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ABSTRACT

This document provides specifications of software units for the evaluation of mea-
surement uncertainty. It is intended to align with and support established guides
and extend their functionality in a consistent manner. It is also intended to com-
plement the best-practice guide to uncertainty and statistical modelling that has
been produced as part of the UK Department of Industry’s National Measurement
SystemSoftware Support for MetrologdfsSM) programme. The target audience

is those who in their work wish to use software to assist in the evaluation of

uncertainty.

This document is a revised edition of a previous report. It contains additional
material on automatic differentiation techniques for calculating sensitivity coef-
ficients, and aspects of the Monte Carlo procedure for uncertainty evaluation in-
cluding sampling from general distributions, shortest coverage intervals, nonlinear
sensitivity coefficients, and an adaptive Monte Carlo procedure. The document also
accounts for revision of the $I8 best-practice guide to uncertainty and statistical
modelling, and the preparation of the first Supplemental Guide to the Guide to the
Expression of Uncertainty in Measurement.
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1 Introduction

This document is intended to align with and help support established guides [4,
15,/40/41] on uncertainty evaluation and extend their functionality in a consistent
manner. It is complementary to the best-practice guidé [12] on uncertainty and
statistical modelling, produced as part of the UK’s Software Support for Metrology
(SSM) programme. The first edition of this best-practice guide was published in
March 2001, having been developed during the firstMsSrogramme covering

the period April 1998 — March 2001. During that period Working Group 1, “Ex-
pression of Uncertainty in Measurement”, of the Joint Committee for Guides in
Metrology (JCGM) started work, following its first meeting in March 2000, on
the firstSupplemental Guidf8] to the Guide to the Expression of Uncertainty in
Measurement (GUM)_[4] concerned with numerical methods for the propagation
of distributions. Material from the evolving best-practice guide was used in various
parts of the Supplemental Guide and subsequently refined appropriately for consis-
tency with the remainder of the latter document. This revised report, produced dur-
ing the second 81 programme, April 2001 — March 2004, takes account of the
revision of the best-practice guide and the preparation of the Supplemental Guide.
In particular, material from the drafts of the Supplemental Guide prepared during
the second programme that had an origin in the first edition of the best-practice
guide has been re-used.

The purpose of this document is to provide specifications for software that is rele-
vant to uncertainty evaluation and associated statistical analyses. The specifications
relate to softwarenitsthat are useful in this area, rather than packages or systems
for uncertainty evaluation. The user or supplier that is implementing software for
uncertainty evaluation would need to consider software units of the types covered
here.

The software specifications are not intended to be mandatory. They typify con-

stituent parts of uncertainty evaluation. In particular, they indicate the inputs and

outputs of the software units and the purpose of each unit, viz., a statement of the
computational aim of the unit. The units are presented in the context of the more
complete calculations in which they would be used.

The specifications generally have a minimal number of input and output parame-
ters. Computational control parameters, such as those relating to the convergence
criteria of iterative techniques, are indicated only broadly. Diagnostic parameters,
such as those that indicate failure or degree of success of the computation, are not
included.

The scope of the specifications is those that relate to

1. Thelaw of propagation of uncertaintft PU) as summarised in Clause 8 of
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the Guide to the Expression of Uncertainty in Measurement (GUI‘E]} [4]

2. More general calculations, consistent with the GUM, forghapagation of
distributionsbased on the use dMonte Carlo simulatiorf3],[12]

3. The validation of (the use of) LPUI[3,12].

It is emphasised that the primary concern is ¢pecificatiorof relevant software.
Algorithms and softwarg@er seare not the main consideration: the provision of
such material is the responsibility of the user or supplier that is implementing
software for uncertainty evaluation. However, two departures from this stance are
made:

1. Because of the importance of being able to generate random numbers from
a rectangulardistribution that (a) have sound statistical properties in their
own right, (b) can be used as a basis for the many generators that make
use of a rectangular random number generator for their function, and (c)
in certain circumstances can be re-generabeattly a specificrectangular
random number generator is recommended (Seftign 5.3). In addition, gen-
erators for Gaussiar- and multivariate Gaussian distributions are regarded
as so fundamental that algorithmic statements for them are included (also in

Sectior] 5.B).

2. Somenumericalconsiderations accompany the specifications, especially re-
lated to the numerical stability of the underlying algorithms. Such consider-
ations are regarded as an important adjunct to the specification: users need
to be able to rely on software written in accordance with the specifications
to perform reliably in a numerical way as well as in a functional maﬁner.

The number of specifications may be increased in future editions of the document.

The specifications relate to the following combinations of measurement model
types, there being x 2 x 2 = 8 model types in all:

¢ Models with univariate and multivariate output quantities, i.e., a single (scalar)
output quantity and more than one (vector) output quantity

e Explicit and implicit models, i.e., models that define the output quantity
directly, viz., asformulag and models in the form afquationghat need to
be solvedfor the output quantities given the input quantities (e.g., nonlinear
least-squares adjustment)

1In this document the term “law of propagation of uncertainty” (LPU) will apply to the use of a
first-order Taylor series approximation to the measurement model.

’Related aspects are treated in the Software Support for Metrology programme as part of the
software testing projedt [11].
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e Real- and complex-valued models, i.e., models in which all the quantities are
real-valued and those in which one or more of the quantities are complex-
valued.

EUROM ETROﬂ(the EUROMET Repository of Software) [1] is a system aimed

at providing metrologists with access to software appropriate to their needs. It is
a state-of-the-art solution to the provision of a metrology software library and is
expected to set the model to be followed in the future. Software based on the spec-
ifications provided here will subsequently be incorporated in EUROMETROS.

The coverage of the software specifications is divided according to whether they
relate to Phase 1 (formulation) or Phase 2 (calculation) of the process of uncertainty
evaluation (Sectiop 1.1), or whether the procedure followed is in accordance with

LPU [4, Clause 8], Monte Carlo simulatian [3,/12] or the validation of LPU [3, 12].

Where a vector of values, e.g., the estimates (z1,...,zy)" of the values of

N input quantitiesX = (X1,..., Xy)T is needed, it is used in the specifications
here as acolumn vectoror a row vector as appropriate, for consistency with
calculations expressed in linear algebra terms [20]. It is not necessary that the
physical means of data storage adopted in software implementations accords with
these representations.

The bulk of this document is concerned with a coverage probability of 95% and is
couched this way. It is generally extensible to other coverage probabilities.

The report is organised as follows. In the remainder of this section the above two
phases of uncertainty evaluation are discussed. In S€dtion 2 the first phase and
its outputs are described in terms of the information required for implementing
LPU and Monte Carlo simulation. Sectioh 3 covers the numerical evaluation of the
measurement model according to the eight categories indicated earlier. In Sections
[, [8 and 6 specifications of software units are provided for the three aspects of
uncertainty evaluation considered: LPU, Monte Carlo simulation and the validation
of LPU using Monte Carlo simulation. Conclusions are given in Se€fion 7.

1.1 The two phases of uncertainty evaluation

Uncertainty evaluation consists of two phasksmulation and calculation In

Phase 1 a measurement model is derived and the model inputs are quantified.
The value of each model input quantity is represented by a probability density
function (PDF). Each such PDF arises frassigninga particular distributional

form (rectangular, Gaussian, etc.). According to the GUM, PDFs are obtained
from an analysis of series of observations [4, Clauses 2.3.2, 3.3.5] or are based on

3See www.eurometros.org
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scientific judgement using all the relevant information available [4, Clauses 2.3.3,
3.3.5].

Furthermore, a PDF may be “defined” by the output from a previous uncertainty
evaluation, as part of a multi-stage uncertainty evaluation process [12]. The distri-
bution may be available analytically in a recognised form (rectangular, Gaussian,
etc.) or as an approximation to the distribution function for the value of a quantity

obtained from a previous application of Monte Carlo simulation, for example. A

means for determining such a distribution function for the value of a quantity is

given in Sectiof 5]5.

For an input quantity that is independent of the other input quantities, LPU requires
for its operation only three parameters of the PDF for the value of that quantity:

o Its expectation, taken as the estimate of the value of the output quantity

e Its standard deviation, taken as the standard uncertainty associated with the
estimate of the value of the output quantity

e The corresponding degrees of freedom.

If there are dependencies, the procedure will also require the covariances associated
with estimates of the values of the mutually dependent quarﬂties.

Software can support Phase 1 by providing estimates of location and dispersion and
degrees of freedom from which a PDF can be constructed after making appropriate
assumptions. In the case of a sufficiently large number of repeated observations
of a set of the input quantities, the data can be used to define a covariance matrix
or to define a multivariate Gaussian distribution, as appropriate. The specifications
below relate to the (arithmetic) mean as a measure of location, and its standard
deviation as a measure of dispersion. In addition, the determination of a covariance
matrix is covered.

The output of Phase 1 is required to be in a form to act as inputs either to (the
Phase 2 computations of) LPU, or to the Monte Carlo calculation procedure. For
the LPU calculation phase, the Phase 2 inputs are the Phase 1 outputs identified
above. For Monte Carlo simulation, the Phase 2 inputs are (continuous) PDFs,
perhaps constructed from discrete values, or, where appropriate, joint PDFs (where
there are mutual dependencies) for the values of the input quantities.

The basis of LPU is to “propagate the uncertainties” through the model to pro-
vide the uncertainties associated with estimates of the values of the model output
quantities. For this purpose it is required to

“The degree of mutual dependence associated with the estimaaesiz; of the values of the
input quantitiesX; and X; is sometimes characterized by tharelation coefficient(z;, z;). The
covariance and correlation coefficient are related.by;, x;) = (s, z;)u(z:)u(z;), whereu(z;)
andu(zx;) are, respectively, the standard uncertainties associated with the estimatek ;.
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e Determine sensitivity coefficients

e Determine the combined standard uncertainty by propagating the covariance
matrix associated with estimates of the values of the input quantities through
(a linearization of) the model to yield the covariance matrix associated with
estimates of the values of the output quantities

e Apply the Welch-Satterthwaite formula for effective degrees of freedom

e Calculate percentage points of a Gaussian o+distribution in order to
provide a coverage interval for the value of the output quantity.

