1

max tmin

7.1 Straight line calibration curves

In straight line polynomial regression, the calibration cukveé, a) is defined by

two parametergy anda;. Oftengy, the gradient of the straight line, amd, the

point of interception of the line with theaxis (and their associated uncertainties)
are of interest. Although it is possible to solve the regresion problem using mono-
mial basis functions, i.e., using the representation

h(t,a) = git + g2, (15)

the fact that software generally employs Chebyshev polynomials to represent the
curve means that the parameters

=[]

and their associated uncertainty matvixneed to be converted to the representa-

tion
_| 9
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and associated uncertainty matix.

The conversion is quite straightforward. Equating equafioh (15) with

h(t, a) = %ang(f) +a1Th (tA)
= %ao + a1 <2t — (tmax + tmin))
7fmax — tmin
gives
tmax - tmin7 2 tmax - tmin ’
ie., )
0 t t
g1 max — lmin aop
92 1 75max + tmin 1
2 7fmax - tmin
where 5
0
tmax - tmin
G p—
1 tmax + 7fmin
2

tmax — tmin
Ug, the uncertainty matrix associated wghis given by

Ug = GUaG".
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8 Summary

Many metrology experiments require the estimation of a set of calibration pa-
rameters that specify the relationship between a stimulus variable and a response
variable. In order to obtain reliable parameter estimates, it is important to take
account of the uncertainties associated with measured data. In many cases, it can
be assumed that the uncertainties associated with measurements of the stimulus
variable are small in relation to those associated with measurements of the control
variable, and algorithms to obtain parameter estimates in these cases are generally
quite well known. For more generalised cases, there is much less awareness of
solution algorithms.

This report contains a simple classification of the most common types of uncer-
tainty models from which metrologists can easily identify to which class their
problem belongs. For each of four selected classes, algorithms have been provided
for evaluation of calibration parameters and their associated uncertainties. The
subsequent use of the calibration curve to evaluate related quantities and their
associated uncertainties is also described.

Due to their widespread use within metrology, consideration has been given to the
particular case of polynomial calibration curves.

As part of the current and future 8% programmes, the algorithms described in
this report will be further developed, implemented and made availableEmRdS,
a web-based repository of software for solving metrology problems [1].
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A Generalised QR factorisation

Generalised QR factorisatian [[14) 4] 16] represents a stable means of solving linear
least squares systems.

Consider the problem
min | D~} (Ba - y)||,

wherey ism x 1, EFism x nandD ism x m and it assumed that > n.

This is equivalent to the problem
min ||b||?
a,b
subject to the linear constraints

y = Ea + Db. (16)

m x m orthogonal matrixQ, n x n upper-triangular matrix, m x m orthogonal
matrix Z andm x m upper-triangulafl’ can be found such that

E_Q“f], D =QTZ.

Multiplying the constraint equatioﬂ]lG) iy and partitioning into the rows : n

andn + 1 : m yields
R Tin T b
= ~ 17
S ][R 0

yi

y2 |’

T11, T12 andTys are respectively, x n upper-triangularp x (m — n) and(m —
n) x (m — n) upper-triangular and

~

Y1

~

Y2

a+

where

y=Q'y =

If Tys is full rank, bs is determined as the solution of the upper-triangular system

Tosby = Va. (18)
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If R is full rank then, given aan, the firstn equations of7) can be satisfied by
chosinga to solve the upper-triangular system

Ra =y, — Ti;by — Tisbs.

b, is fixed by ) but we are free to choose eﬁyy Since the aim is to minimise
Ibll = [Ib]| = [|Z7b]|, we setb; = 0.

Let (m —n) x (m — n) matrix Th; be the solution of the upper-triangular system
TosToo = I,
so that the solution parametdrare given by
by = T52y2, Ra=y1 — Tizbs.
Let
Q= [ Q1 Q2 } ;
where@: and(@)- are respectively the first and finalm — n columns of@Q.

Then the solution parametesisare given by the solution of the upper-triangular
system

Ra = <Q1T - T12T22Q2T> y.
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B Gauss-Newton algorithm

Non-linear least squares problems are generally solved using some variant of the
Gauss-Newton algorithm [11] which we now briefly describe.