These calculations would apply, as appropriate, for each of the model types. In
order to operate the Phase 2 (computation of LPU), therefore, software can assist
with the above calculations.

For the Monte Carlo procedure it is necessary to “propagate distributions” through
the model. For this purpose it is required to

e Sample from the PDFs assigned to the values of the input quantities
e Carry out an appropriate number of Monte Carlo trials
¢ Obtain an approximation to the PDF for the value of the output quantity

e Obtain a coverage interval for the value of the output quantity from this
approximation.

Again, these calculations would apply, as appropriate, for each of the model types,
and software can assist with their implementation.

The remaining software specifications are intended to support a recommended
procedure for validating LPU [3, 12]. This procedure constitutes operating both
LPU and the Monte Carlo procedure for an uncertainty evaluation of concern, and
carrying out an appropriate comparison of the results obtained.

2 Formulation phase

In Phase 1, the formulation phase of uncertainty evaluation, it is necessary to
carry out various assignments of probability density functions (PDFs) to the values
of the input quantities of the measurement model. For the LPU approach only
the expectations and standard deviations of these PDFs, and covariances where
appropriate, are used. For Monte Carlo simulation the PDFs themselves are used.
The way these assignments are undertaken depends on the information that is
available about the input quantities. Two cases are considered.
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If a set of ¢ independent observations of the value of the input quanfityis
available, astatistical analysiof the observations is undertaken to determine an
estimater; for the value ofX; together with its associated standard uncertainty

u; = u(z;) and degrees of freedom. These are the quantities used in the LPU
approach (Sectidn 4). To apply Monte Carlo simulation a PDF with these parame-
ters is assigned. The assignment of PDFs to the values of the input quantities based
on the analysis of repeated observations is described in Sgction 2.1. In the GUM
the assignment is referred to as “a Type A evaluation of standard uncertainty”.

If repeated observations are not available a PDF for the value of the input quantity
X, is assigned on the basis of, for example, prior knowledge, experience or as the
result of a previous uncertainty evaluation. The PDF is used directly in Monte
Carlo simulation (Sectioh|5). To apply the LPU approach parameters; and

v; are derived from the PDF. The derivation for a humber of common PDFs is
described in Sectidn 2.2, and is referred to in the GUM as “a Type B evaluation of
standard uncertainty”.

A variant of these analyses applies if some or all of the input quantities are mu-
tually dependent. For the LPU approach a covariance matrix would be assigned
to the values of the relevant input quantities. For Monte Carlo simulation a joint
(multivariate) PDF would be assigned for the values of these input quantities.

In practice both types of assignment will be required, each applying to a subset
of the input quantities. For the LPU approach a covariance matrix would be
constructed from those covariance matrices arising from the two types of analysis.
For Monte Carlo simulation a joint PDF would be constructed from those PDFs
arising from the two types of analysis.

2.1 Formulation based on analysing repeated observations

The statistical analysis of repeated observations can be approached in two parts.

Given a set of observations for the value of an input quaXéjtyassign an estimate
x; for X; together with the associated standard uncertaipfgr that estimate and
the corresponding degrees of freedonfSectiorf 2.1.]1).

Given a set of observations for the values of a pair of input quantities that are
mutually dependent, assign the covariance associated with the estimates of these
quantities (Sectioh 2.1.2).

These calculations are the basis for assigning a covariance matrix associated with
the estimates of the values of a number of input quantities (S¢ction 2.1.3).
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2.1.1 Sample mean and its standard deviation

Suppos€(z; 1, xi2, ..., Tiq) areq independent observations of the value of the
input quantity.X;. The estimater; of the value ofX; and its associated standard
uncertaintyu, are determined, respectively, as the arithmetic mean of the ob-
servations, and;, the standard deviation aof;. The corresponding degrees of
freedomy; is ¢ — 1. Table[] defines the sample mean of a set of values, the
standard deviation of this mean and the degrees of freedom, and specifies the input
and output parameters associated with their determination. This is the information
required for the LPU procedure (Sect{gn 4).

Given the estimate; and its associated standard uncertaiftgo obtained, a PDF
for the value ofX; is assigned as follows [12]:

o If the distribution underlying the observations is unknown, assign a Gaussian
PDF with expectation; and standard deviation

o If the distribution underlying the observations is known to be Gaussian,
assign the product of; ' and thet—distribution with argument¢ — ;)/s;
andy; = g — 1 degrees of freedom.

This is the information required for Monte Carlo simulation (Sedtion 5).

2.1.2 Covariance associated with two sample means

Suppose(xi7k,xj7k)T, k =1,...,q, areq pairs of independent observations of

the values of the input quantities; and X;. An estimatex; of X;, together

with its associated standard uncertainty may be determined as the mean and

its standard deviation for the set of observatins:, z; 2, . . ., z; 4) as in Section
[2.1.1, and similarly forX;. The covariance ofX; and X; is estimated by the
covarianceu; ; = u(x;, ;) associated with the sample meansandz;. Table[qt
defines this covariance in terms of repeated observations of the values of the two
input quantities, and specifies the input and output parameters associated with its
determination.

2.1.3 Covariance matrix for input quantities

Suppose observations; 1, z; 2, . . . , x; 4) are available for the values afl input
gquantitiesX;, i = 1,..., N, and that these are assembled into Mex ¢ matrix
<I>E] Let ®' be obtained fron® by correcting for the sample means, i.e., the mean

>The symbol® is (reluctantly) used to denote the matrix of observatign, sinceX is used to
denote a scalar input quantity aid a vector input quantity.
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Input parameters \

Si

Vi

g Number of observations of the value of thie input quantity
x; Independent observatiofs; 1, z; 2, ..., z; ) Of the value ofX;

] Output parameters \
Z; Sample mean, defined by

1 q
Ty = — Z Ti k
1=
Standard deviation of the sample mean, defined by

q
Z Tk — mz
k:l

q(qg — 1
Degrees of freedom, defined by

vi=q-—1

Numerical analysis \

It is important to use the above formula for, rather than the
mathematically equivalent formula

22 -
s? —Z;

For cases in whicl3; is very much smaller thafx;| (in which case the
zik, k=1,..., ¢ have a number of leading digits in common) the latter

formula suffers from subtractive cancellation (involving a mean square
less a squared mean). The cancellation effects can be so severe that the

resulting value ofs; may have too few correct significant figures for the
the uncertainty evaluation to be valid [9]

Table 1. The sample mean, its standard deviation and degrees of freedom for the

value of theith input quantity.
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] Input parameters \
g Number of observations of the values of tith and of thejth input

guantities
x; Independent observatiogs; 1, z; 2, ..., z; ) of the value ofX;
x; Independent observatiolis; i, z;2, ..., x;4) Of the value ofX; paired

with those forX;

Output parameters \

u;; Covariance associated with the sample means for the valuesiti tued
jth input quantities, defined by

q
u(zi, zj) = q—l g Tk — Ti) (T8 — Tj),

wherez; andz; are the sample means of the sets of observatigresd
x;, respectively

Numerical analysis \

It is important to use the above formula fofxz;, ;) rather than the
mathematically equivalent formula

u(x;, xj) = ( Z% kTjk — )

)

The latter formula can suffer from subtractive cancellation as in|the
standard deviation calculation (Tabfé¢ 1) and the resulting value of
u(z4, ;) may have too few correct figures for the uncertainty evaluation
to be valid

Table 2: The covariance associated with the sample means for values tf émel
jth input quantities.
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z; of theith row is subtracted from all elements;, ; = 1,...,q, in that row.
Then, the covariance matrix,, of covariancesy; ; for the sample means of the
values of the input quantitieX = (X1, X,..., Xx)" is estimated by

_
q(g—1)

Table[3 defines the covariance matrix for the sample means of the values of input
guantitiesX in terms of repeated observations i&r, and specifies the input and
output parameters associated with its determination.

o' (®)7T.

] Input parameters \

N Number of input quantities

g Number of observations of the values of each of the input quantities

® An N x ¢ matrix containing the observations ;, wherez; ; is the jth
measurement of the value of tith input quantity

] Output parameters \

Vx Covariance matrix for the sample means of the values of input quantities
X, defined by

1
(g —1)
where®’ is ® corrected for the sample means

@I(@/)T’

Table 3: The covariance matrix for the sample means of the values of input
quantitiesX.

Given the estimates; (= z;), 7 = 1,..., N, for the input quantitiesX and
their covariance matriv,, a multivariate Gaussian distribution is assigned for
the purpose of Monte Carlo simulation. This multivariate distribution is discussed
in Sectiorf 5.3 5.

In practice there may be “simultaneous” observationg , z; 2, . . ., z; 4) for the

values ofsomeof the X, e.qg, fori = 2, 4 and 5. In this case the above covariance
considerations would apply to this “group”. Any other such groups would be
handled similarly, and the complefé x N covariance matrix constructed from
these groups, together with the variances associated with estimates of the values of
those input quantities that are mutually independent.

2.2 Formulation based on assigning probability distribution functions

If knowledge of an input quantity is based on non-statistical information, a PDF

such as a rectangular distribution would be assigned. For the Monte Carlo ap-
proach this PDF is used directly. For the LPU approach the mean and the standard
uncertainty would be extracted from the PDF and used. Tgble 4 indicates how the
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estimatez;, the associated standard uncertainfyand the degrees of freedom
would be obtained from the PDFs for some common distributions, viz., Gaussian,
rectangular, triangular and U-shaped.

| Distribution Parameters ~ PDF i ui V|
Gaussian Mean y and —L _(@—p)?
wand o G PR
N(u,0?)  standard de-
viation o
0, z<a,
Rectangular Limits: and 2, a<az<b, h %
b 0, b<ux.
0, z<a
r—a
. . =, a<zx<h, w
Triangular  Limitsa and Yo p<a<h, h & X
b w
0, b < x.
0, r<a
- - 1 < <
U-shaped Limits a and Ty ¢STS b, h % 00
(23] b 0, b < zx.