Givenm non-linear functiond;(a) of parametera, we wish to minimise

m

F(a) - Zsz(a) = fo7

i=1

where
fi(a)
f= Co
fm(a)
with respect to parametess= (ay, .. .,a,)" wherem > n.

If J is the associatedacobian matrixdefined at an estimate of the solution
parameters by
_Ofi

- 9
Baj

then an updated estimate is givendy p, wherep (known as thé&sauss-Newton
step solves the matrix equation

Jp=—f

in the least squares sense. This is a linear least squares problem and can be solved
using an orthogonal factorisation approach, for example, see section 4.1.1.

In practice, the update step is often of the faare= a + tp where the step length
parametett is chosen to ensure there is a sufficient decrease in the value of the
objective functionF'(a) at each iteration.

Software implementing the Gauss-Newton algorithm typically requires:
e modules to evaluate both the functiofi$éa) and their first derivatives with
respect to the model parametarfor provided values o4, and
e an initial estimate oé.
Within the iterative process used to find updated estimates, the parameter values are

deemed to be acceptable when convergence conditions on the update step and/or
the gradient are satisfied.
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C Bisection algorithm

Given a measuremeny of the response variable and the sebf calibration
parameters, the solutiai of the problemh(ty,a) = vy can be obtained via the
following steps([15]:

1. Findt4 and¢p such thath(ta,a) —wvg)(h(tp,a) —vo) < 0. (If this product
is exactly zero, then clearly one or bothtafandt g must satisfyh(¢g,a) =
v9.)

2. Lettg = %(tA +tp). If h(tc,a) = vy, thentc is the required solution,
otherwise:

o if (h(ta,a)—vo)(h(tc,a)—vp) < 0, the solution lies in the interval
(ta,tc). Setthe value ofp to tc.

o if (h(tp,a)—wvg)(h(tc,a)—wvg) < 0, the solution lies in the interval
(tc,tp). Setthe value of 4 to ¢

3. If the length of the intervalt4,tp) (i.e., tg — t4) is less than a chosen
tolerance, theh, can be regarded as an acceptable solution, otherwise repeat
step 2.
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D Derivation of expressions for uncertainty evaluation

D.1 Linear diagonally weighted least squares problems

Note that this appendix uses the notation of sectidn 4.1.

The solution parametegsare given explicitly by
~rmo~\ —1 ~
a=(C"¢) '
Us, the uncertainty matrix associated with the solution paramétéssgiven by
~T A\ "' AT AN AT ~T A\ 7L
Us=((CTC) ™) ((¢"¢) ¢T) =(cT¢) .

Since

Us; is given by
Us =UUT,

whereU is the solution of the upper-triangular system

RU = 1.

D.2 Linear Gauss-Markov regression problems

Note that this appendix uses the notation of sectign 4.2.

Us, the uncertainty matrix associated with the solution paramétéssgiven by
ooy —1 T -1
Us = (CTC) = <(L—1C) (L‘10)> .
Now
L—IC — Z—lT—lQ—lQ [ R ] — Z—IT—I l R ] ’
0 0
sinceQ~'Q = I.
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Therefore
r1\' R
T A _ —17—1 —1p—-1
cre = (7 [5]) (7 5])
— [RT O}T*TZ*Tzflel Jg]

= [ AT O}T‘TT*[‘S],

sincez1z-1=1.

Consider the product—! [ ];

]. Since T is upper-triangularT—! is upper-
triangular, i.e.,

1 - -
71— Ty Tio _ | Tu T
0 Tx 0 Ty |’

whereT’, has dimensions x (m —n) andT}; andT, are respectively, x n and
(m —n) x (m — n) upper-triangular.

Furthermore
T11 = Tl_ll and TQQ = T2_21.