Table 4: Parameters of common PDFs, wheréenotegb — a)/2 andh denotes
(b+a)/2.

For example, suppose the value of the input quantitys assigned a rectangular
distribution between the limitgs andb. Information on how to generate pseudo-
random numbers from this distribution for the purpose of Monte Carlo simulation
is given in Section 5.3]1. For this distribution

b+a b—a
Ti=—, U=—,
(2 2 (2 2\/§

(Table[4), and this is the information required for the LPU procedure. For other
PDFs assigned to the value &f, Tablg 4 would be used in a similar way.

v; = 00

3 Numerical evaluation of the model

The classification of models in Section 1 covers eight types of measurement model.
In principle, any model will naturally fall into one, and only one, of these cate-
gories. Some models can benvertedrom one type to another. Whether doing so

is desirable depends on circumstances. For instance, it may not be numerically sta-
ble to do so. A complex-valued model can always be converted into a real-valued
model, by replacing each complex-valued quantity by two real-valued gquantities,
its real and imaginary parts. Again, doing so is not necessarily desirable for pur-
poses of model evaluation (but see the end of this section regarding uncertainties).
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For the categories agxplicit models,Y = f(X) (univariate) andY” = f(X)
(multivariate), the calculation of the measurement regoit y requires the evalu-
ation of theformula f or f. Tableg b anfl]6 specify the evaluation of these models,
and the input and output parameters required.

The calculation of the measurement reguitr y for the corresponding categories

of implicit models,h(Y, X) = 0 andh(Y, X ) = 0, requires thesolutionof an
equation or a system of equations. For a univariate model, it is necessary to solve
a single equation. For a multivariate model, a system of equations is to be solved.
Tableq 7 andl]8 specify the evaluation of these models, and the input and output
parameters required.

The numerical evaluation @omplex-valuednodels need be no more complicated
than for the categories of real-valued models considered above. Many software
packages and languages provideanplex typgor complex-valued quantities
together with functions for performing complex arithmetic. An alternative to using
such facilities is to store explicitly each complex-valued quantity in terms of its
real and imaginary parts, and to undertake all numerical operations in terms of
these two (real-valued) parts.

An issue that requires consideration as part of any implementation for these cat-
egories of complex-valued models is the way the “(standard) uncertainty” asso-
ciated with an estimate of the value of a complex-valued quantity is stored. If
X; is complex-valued with real and imaginary pak$® and X/, the “(standard)
uncertainty” associated with an estimateof the value ofX; is described by the

2 x 2 covariance matrix

whereu?(zf) andu?(z}) are, respectively, the variances associated with the esti-
matesz? andz! of the real and imaginary parts, an@r, z!) is the covariance
associated with these estimates. Furthermore, the covariance Watfix the
complete set of input quantities;, i = 1,..., N, is a2N x 2N matrix. Conse-
quently, although the quantities themselves may be regarded as complex-valued, it
is necessary to store the corresponding uncertainty information using real-valued

matrices, and operate on them using real arithmetic.

4 Law of propagation of uncertainty (LPU): calculation
phase

4.1 Procedure
For LPU, the outputs of the formulation phase, Phase 1, are (Sgtion 2):
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| Input parameters \

N Number of input quantities

f Function specifying the mod&l = f(X) in terms of the input quantities
X =(Xq,...,Xn)7T

x Column vector(zy,...,zx)" of estimates of the values of the input

guantitiesX
] Output parameters \
y  Value obtained by evaluating the formula

y = f(z)

Table 5: Numerical evaluation of the univariate, explicit, real-valued measurement
modelY = f(X).

| Input parameters \

N Number of input quantities

m  Number of output quantities

f Function specifying the modeY’ = f(X) in terms of the input
quantitiesX = (X1,..., Xn)T

x Column vector(zy, ... ,:cN)T of estimates of the values of the input
gquantitiesX

| Output parameters |

y Column vector of valuegy;,...,y»)" obtained by evaluating the

formula
y = f(z)

Table 6: Numerical evaluation of the multivariate, explicit, real-valued
measurement mod® = f(X).
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| Input parameters \

N Number of input quantities

h  Function specifying the modéel(Y, X) = 0 in terms of the input
quantitiesX = (X1,..., Xy)T and the output quantity’

x Column vector(zy,...,zx)" of estimates of the values of the input

gquantitiesX
t Computational control parameters such as an initial estimate afd
technical parameters relating to the equation-solving software

] Output parameters \
y Value obtained by solving the equation

h(y,) =0

Numerical analysis \
A zero-finding algorithm [[13] 19], such as the bisection algorithm
in cases where suitable lower and upper bounds are known for the
measurement resujt can be used to solve the equation

Table 7: Numerical evaluation of the univariate, implicit, real-valued measurement
modelh(Y, X) = 0.

Estimatest = (z1,...,2x)" of the values of the input quantitieX =
(X1,..., X3¢

Standard uncertaintias = (u1,...,uy)" associated with these estimates

T

Corresponding degrees of freedem= (v1,...,vy)

Where appropriate, the covariances associated with estimates of the values
of input quantities that are mutually dependent.

This information is conveniently represented using the three quaniitiesand

Vz, whereV,, is acovariancematrix that holds the standard uncertainties asso-
ciated with the estimates and the covariances associated with these estimates.
VzisanN x N matrix, whose€(i, j)th element contains the covariancer;, x;)
associated withy; andx;, with u(xz;, z;) = u?.

The three quantities, v and V,, together with the measurement model and the
required coverage probabiligy(e.g., 0.95), constitute the inputs to the calculation
phase, Phase 2, for the LPU procedure.

For univariatemeasurement models, the following steps constitute the calculation
phase:
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Input parameters \

N Number of input quantities

m  Number of output quantities

h  Function specifying the modegk(Y,X) = 0 in terms of the input
quanties X = (Xi,...,Xxy)" and the output quantitieYy =
(Y, ..., )T

x Column vector(z1,...,xzx)" of estimates of the values of the input
guantitiesX

t Computational control parameters such as an initial estimate arid
technical parameters relating to the equation-solving software

] Output parameters \
y Column vector of value§yi, . .., y.»)T obtained by solving the equations

h(y,z)=0

] Numerical analysis \
An iterative algorithm such as Newton’s methad|[19], starting fron
suitable estimate of the measurement reguitan be used to solve the
system of equations

=
QD

Table 8: Numerical evaluation of the multivariate, implicit, real-valued
measurement modél(Y, X) = 0.
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1. Form numerically the measurement result (an estimate of the value of the
output quantity) by evaluating the model at the estimates of the values of the
input quantities.

See Sectiohl3.

2. Form the partial derivatives of first order of the measurement model with
respect to the input quantities, and determine numerical values for the sen-
sitivity coefficients by evaluating these partial derivatives at the estimates of
the values of the input quantitifs.

See Section 4l 2.

3. Determine the standard uncertainty associated with the estimate of the value
of the model output quantity by combining the standard uncertainties associ-
ated with the estimates of the values of the input quantities, the covariances
associated with these estimates and the sensitivity coefficients.

See Section 413.

4. Use the Welch-Satterthwaite formula to calcubaéﬁ, the effective degrees
of freedom associated with the estimate of the value of the output quantity,
from the standard uncertainties and degrees of freedom associated with the
estimates of the values of the input quantities, the sensitivity coefficients
and the standard uncertainty associated with the estimate of the value of the
output quantity/]

See Section 414.

5. Compute the coverage factor correspondingdg and the required cov-
erage probabilityp as a percentage point of the (standardised) Gaussian
distribution @/gff = oo) or at—distribution ¢t < oc). Hence, compute
the expanded uncertainty, and thus an interval having a stipulated coverage
probability containing the value of the output quantity, by forming the prod-
uct of this coverage factor and the standard uncertainty associated with the
estimate of the value of the output quantity.

See Section 4l5.

The computational flow of the LPU calculation phase, indicating the inputs to the
phase and the primary output, a coverage interval, is given in Higure 1. This figure
applies in the case of a univariate, explicit, real-valued model with no covariance
effects. Other model types would give diagrams that constitute a variant of Fig-

ure[d.

®For animplicit model, the partial derivative of first order of the measurement model with respect
to theoutputquantity is also required to determine the sensitivity coefficients: see Son 4.2.
"LPU does not state howgg; is to be calculated when the input quantities are correlated.
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Model Estimates Standard Degrees of Coverage
Inputs Y= ng) r uncertaintiess freedomy robabilit
Sectiori 1L Section P Section P Section 2 P yp
Partial derivatives
of model

Sectiof 4.p

Sensitivity

coefficientse

Sectiol 4.p
Measurement Combin.ed standard
Outouts | resulty = f(x) uncertaintyu(y)
P Sectiorl B Section 4.
Effective degrees
of freedomugt
Section 44
Coverage
factork,
Section 4.b
Expanded
uncertaintyU (y)
Section 4.b

Coverage interval

Output y+U()
Section 4b

Figure 1: Phase 2, calculation, of uncertainty evaluation using LPU. The stages
shown relate to the case of a univariate, explicit, real-valued model with mutually

independent input quantities.
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For multivariate measurement models, Stégg L, 2 phd 3 would be performed as
above. However, no information is given here regarding gtéps 4 Jand 5 for such
models. The extension of steps 4 afd 5 to the evaluation of covergigamsfor

the values of multivariate output quantities is not straightforward. Consideration
of this matter, which is a topic for research [12], will be given in a future version
of this report.

Implementation of the above procedure would be achieved in terms of software
“units” as described in Sections B, B2, ]4.3,]4.4, 4.5. For example, for a
univariate, explicit, real-valued measurement model, these units are specified in

Tabled 5[ B, 13, 14 anid [15.

4.2 Sensitivity coefficients

The LPU procedure (Sectipn 4.1) covers the univariate, explicit, real-valued model
of measurement” = f(X). Thesensitivity coefficientased by that procedure
are denoted here by the (row) veﬁmfﬁ’ = (c1,...,cn), Whosejth element; is

the partial derivativé) f /0X; of f(X) evaluated alX = x. Table@ specifies the
evaluation of sensitivity coefficients for this category of measurement model, and
indicates the input and output parameters necessary for their determination.

] Input parameters \

N Number of input quantities

f Function specifying the mod& = f(X) in terms of the input quantitie
X =(Xy,....,Xn)7T

x  Column vector(zy,...,zx)" of estimates of the values of the input
quantitiesX

] Output parameters \

C A 1x N vector of sensitivity coefficients, whogth element is the partial
derivativedf /0X; of f(X) evaluated aX = =

2]

Table 9: Sensitivity coefficients for a univariate, explicit, real-valued measurement
modelY = f(X).

Table[I0 specifies the counterpart fomailtivariate, explicit, real-valued model
Y = f(X). In this caseC takes the form of anatrix of sensitivity coefficients,
whose (i, j)th element is the partial derivative of théh output quantity with
respect to thgth input quantity evaluated &X = x.

The univariatejmplicit, real-valued model of measurementig’, X) = 0. The
sensitivity coefficientlC = (¢y,...,cn) are determined from the partial deriva-

8The symbolC rather than the “more natural for this vector is used to denote this set of
coefficients. The reason for this choice is that for multivariate mo@els used to hold an array
(matrix) of sensitivity coefficients, and that it is appropriate to use the same symbol throughout.
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| Input parameters \

N Number of input quantities

m  Number of output quantities

f Function specifying the modeY’ = f(X) in terms of the input
quantitiesX = (X1,..., Xn)T

x Column vector(zy,... ,:cN)T of estimates of the values of the input

gquantitiesX
| Output parameters |

C Anm x N matrix of sensitivity coefficients, whoge, j)th element is the
partial derivatived f;/0X; of f(X) evaluated alX = x

Table 10: Sensitivity coefficients for a multivariate, explicit, real-valued
measurement mod® = f(X).

tives of h with respect to both the input quantitiéé and the output quantity’.
The jth sensitivity coefficient; is given by

(o
)4 0X; )’
where the partial derivatives are evaluateXat= = andY = y, with y satisfying
h(y,x) = 0. Table specifies the evaluation of sensitivity coefficients for this

category of measurement model, and indicates the input and output parameters
necessary for their determination.

The multivariate implicit, real-valued model of measurementh§Y’, X) = 0.
The matrixC' of sensitivity coefficients is determined as the solution to the linear
system of equations

H,C = H,,

where the matrice#l,, and H,, contain, respectively, the partial derivatives of the
components,; of h with respect to the input quantitiés; and output quantities;,
evaluated alfX = z andY = y, with y satisfyingh(y, =) = 0. Tablg 12 specifies

the evaluation of sensitivity coefficients for this category of measurement model,
and indicates the input and output parameters necessary for their determination.

Counterparts would apply fatomplex-valuednodels. It is necessary to form
partial derivatives of the real and imaginary parts of the (components of the) mea-
surement model with respect to the real and imaginary parts of the input quantities
(and the output quantities for implicit models).

The sensitivity coefficients can be formeéd [7]
1. Manually, by the algebraic differentiation of, e.§(,X ) with respect to each

componentX;, ¢« = 1,..., N, of X, followed by the substitution of the
values ofz for X
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Input parameters \

> =

Number of input quantities

Function specifying the modét(Y, X) = 0 in terms of the input
quantitiesX = (X1,..., Xy)T and the output quantity

Column vector(z1,...,zx)" of estimates of the values of the input
quantitiesX

Estimate of the value of the output quantitythat satisfie.(y, ) = 0

Output parameters \

A 1 x N vector of sensitivity coefficients, whogéh element is

() (%)

where the partial derivatives are evaluateXat x andY =y

Table 11: Sensitivity coefficients for a univariate, implicit, real-valued

measurement modél(Y, X) = 0.

|

Input parameters \

N Number of input quantities

m  Number of output quantities

h  Function specifying the modék(Y, X) = 0 in terms of the input
quantites X = (Xi,...,Xx)" and the output quantitiey =
(Y1,..., V)T

x Column vector(zy,...,zx)" of estimates of the values of the input
quantitiesX

y Column vector(yy,...,y,)" of estimates of the values of the output
quantitiesY” that satisfyh(y, ) =0

] Output parameters \
C Anm x N matrix of sensitivity coefficients that solves
H,C = H,,

where the matricesHd, and H, contain, respectively, the partial
derivatives of the componenks of h with respect to the input quantitigs
X and output quantitie¥}, evaluated aX = = andY = y.

Numerical analysis \

It is important to solve the above system of equations using a numerically
stable procedure, such as Gaussian elimination with a pivoting strategy

[20]

Table 12: Sensitivity coefficients for a multivariate, implicit, real-valued

measurement modél(Y’, X) = 0.
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2. As[], except by the use of a computer package for algebraic differentiation
or a symbolic-algebra package that provides this capability

3. By the use of finite-difference formulae

4. By the use of program differentiation techniques, including forward auto-
matic differentiation and reverse automatic differentiation (which are exam-
ples ofoperator overloadiny andsource to source transformation

The manner in which the partial derivatives required in forming the sensitivity
coefficientsC' in Tableg IR are obtained requires careful consideration. These
derivatives and hence the sensitivity coefficients can be difficult to determine by
hand for models that are complicated. The above options of using a symbolic-
algebra package, finite-difference formulae or program differentiation techniques
can be attractive in such circumstances. There are learning overheads associated
with the use of a symbolic-algebra package and program differentiation techniques:
their use can be justified if the user needs to address a sufficient number of com-
plicated models. Finite-difference formulae may provide inadequate accuracy if
used inappropriately. These alternatives to the manual determination of sensitivity
coefficients are addressed in Appendicég A, B[anhd C.

4.3 Combined standard uncertainty

For a univariate, explicit, real-valued measurement model, the combined standard
uncertaintyu(y) associated with the measurement reguis obtained from the
formula [4]

N N
UQ(?J) = Z Z Cicju(xia xj),
i=1j=1
whereg; is the sensitivity coefficient for théh input quantity, andi(x;, ;) the
covariance associated with the estimateandx;, with w(z;, z;) = u?, the vari-
ance (squared standard uncertainty) associated witfthhestimate. A compact
way of representing the above expression is

V, = CV,C", (1)

whereV,, = v?(y), C = (c1,...,cn), andVy is the N x N covariance matrix
associated with the estimatef the values of the input quantities.

Using this notation, Formul@|(1) fdv, applies forall categories of measurement
model. For univariate, real-valued modelg, is the variance associated with the
estimatey of the value of the output quantily; for other measurement models, it

is the covariance matrix associated with the estimates of the values of the output
quantities. Table 13 specifies the evaluation of combined standard uncertainty, and
indicates the input and output parameters necessary for its determination.
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| Input parameters \

N Number of input quantities
m  Number of output quantities
Vz An N x N covariance matrix associated with the estimate$the values
of the input quantitiesX
C Anm x N matrix of sensitivity coefficients
] Output parameters \
Vy, Anm x m covariance matrix associated with the estimafer y) of the

value(s) of the output quantiy (or Y') obtained by evaluating

V, = CV,C"T

Table 13: Combined standard uncertainty for a univariasite= 1) or a multivariate
(generatm) model.

4.4 Effective degrees of freedom

Table[14 specifies the Welch-Satterthwaite formula for evaluating the effective
degrees of freedomgg for a univariate, real-valued output quantityin the case
that the input quantitieX are mutually independent.

4.5 Expanded uncertainty

Tablg 1% specifies the calculation of expanded uncertailiy associated with the
estimatey of the value of a univariate, real-valued output quantityn the case
that the input quantitieX are mutually independent. The expanded uncertainty is
evaluated as the product of the combined standard uncertmmy(Sectio)
and a coverage factds, that depends on the required coverage probaliliyd

the effective degrees of freedarg (Sectior] 4.14).

The calculation of expanded uncertainty depends on knowledge of the distribution
of the value of the output quantity. In the LPU approactsdistribution withu¢f
degrees of freedom is assigned to the random variable
_y-Y
u(y)

It follows thatk,, is the percentage poing(vef) of thet—distribution such that the
probability thatjt| is no greater than, (vef) is equal top. Values ofk, for various
choices of coverage probability and degrees of freedom may be obtained

from statistical tables and implemented as a “look-up” table. Many mathematical
and statistical software libraries provide an implementation and can be used. For
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Input parameters \

g =

Number of input quantities

Column vector (uy,...,uny)T = (u(z1),...,u(zy))T of standard
uncertainties associated with the estimates= (x1,...,zy)T of the
values of the input quantitieX’

A 1 x N (row) vector of sensitivity coefficients, whogth element is the
partial derivatived f /0X; of f(X) evaluated alX = x

Column vector(vy, ..., vy)T of degrees of freedom. If; is estimated
as the mean of a set gfrepeated observations; is taken ag; — 1. If

x; is estimated as the mean (mid-point) of a rectangular distribution with

accurately-known endpoints; is taken as infinitedo). (Sinceoo cannot

be represented as such as an input quantity, a convention may be adopted.
For instance such a value can be “coded” as 0 (zero), and the procedure

would be designed to interpret this value, which cannot occur other

vise,

as infinite.) These are two important cases. There are other possihilities

[4] associated with assigning the degrees of freedom to estimates

of the

values of the input quantities. Each case has to be treated on its own

merits
Combined standard uncertainty associated with the measuremenir¢

Output parameters

Effective degrees of freedom determined from the Welch-Satterthy
formula
uy) _ 5~ ciut(z)

Veff i=1 Vi

psult

vaite

Table 14: Effective degrees of freedom according to the Welch-Satterthwaite
formula.
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veff > 473, k, = 1.96, correct to two decimal places, the corresponding value for
the standard Gaussian distributidi{0, 1).

| Input parameters |

u(y) Combined standard uncertainty associated with the measuremenyresult

vef  Effective degrees of freedom determined from the Welch-Satterthwaite
formula

P Coverage probability (typically 0.95)

] Output parameters \

U(y) Expanded uncertainty, defined by

U(y) = kpuy),

where k,, is a coverage factor, depending on the stipulated coverage
probability p, that is obtained from tables of percentage points of [the
Gaussian distributionf = oo) or at—distribution {/of < 00)

Table 15: Expanded uncertainty.