Therefore

and
D X R
T _ T —Trp—1
CTC = [R O}T T lo
_ TR
_ [RTTHT 0] 1(1)
= R'T'T 'R
Us; is given by
—1
Us = (R'T-T'T-1R
= R'TWTHRT
— UUT,

whereU is the solution of the upper-triangular system

RU =1T11.

http:/Aww.npl.co.uk/ssfm/download/documents/cms@24pdf Page 41 of 46



NPL Report CMSC 24/03

D.3 Generalised distance regression problems

Note that this appendix uses the notation of sectign 5.3.

In sectior] 5.3.J1 we showed that the update giép the Gauss-Newton algorithm
solves, in the least squares sense,

where

J=

is composed of the x 1 blocks{K;}}* and2 x n blocks{.J;}7".

The update step can be calculated efficiently as follows:

1. Foreachi = 1,...,m, find the2 x 2 orthogonal matrixQ; and the2 x (n+1)

matrix R
> i Jin
R, = -

where7; is a scalar and;; and.J;, are bothl x n arrays, such that

ar-a|§ 7 =[& 0]

Evaluate
fi2

2. Find them x m orthogonal matrixQ, and then x n upper-triangular matrix
Ry such that

1]

R j12
= 0| .
Qo[ 0 ] =
Jm?
Evaluate -
f12
f=Qy| |,
fm2

and partition into elements: n andn + 1 : m to obtain
f l fi ]
fs
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3. The update step is found by solving the upper-triangular system

Rp = - q’
where
1 J1
= L
T'm Jznl
Ry
and )
fi1
a=| ;
flnl
fi

UE’ the uncertainty matrix associated with the solution parameters

|

is given by

Us

O

|

)

where.J is the2m x (m + n) Jacobian matrix associated withg, a).

A similar analysis to that carried out in Sectjon 5]1.2 gives

Uz = U U7,

whereU; is the solution of the upper-triangular system

RU, = 1.

Us, the uncertainty matrix of the solution parametérss the lower-rightn x n

block of UQ: and is given by

Us=UUT,

whereU is the solution of the upper-triangular system

RoU =1.
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D.4 Generalised Gauss-Markov regression problems

Note that this appendix uses the notation of section 5.4.

The QR factorisation off can be evaluated efficiently as follows:

1. Foreach =1,...,m, find the2 x 2 orthogonal matrix
Qi=|Qu Qo]
and the2 x (n + 1) matrix
T JZ‘
Bi = [ 0 Ji ]
such that

QiRiZ{Qﬂ Qiz}l:; 22]:[.& Ji}.

2. Find them x m orthogonal matrix

Qo1
Qo = :
QOm
and then x n upper-triangular matrix?, such that
Q J
0 Ry | .01 Ry | .12
0 0 - . 0 - .
Q()m Jm2
3. The QR factorisation of is then given by
J=QR,
where
Qll Q12Q01
le Qm2Q0m
and
rl J11
R= ' :
Tm  Jmi

Ry
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U<~, the uncertainty matrix associated with the solution parameters

q

= ()" (7))

A similar analysis to that carried out in Sectjon 4]2.2 yields

is given by
-1

U = Uh Uy,
whereU; is the solution of the upper-triangular system

RU; =11;.

PartitionR andT}; into rows1 : m andm + 1 : m + n:

o R11 R12 o Wll W12
Rl—[o RolaTn—lO W22]’

whereR11 andWy; arem x m upper-triangularR,2 andWi, arem x n andWas
isn x n upper-triangular.

SinceR; is upper—triangularRl‘1 is upper-triangular, i.e.,

-1 . -
Rl — Ri1 Ria _ | Bu R
1 0 R 0 Ry |’

where R, has dimensions: x n and Ry; and R, are respectivelyn x m and
n X n upper-triangular.

Furthermore
Rll = Rl_ll and Ro = Ral.

The matrixU; can be written as

Ui = By'Wi
_ R' R Wi Wia
0 Ry' 0 W

| RiWii R Wis + RisWas
0 Ry Wy ‘
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Us, the uncertainty matrix of the solution parametgrss the lower-rightn x n
block of U; and it is given by

T
Us = (Ry'Was) (By'Wa) =UUT,
whereU is the solution of the upper-triangular system

RoU = Was.
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