5 Monte Carlo simulation: calculation phase

5.1 Procedure

For Monte Carlo simulation, the outputs of the formulation phase, Phase 1, are

(Sectior| 2) the PDIFsg(¢) = (g1(&1),- - -, gn(én))T for the values of the input
quantitiesX = (X1,..., Xy)"[H

The PDFs, together with the measurement model and the required coverage prob-
ability p (e.g., 0.95), constitute the inputs to the calculation phase, Phase 2, for the
Monte Carlo simulation procedure.

For univariatemeasurement models, the following steps constitute the calculation
phase:

1. Select the numbe¥/ of Monte Carlo trials to be made.
See Section 5l 2.

2. Generatel/ samples of the (set df’) input quantities.
See Section 51 3.

%A joint (multivariate) PDF for (a subset of) the input quantities is also possible (S 2.1.3).
The following notation is usedX; to denote théth input quantity,z; an estimate of the value

of X;, and¢; a (general) value oX;. Hence, the PDF for the value &f; is written as a function of

&;. Similarly, Y, y andn are used for a (univariate) output quantity.

Page 24 of 53 www.npl.co.uk/ssfm/download/index.htmli#cmscad



NPL Report CMSC 40/04 (CMSC 10/01 revised)

3. For each sample, evaluate the model to give the corresponding value of the
output quantity.
See Section 5l4.

4. Sort these values of the output quantity into non-decreasing order, using the
sorted values to approximate the distribution function for the value of the
output quantity.

See Section 515

5. Form the measurement result (an estimate of the value of the output quantity)
and the associated standard uncertainty from this distribution function (or
directly from the set of values of the output quantity).

See Section 516.

6. Form the shortest 95% coverage interval for the value of the output quantity
from the distribution function.

See Section bl7

Figure[2 shows the procedure diagrammatically.

Section5.B describes how Monte Carlo simulation may be used to undertake a
sensitivity analysis for the measurement model with respect to each input quan-
tity, yielding “nonlinear” sensitivity coefficients that are the counterpart of (linear)
sensitivity coefficients necessary for the implementation of LPU.

Sectior] 5.p indicates a basic implementation of an adaptive Monte Carlo procedure
that removes the need to make ampriori choice of the number of Monte Carlo
trials.

The modifications to the procedure illustrated in Figure 2 for univariate measure-
ment models required for other types of univariate model are straightforward. Mul-
tivariate models are considered in Secfion b.10.

5.2 The number of Monte Catrlo trials

A value of M, the number of Monte Carlo trials to be made, needs to be selected. It
can be chosea priori, in which case there will be no direct control over the degree

of approximation delivered by the Monte Carlo procedure. The reason is that the
number needed to provide a prescribed degree of approximation will depend on the
“shape” of the PDF for the value of the output quantity and the coverage probability
required. Also, the calculations astochastidn nature, being based on random
sampling. However, a value @ff = 10° can often be expected to deliver a 95%
coverage interval, having a length with a degree of approximation of one or two
significant digits, for the value of the output quantity.
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Model Probability density] NumberM of

. Coverage

Inputs | Y = f(X) functionsg (&) Monte Carlo trials robabilgit
Sectiorf 1L Sectiof R Sectioisp| |P yp

M samplesey, ...,z

of X fromg(&)
Sectioi5.B

M model values
Yy = (ylv"'aylﬂ) = (f(ml)v"'vf(w]\l))
Sectiof 5.4

Approximate distribution functio@(n)

Section 5.b

Measurement resuitand Coverage intervalyiow , Ynigh)

Outputs associated standard uncertainty) for the value ofY’
Sectiori5.p Section 5.1

Figure 2: Phase 2, calculation, of uncertainty evaluation using Monte Carlo
simulation. The stages shown relate to the case of a univariate, explicit, real-valued

model.
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Because there is no guarantee that this or any specific number will suffice, it is
recommended to use a process that selectdaptively, i.e., as the trials progress.

A property of such a process is that it takes a number of trials that is economically
consistent with the achievement of the required degree of approximation [2, 3,
12]. A basic implementation of an adaptive Monte Carlo procedure is described in
Sectiori 5.D.

5.3 Sampling from the probability density functions

In an implementation of the Monte Carlo proceddfesamplese;, i = 1,..., M,
are obtained from the PDFs for the values of the input quantXes Samples
are obtained from a joint (multivariate) Gaussian PDF when appropriate (Section

2.1.3).

Recommendations concerning the manner in which this sampling should be car-
ried out are given here for the commonest distributions, viz., the rectangular, the
Gaussian, the-distribution and the multivariate Gaussian. It is possible to prepare
software for sampling from almost any distribution, and indeed to develop a general
framework for doing so (Sectign 5.3.4).

Tests of randomness of the numbers produced by a generator are indicated.

5.3.1 Rectangular distribution

The ability to generate pseudo-random numbers from a (continuous) rectangular
distribution is fundamental in its own right, and also as the basis for generating
numbers from any distribution (Sectipn 5]3.4) using an appropriate algorithm or
formula. In the latter regard, the quality of the numbers generated from a non-
rectangular distribution depends on that of the rectangular generator and on the
properties of the algorithm employed. The quality of the non-rectangular generator
can therefore be expected to be correlated with that of the rectangular generator.
A good rectangular generator and a good algorithm can be expected to provide a
good non-rectangular generator. A poor rectangular generator and a good or bad
algorithm can be expected to provide a poor non-rectangular generator. It is thus
especially important that the underlying rectangular generator is sound (cf. [29]).
Unless the user is sure of the pedigree of a rectangular generator it should not
be used until adequate testing has been carried out. Invalid results can otherwise
be obtained. Some of the “tests for randomness” that should be undertaken are
indicated below. A recommended rectangular pseudo-random number generator,
that has been shown to perform well in these tests and that is straightforward to
implement, is given in this section.

Table[16 defines relevant aspects of the functioning of a procedure for generating
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rectangular pseudo-random numbers in the intejall], specifying the input,
input-output and output parameters associated with their determination.

Input parameters \

Number of rectangular pseudo-random numbers to be generated \

|
| q
|

Input-output parameters \

t

Column vector of parameters required as input quantities and
may be changed as part of the computation. The subsequent \

that
alues

of these quantities are not usually of immediate concern to the user.

The parameters are needed to help control the process by whig

h the

pseudo-random numbers are produced. The parameters may be realised

as global variables and thus not explitly appear as parameters g

f the

procedure. One or more of these parameters may be a seed, used to
initiate the sequence of random numbers produced by successive calls of

the procedure. By setting the seed(s) to values previously used, the

same

sequence of random numbers can be produced. Doing so is important
as part of software regression testing, used to verify the consistengcy of
results produced using the software with those from previous versions

Output parameters \

| z

q “draws” from a variable recatngularly distributed between zero and\

Table 16: Rectangular pseudo-random number generation.

one

A rectangular pseudo-random numbein the interval[a, b] can be formed by
determininga + (b — @)z, wherez is a rectangular pseudo-random number in the
interval [0, 1].

Randomness tests A review [32] has been carried out on the use of random

numbers in solving problems using Monte Carlo simulation. It draws conclusions
concerning, in particular, the best methods to employ for generating rectangu-
lar pseudo-random numbers. The so-called “combination generators” are recom-
mended and are reported as being favoured by experts as fulfilling the requirements
of p@sessing the longest peri@and passing a set of statistical tests for random-
nes

A combination generator simultaneously uses more than one generator. Each such
generator is typically a member of the clasgohgruential generatorsr the class

1A pseudo-random number generator of necessity providgesjaencef numbers. The period
of the sequence is the number of consecutive values in the sequence before they are repeated.

2The tests include the so-callsthndard test§28], viz., thex? test, the Kolmogorov-Smirnov
test, the frequency test, the serial test, the gap test, the poker test, the coupon collector’s test and
the more stringenbDie Hard testg30], that include the overlapping M-tuple test, the overlapping
permutation test, the parking lot and lattice test and the birthday-spacing test.
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of shift register generatorsboth of which are widely discussed in the literature
(see, e.qg.[[18, 28, 33, 35]).

The KIS@ generator[[31] is a combination of a congruential generator and two
shift register generators. A version in the C programming language is available
[34, p42] and in Fortran [31].

The Hill-Wichmann generator [25] is a combination of three congruential genera-
tors. Both this and the KISS generator satisfy all the above standard and Die Hard
tests[[32][34, p41] and are recommended.

A recommended rectangular random number generator Table[17 defines the
Hill-Wichmann generator for generating rectangular pseudo-random numbers in
the intervall0, 1].

| Input parameters \

] None \

| Input-output parameters |

ia,iB,ic Integer parameters required as input quantities and thaf are
changed by the procedure. Set to integer values betwegn 1
and 30000 before the first call. Do not disturb between calls.
Subsequent values of these quantities are not usually of immediate
concern to the user. The parameters provide the basis by whigh the
pseudo-random numbers are produced. They may be realised as
global variables and thus not explitly appear as parameters af the
procedure

| Output parameters |

] z Rectangular random number between zero and one \

| Computation |

1. Formig = 171i4 mod 30269
Formig = 172¢g mod 30307

Formic = 170ic mod 30323

0w DN

Formz = (i4/30269 + i /30307 + ic/30323) mod 1

Table 17: The Hill-Wichmann rectangular pseudo-random number generator.

BKeep It Simple, Stupid!
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5.3.2 Gaussian distribution

The procedure in Table 18 provides a straightforwardly implementable approach
[8] to generate values from the standard Gaussian distribiNigh 1) using the
Box-Muller transform.

Input parameters \

None ‘

Output parameters \

z1,z9 Two draws from a Gaussian variable with zero expectation and |unit
standard deviation

Computation \

1. Generate rectangular random variategandv, between zero and
one

2. Formz; = v/—2log vy cos 2mve andzy = +/—2log v1 sin 27v

3. Takez; andz, astwo standard Gaussian variates

Table 18: The Box-Muller Gaussian pseudo-random number generator.

To sample from the Gaussian distributidf(y, 02), take X = p + 0Z, whereZ
is a standard Gaussian variable.

5.3.3 t—distribution

The procedure in Tab[e L9 provides an approach [27], [34, p63] to generate values
from the¢—distribution withy degrees of freedom, that is also straightforward to
implement.

For expectation: and standard deviatiom andv degrees of freedom, tak€ =
u+ oZ,whereZ is a variable having a-distribution withr degrees of freedom.

Sampling from theé—distribution can be used in Monte Carlo simulation when syn-
thesising PDFs assigned to input quantities represented by repeated observations
that can be regarded as drawn from a Gaussian distribution (Section[Z}1.1).

1This use has been criticized in some quarters in that coverage intervals determined for the value
of the output quantity can be pessimistically long. Conversely, were a Gaussian distribution to be
assigned, i.e., with no account taken of the degrees of freedom thiatdiséribution is intended to
accommodate, the resulting coverage intervals could be optimistically short. This matter remains
a discussion topic by researchers. It is recommended that a decision is agreed and recorded with
the details of the uncertainty evaluation in any one instance. In particular, despite the statement in
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Input parameters

| |
| v Degrees of freedom \
] Output parameters \
| |
| |

z Draw from at—distribution withv degrees of freedom
Computation

1. Generate rectangular random variategandv, between zero and
one

2. Ifv; < 1/2, setz = 1/(4v; — 1) andv = vq/2?; otherwise set
z =4v1 — 3 andv = vy

3. Ifv<1—|z]/20rv < (1+ 22/v)~w+1/2 accept: as a sample
from at—distribution; otherwise repeat from S{ep 1

Table 19: At—distribution pseudo-random number generator.

5.3.4 General distributions

Sectiond 5.3]1-5.3.3 presented procedures for sampling from the PDFs relating
to common distributions, viz., rectangular, Gaussian andtHaistribution, re-
spectively. Consideration is given here to the task of sampling from a general
distribution defined by its distribution functia®(¢).

A samplez from this distribution is obtained as follows:

1. Sample a random numbeérfrom a rectangular distribution on the interval

[0, 1] (Sectior 5.31]1)

2. Find the value satisfyingG(z) = 1.

The “inversion” step (in 2 above) of forming = G~!(x’) may be possible ana-
lytically or, otherwise, performed numerically. In the latter casks, evaluated by
solving the equation

G(z)—¢ =0.

Upper and lower bounds farare generally easily found, in which case a “brack-
eting” algorithm such as bisection can be used to determ|t8,(19].

the GUM that uncertainty evaluations should be realistic, if in doubt it might be wiser and certainly
cautious to use the-distribution, accompanying the results of uncertainty evaluation by a suitable
qualifying statement.
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5.3.5 Multivariate Gaussian distribution

The most important multivariate distribution is the multivariate Gaussian distribu-
tion. Ann x 1 vector of expectationg and a covariance matri¥” of ordern
define the parameters of thedimensional Gaussian distribution.

Values can be sampled from this multivariate (or joint) Gaussian distribution [36,
39] using the procedure in Takjle]20.

] Input parameters \

Dimension of the multivariate Gaussian distribution

n x 1 vector of expectations

Covariance matrix of ordet x n

Number of multivariate Gaussian pseudo-random numbers to be

generated

| Output parameters |

® Ann x g matrix, thejth column of which is a draw from the multivariate
Gaussian distribution

] Computation \

R T S

X

1. Form the Cholesky factdR of V/, i.e., the upper triangular matri
satisfyingV = R R. (To generatg pseudo-random numbers|it
is necessary to perform this matrix factorization only once.)

2. Form ¢ samples from then-dimensional standard Gaussian
distribution N'(0,1) x ... x N(0,1). Here,N(u, c?) denotes the
Gaussian PDF with expectatipnand standard deviation Doing
so simply means generating arx ¢ array Z of standard Gaussian
variates

3. Provide the required sample (the Cholesky factor acts as a
transformation from the uncorrelated standardized space to that
required):

®=plT+R'Z,

wherel denotes & x 1 vector of ones

Table 20: A multivariate Gaussian random number generator.

Figure[3 show200 points generated from a bivariate Gaussian distribution, using
the MULTNORM generator([36], with expectatigm = (2,3)" and covariance

matrix
v [ 2.0 1.9

1.9 2.0
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Variable 2
o
o
Co
-
£
o

Figure 3: Points sampled from a bivariate Gaussian distribution with positive
correlation.

Similar generators are available elsewhere [14].

In this figure the points “span” an elongated angled ellipse. Were the off-diagonal
elements ofV to be replaced by zero, the points would span a circle. Were the
diagonal elements made unequal, and the off-diagonal elements kept at zero, the
points would span an ellipse whose axes were parallel to the axes of the graph.

5.4 Evaluation of the model

The model is evaluated for each of thé samples from each of the PDFs for the
values of theV input quantities. Specifically, denote th€samples byeq, ..., x),,
where therth samplex, contains values ,,...,zy,, with z;, a “draw” from
the PDF for the value oK;. Then, for a univariate, explicit, real-valued model, the
model values are

yr = f(x,), r=1,..., M.

For a univariateimplicit, real-valued model, theth model valuey, is determined
as the solution to the equation

h(yr, ;) = 0.

The case of a univariate, explicit, real-valued measurement model is covered below,
although the presentation would apply similarly for the corresponding implicit
model. Multivariate models are considered in Sedtionl5.10.

The information in Section|3 provides advice on model evaluation.

Note that in Monte Carlo simulation the model is evaluated for each sample of the
input quantities and hence for a range of values (that may be distanced by “several
standard deviations” from the estimates of the values of the input quantities). This
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is in contrast to the LPU procedure in which the measurement model is evaluated
only at the estimates of the values of the input quantities and, if finite difference
approximations are used [4, Clause 5.1.3], also at points perturbed from these esti-
mates by+ one standard deviation for each variable in turn. For this reason some
issues may arise regarding the numerical procedure used to evaluate the model,
e.g., ensuring its convergence (where iterative schemes are used) and numerical
stability. The user should ensure that, where appropriate, the numerical methods
used to evaluate the measurement model are valid for a sufficiently large region
centred on the estimates of the values of the input quantities.

5.5 Distribution function for the value of the output quantity

An approximatiorf}(n) to the distribution functioid7(n) for the value of the output
guantityY can be obtained as follows. Sort the valyesr = 1, ..., M, provided
in SectiorEfl into non-decreasing order. Denote the sorted valuggby =
1,..., M. Assign uniformly spaced cumulative probabilitigs= (r — 1/2)/M,
r=1,..., M, tothe ordered valugs}

Form @(n) as the piecewise-linear function joining thé points (y(,,p;), r =
1,...,M:

~ r—1/2 = Y@r)
G n) = + ) Yir) <N < Y ) (2)
( ) M M(y(r—i-l) - y(r)) ) (r1)
forr =1,...,M — 1. Table[2] specifies the evaluation of an approximation to

the distribution function for the value of the output quantity, and indicates the input
and output parameters necessary for its determination.

The values ofy(, (or y-), when assembled into a histogram (with suitable cell
widths) form a frequency distribution that, when normalised to have unit area, can
be taken as an approximatig(y)) to the PDRy(n) for the value oft”. Calculations

are not generally carried out in terms of this histogram, the resolution of which
depends on the choice of cell size, but in terms of the approximétian to the
distribution functionG(n). The histogram can, however, be useful as an aid to
understanding the nature of the PDF, e.g., the extent of its asymmetry.

5.6 Measurement result and the associated standard uncertainty

The expectationy of the function@(n) (see )) approximates the expectation of
the PDFg(n) for the value ofY” and is taken as the estimateof the value of the
output quantity. The standard deviatiofy) of G(n) approximates the standard

5The valuesp,, r = 1,..., M, are the midpoints of\f contiguous probability intervals of
width 1/M between zero and one.
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Input parameters \

M Number of samples (equal to the number of Monte Carlo trials)

y Model values(y,...,yn) obtained by evaluating the measurement
model for each of thd/ samplesc,. from each of the PDFs for the values
of the NV input quantities, i.ey, = f(x,)
Output parameters \
y  Model values(y(y), - - -, y(ar)) Sorted into non-decreasing order
p Probabilities(p, ..., py), defined by

pr = (r—1/2)/M.

The function@(n) determined as the piecewise-linear function join

the points(y,y, pr), = 1,..., M, provides an approaximation to the
distribution function for the value df . (G(n) is defined only for values

of n corresponding to values of probabilitvin the intervalM /2 < p <
1— M /2. Indeed, it should not be used near the endpoints of this inte
because itis less reliable there.)

Numerical analysis

ng

rval,

It is recommended that a sorting algorithm that takes a number of

operations proportional td/ log M be used (e.g.,[[37]). A naiv
algorithm would take a time proportional t8/2? and may make the
computation time unacceptable

www.npl.co.uk/ssfm/download/index.html#cmscd®

Table 21: Distribution function for the value of the output quantity.
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deviation ofg(n) and is taken as the standard uncertainty) associated withy.
7 can be taken as the arithmetic mean

1 M
Yy = M ,;[ Yr 3)
formed from theM valuesy, . . ., yar, and the standard deviatiaity) determined
from
1 Y )
2/~
wG) = 77 2 —v)” (4)

r=1
Table[22 specifies the evaluation of the measurement rgsuit the associated
standard uncertainty(y) using Formulaef (3) andl|(4), respectively, and indicates
the input and output parameters necessary for their determination.

Formulae [(B) and {4) do not in general provide values that are identical to the
expectation and standard deviation, respectively76f). The latter values are
given by

1 M
7=77 2. "% (5)
r=1
and
[~ 1 M 1/ ~\ 2 1 = 2
w'(§) = 47 (Z (W = 9" = 5 > W) = Yi) ) : (6)
r=1 r=1

where the double prime on the summation in Expres$ipn (5) and on the first sum-
mation in Expressior] {6) indicates that the first and the last terms are to be taken
with weight one half. For a sufficiently large value af, the values obtained using

(3) and [[4) are generally indistinguishable for practical purposes from those given

by (5) and[(6).

The value ofy so obtained yields the smallest mean squared deviation over all
possible choices of the measurement result. However, the value will not in general
agree with the model evaluated at the estimates of the values of the input quantities
[4l, Clause 4.1.4]. Agreement (in a practical sense) will be achieved for a large
value of M when the model is linear in the input quantities. Whether this general
lack of agreement is important depends on the application. The valyeeven

in the limit asM — oo, is not in general equal to the model evaluated at the
expectation values of the PDFs for the values of the input quantities, unless the
model is linear([4, Clause 4.1.4].

The evaluations of; andu(y) (Table[22) require the summation 8f numbers
with M large (typically of the order of0® or 10%: Sectior] 5.p). The natural way
to evaluate, for example, the summation

M
S = Zyr
r=1
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Input parameters \

M Number of samples (equal to the number of Monte Carlo trials)
y  Model values(yi,...,yy) obtained by evaluating the measurement
model for each of thé/ samplese, from each of the PDFs for the values
of the NV input quantities, i.ey, = f(x,)

Output parameters \

y  Measurement result: the arithmetic mean of the model values, definged by
| M
Y= M 7;1 Yr

u(y) Combined standard uncertainty: the standard deviation of the model
values, defined by

Numerical analysis \

It is important to use the above formula fet(y) rather than th
mathematically equivalent formula

M (1Y
20, _ B 2 .2
U(y)—M_1<M§1yT y)

For cases in which(y) is very much smaller thapy| (in which case th

yr, ¥ =1,..., M, have a number of leading digits in common) the latter
formula suffers from subtractive cancellation (involving a mean square
less a squared mean). The cancellation effects can be so severe that the
resulting value ofu(y) may have too few correct significant figures for

the uncertainty evaluation to be valid [9]

Table 22: The measurement result and the associated standard uncertainty.
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is recursively i.e., by the following procedure:

S=0
forr=1: M

S=S5+y-
end

When implemented using floating-point arithmetic dmnputedesult§ will dif-

fer from themathematicatesultS by an amount¥ that is the result of rounding
errors associated with each floating-point operation (of which there will be many
if M is large). Alternative procedures for undertaking the summation are available
and have been designed with the aim of reducing the magnitude[afl]. One

such procedure iKahan summatiorf26]. This procedure for evaluating is
described in Appendix D.

5.7 Coverage interval for the value of the output quantity

Let o denote any value between zero dnd p, wherep is the required coverage
probability (e.g., 0.95). The endpoints ol@)p % coverage interval for the value
of the output quantity ar&~(«) andG~1(p + «), i.e., thea— and(p + a)—
quantiles ofG(n). Here, thes—quantile is the value of for which G(n) = g.

'[he endpoints of the coverage interval can be obtained from the approximation
G(n) to G(n) obtained in Secti05 by inverse linear interpolation. To find the
lower endpointy,, such thate = G(yiw), identify the indexr for which the

pOINtS (y(,), pr) aNd(y(.+1), pr-+1) satisfy
Pr < a < pri1
Then, by inverse linear interpolation,

a — Dr
DPr4+1 — Pr '
Similarly, the upper endpoinf;g, is calculated from

Yow = Y(r) T (y(r+1) - y(r))

pra—ps

Ynigh = Y(s) T (y(s+1) - y(s)) Dst1 — Ds

where the index is identified to satisfy

Ds <P+ < Pst1.

The choicex = 0.025 gives the coverage interval defined by the 0.025—and 0.975-
guantiles. This choice provides a 95 % coverage interval that is probabilistically
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symmetric. The probability is 2.5 % that the valueois smaller than the left-hand
endpoint of the interval and 2.5 % that it is larger than the right-hand endpoint.
If g(n) is symmetric about its expectation, this coverage interval is symmetric about
the estimate of the value of the output quantity, and the left-hand and right-hand
endpoints of the coverage interval are equidistant fpom

A value of « different from 0.025 would generally be appropriate were the PDF
asymmetric. Usually the shortest coverage interval is required, because it cor-
responds to the best possible location of the value of the output quantity

a specified probability. It is given by the value afsatisfying g(G~'(a)) =
g(G7Y(p + a)), if g(n) is single-peaked, and in general by the valuexafuch

that G=1(p + @) — G~1(a) is @ minimum. Ifg(n) is symmetric, the shortest
coverage interval is given by taking= (1 — p)/2.

The shortest coverage interval can generally be obtained computaﬂonall@’(m@)’n
by determiningy such thalG ! (p+a)— G~ (« )|sam|n|mum Astra|ghtforward

approach to determining the minimum is to evalugie!(p + o) — G~1(«) for

a number of choice$a; } of o between zero antl — p, and to choose that value
o from the set{a;,} yielding the minimum value from the setG~1(p + ay) —

éil(akz)}'

5.8 Sensitivity analysis

With Monte Carlo simulation there is no immediate counterpart of a sensitivity
coefficient (Sectiofi 4]2) since Monte Carlo simulation operates in terms of the
actual nonlinear model rather than a linearized counterpart. Recall that with a linear
model the sensitivity coefficients “reproduce” linear effects, and for a nonlinear
model the sensitivity coefficients provide first-order information. Therefore, those
practitioners accustomed to the LPU approach may find the absence of sensitivity
coefficients disconcerting.

It is possible and very straightforward, however, to adapt the Monte Carlo sim-
ulation procedure such that it provides information that in a sense constitutes a
nonlinear counterpart of a sensitivity coefficient. Consider holding the values of all
input quantities but one, sayy, at their nominal values. In this setting the model
effectively becomes one having a single input quantity, \i&z,, Sample values
from the PDF for the value of this input quantity and determine an approximation
for the distribution of the value of the output quantity with respecXio The
standard deviatiofi, (y) of this distribution is taken as an approximation to the
component of the (combined) standard uncertainty correspondiiig.to

The use of “nonlinear” sensitivity coefficients in place of “linear” sensitivity coef-
ficients permits individual nonlinear effects to be taken into account. A “nonlinear”
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sensitivity coefficienty, is defined by

o = U(Z/k).
u(w)

It will be equal to the magnitudgy,| of the “linear” sensitivity coefficient;, in a
case where the model is linear),, and be close to its value when the nonlinearity
with respect toX; is negligible. Wherc;, is appreciably different frone; the
nonlinearity effect may noticeably influence the standard uncertaipty. Thus,
the deviation ofu(yi) from u(yx) = cru(zx) can be used as an approximate
measure of the influence of model nonlinearity with regards talone.

The sensitivity coefficients so obtained are not generally to be taken in conjunction
with the standard uncertainties associated with the estimates of the input quantities
as the only contributions to the standard uncertainty associated with the estimate
of the value of the output quantity. There will be further contributions arising from
any interaction (i.e., non-additive) terms in the model.

Table[23 specifies the calculation of a nonlinear sensitivity coeficient relating to
the input quantityX; using Monte Carlo simulation.

5.9 Adaptive Monte Carlo procedure

A basic implementation of an adaptive Monte Carlo procedure is described as
follows. It is based on carrying out an increasing number of Monte Carlo trials
until the various quantities of interest have stabilised in a statistical sense. A
quantity is deemed to have stabilised if twice the standard deviation associated
with the estimate of its value is less than the degree of approximation required in
the standard uncertainty(y).

A practical approach consists of carrying out a sequence of Monte Carlo calcu-
lations, each containing a relatively small number, 8&y= 10%, triaIsE For

each Monte Carlo calculation in the sequengen(y) and the endpoints of a
95% coverage interval are formed from the results obtained, as in Sections 5.6

and. Denote by(™), u(y™), yin) andyi?), the values ofj, u(y) and the left-
and right-hand endpoints of the 95% coverage interval fohthemember of the

sequence.

After the hth Monte Carlo calculation (apart from the first) in the sequence, the
arithmetic meary of the valueg/(!), ... 4" and the standard deviaticy) asso-
ciated with this arithmeic mean are formed. The counterparts of these statistics

181t is recommended that each sequence of calculations be performed using the same random
number generator (albeit using a different part of the generated sequence) or two or more independent
generators. This is because the statistical properties of a random number generator are defined
“within” sequences and not “between” sequences (as, for example, two sequences obtained from
the same number generator may overlap even if initialised with different seeds).
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Input parameters \

M Number of samples (equal to the number of Monte Carlo trials)
y*  Model values(yt,...,y%,) obtained by evaluating the measurement
model for each of thé/ samplest” obtained by holding all inputs byt
one, X}, at their nominal values and sampling from the input RIP&}. )
for the value ofX,
u(zp) standard uncertainty associated with the estimatef the value ofX},

Output parameters \

ur(y) Component of the (combined) standard uncertainty: the standard
deviation of the model values, defined by

1 M

~2 k kN2
up(y) = > -y
M -1
where
k 1 o k

Ck Nonlinear sensitivity coefficient, defined by

u(yx)
(z1)

Cr, =

e

Table 23: Sensitivity analysis by Monte Carlo simulation.
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for y are determined fot(y), yiow anNdynign- If the largest of2sy, 2s,(,), 25y,

and 2sy,, ., does not exceed the degree of approximation required(in, the
overall computation is regarded as having stabilised. The results from the total
number of Monte Carlo trials taken are then used to provide the estimate of the
value of the output quantity, the associated standard uncertainty and the coverage
interval for the value of the output quantity.

5.10 Multivariate Monte Carlo procedure

The above treatment applies toivariate real-valued models. It can straightfor-
wardly be adapted to apply Monte Carlo simulation to multivariate or complex-
valued models. There is not, however, a ready counterpart of a coverage interval.

The multivariate model is
Y = f(X).

M samplese,. of the values of the input quantitie$ are taken as before. For each
x,, evaluate the model as previously, except now the output vajues f(x,)
arem x 1 vectors.

Assemble these output vectors intoran< M matrix|T]

U= (y,...,Yu)-

From this matrix the covariance mati¥%, associated with estimatgf the values
of the output quantitie¥” is calculated from

1
M-1

Vy _ ‘I’/(‘I’/)T,

where ¥’ is ¥ corrected for the sample means over &l trials, i.e., with the
arithmetic mean of thgth row subtracted from all elements in that row, foe
1,..., M. Table[24 specifies the evaluation of the covariance madixn terms

of the vectorsy,., and indicates the input and output parameters necessary for its
determination.

This covariance matrix contains (generally a more reliable estimate of) the informa-
tion that would be delivered by a linear analysis such as LPU. (In fact, it provides
more than LPU, since that procedure does not in general cover multivariate mod-
els.) The matrix® provides much richer information, however, in the following
sense. Any column off corresponds to the values of the output quantities for
one choice (sample) of the input quantitiésny (scalar) derived quantity can be
determined from this single set of output values. This quantity can be calculated for

"The symbol® is (reluctantly) used to denote the matrixiafrectors, sincd” is used to denote
a scalar output quantity arld a vector output quantity.

Page 42 of 53 www.npl.co.uk/ssfm/download/index.htmli#cmscad



NPL Report CMSC 40/04 (CMSC 10/01 revised)

Input parameters \
Number of output quantities
Number of samples (equal to the number of Monte Carlo trials)
An m x M matrix containing the model output valugs, i.e.,

SRS

U= (yy,...,Yu)-

] Output parameters \

V, Covariance matrix associated with estimagesf values of the output
guantitiesY’, defined by

1
M—-1

‘I’/(‘P/)T,

whereWw’ is ¥ corrected for the sample means

Table 24: The covariance matrix associated with estimatebthe values of the
output quantitiey’.

all columns, the resultingyx M row vector being used to provide an approximation

to the distribution function for the value of that quantity (as in Sedtiof 5.5). In
particular, the distribution function can be used to provide a coverage interval for
the value of the derived quantity (as in Secfiorn] 5.7). Another quantity could be so
introduced and the two row vectors used to compute any statistics required (mean,
median, etc.) and the pair of vectors used to estimate correlation effects. Thus, the
matrix ¥ is a very valuable array, being the basis of almost unlimited statistical
information™

6 Validation of the law of propation of uncertainty

LPU has some limitations [4, 12]. Although the procedure can be expected to
work well in many circumstances, it is generally difficult to quantify the effects of
the approximations involved, viz., linearization, the Welch-Satterthwaite formula
for the effective degrees of freedom and the assumption that the value of the output
quantity is Gaussian (i.e., that the Central Limit Theorem is applicable). Indeed, the
degree of difficulty of doing so would typically be considerably greater than that
required to apply Monte Carlo simulation. Therefore, since these circumstances
cannot readily be tested, any cases of doubt should be validated. To this end,

BNote, however, that consideration is not given to using the mdtri® obtain an approximation
to the (joint) distribution function for the value of the (multivariate) output quariity This is in
contrast to the case of a univariate output quaititfSectior] 5.p).
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since the propagation of distributions is more general, it is recommended that both
LPU and the Monte Carlo approach are applied and the results compared. If the
comparison is favourable, LPU can be used on this occasion and for sufficiently
similar problems in the future. Otherwise, consideration can be given to using
Monte Carlo simulation instead.

Specifically, it is recommended that the two steps below and the following com-
parison process are carried out.

1. Apply LPU to yield a 95% coverage intervak- U(y) for the value of the
output quantity.

2. Apply Monte Carlo simulation to yield the standard uncertair(y) asso-
ciated with an estimate of the value of the output quantity and the endpoints
Ylow aNdypigh 0f @ 95% coverage interval for the value of the output quan-
tity.

A comparison procedure is based on the following objective: determine whether
the coverage intervals obtained by LPU and Monte Carlo simulation agree to a
stipulated degree of approximation. This degree of approximation is assessed in
terms of the endpoints of the coverage intervals and corresponds to that given
by expressing the standard uncertainty) to what is regarded as a meaningful
number ofsignificant decimal digits

The procedure is as follows:

1. '—et”ndig denote the number of significant digits regarded as meaningful in
the numerical value af(y). Usually,npgjg = 1 Of npgig = 2. Express the

value ofu(y) in the forma x 10", wherea is annndig—digit integer and-
an integer. The comparison accuracy is

1
d=-10"".
2

2. Compare the coverage intervals obtained by LPU and Monte Carlo simula-
tion to determine whether the required number of correct digits in the cover-
age interval provided by LPU has been obtained. Specifically, determine the
quantities

ly = U(y) — yiowl
and

v+ U(y) = Ynighl;
viz., the absolute values of the differences of the respective endpoints of the
two coverage intervals. Then, if both these quantities are no largeb tinen
comparison is successful and LPU has been validated in this instance.
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Example The estimate of the value of the output quantity for a nominally 100 g
standard of mas$ |4, Clause 7.2.2}is= 100.021 47 g. The standard uncertainty
u(y) = 0.000 35 g, Thusnpgig = 2 andu(y) is expressed & x 10-° g, and so

a=35andr = —5. Taked = 1 x 107° g = 0.000 005 g.

7 Conclusions

Software specifications have been proposed for three aspects of uncertainty evalu-
ation, viz.,

1. The law of propagation of uncertainty (LPU) procedure of the Guide to the
Expression of Uncertainty in Measurement (GUM) [4]

2. A general approachl[3, 12] based on Monte Carlo simulation as an imple-
mentation of the propagation of distributions

3. Validation of LPU, the use of Monte Carlo simulation to validate LPU in
circumstances where there is doubt concerning its applicability [3, 12].

The specifications are not intended to be mandatory but indicative of the software
units that are required for implementation of the above aspects.

The second edition of this document has been produced in the Software Support
for Metrology (S$M) programme 2001-2004. It is anticipated that a third edi-
tion, extending and revising the document further and keeping it in line with the
evolving S$M best-practice guide [12], will be produced in thef82004-2007
programme.
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A Use of symbolic-algebra packages

This appendix is concerned with the use of a symbolic-algebra package to provide
partial derivatives of a model, from which sensitivity coefficients can be determined

(Sectior] 4.R).

Tablg 2% specifies for a univariate, explicit, real-valued model, the use of a symbolic-
algebra package to obtain sensitivity coefficients and indicates the input and output
parameters associated with their determination. The input paraghétarsed to
specify the measurement model.

Counterparts would apply for the other categories of measurement model.

] Input parameters \

N Number of input quantities

f Function specifying the mod&! = f(X) in terms of the input quantitie
X =(Xy,...,X3)"

x Column vector(z1,...,2x)" of estimates of the values of the input
guantitiesX. Some packages may not be able to make use iofthat
they return algebraic expressions f@f/0X;,...,0f/0Xy) rather
than these expressions evaluateXat

| Output parameters |

f' Functions (fi,...,fy) representing algebraic expressions for
(0f/0X1,...,0f/0XN), the partial derivatives of first order of
the functionf

C A 1 x N vector of sensitivity coefficients, whosgh element is the
partial derivativedf/0X; of f(X) evaluated atX = x. Some
symbolic-algebra packages may produce jfisand it will be the user’s
responsibility to evaluat¢’ at X = =

[°2)

Table 25: Sensitivity coefficients obtained using a symbolic-algebra package.

When a symbolic-algebra package system is used, care needs to be taken that the
mathematical expressions generated are stable with respect to their evaluation at

the estimates of the values of the input quantities. For instance, suppose that (part

of) amodel is

Y = (X1 — Ko)",

where K is a specified constant. An automatic system might involve expansions
such as Taylor series to generate the partial derivativé iofthe form

oy
= AXT — 12XPKG + 12X, K — 4K, (7)
1

and perhaps not contain a facility to generate directly or simplify this expression to
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the mathematicallyequivalent form

oy \
X, 4(X; — Ko)”, (8)

that would typically be obtaineshanually

Suppose the estimate of the value Xf is x; = 10.1 and Ky = 9.9. The
value c; of the resulting sensitivity coefficient iz, — Ky)® = 0.032, correct

to two significant figures. Both Formulag] (7) afd (8) deliver this value to this
number of figures. The second, more compact, form is, however, much to be
preferred. The reason is that Formula (8) suffers negligible loss of numerical
precision when it is used to evaluatg whereas, in contrast, Formuld (7) loses
figures in forming this value. To see why this the case, consider the contributions
to the expression, evaluated and displayed here to a constant number of decimal
places (corresponding to seven significant figures in the contribution of greatest
magnitude):

43 = 4121.204,
—1223K, = —12118.79,
120: K3 =  11878.81,

—4K3 = —3881.196.

The sum of these values constitutes the valug oTo the numerical accuracy held,
this value is 0.028, compared with the correct value of 0.032. The important point
is that a value of order0—2 has been obtained by the sum of positive and negative
values of magnitude up to ordéd*. Almost inevitably, a loss of some six figures

of numerical precision has resulted, as a consequensghdfactive cancellation

For different values of:; and K or in other situations the loss of figures could

be greater or less. The concerning matter is that this loss has resulted from such
a simple model. The effects in the case of a sophisticated model or a multi-stage
model [12] could well be compounded, with the consequence that there are dangers
that the sensitivity coefficients formed in this way will be insufficiently accurate.
Therefore, care must be taken in using sensitivity coefficients that are evaluated
from the expressions provided by some software for algebraic differentiation. Such
a system, if used, should evidently be chosen with care. One criterion in making
a choice is whether the system offers comprehensive facilities for carrying out
algebraic simplification, thus ameliorating the danger of loss of figures. Even then,
some form of validation should be applied to the numerical values so obned.

Numerical analysis issues such as that discussed are addressed as part of the numerical analysis
project of the S8/ programmel[[10].
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B Use of finite-difference formulae

This appendix is concerned with the use of a finite-difference formula to provide
partial derivatives of a model, from which sensitivity coefficients can be determined

(Sectior] 4.R).

Numerical approximations to the values of derivatives can be obtained using finite-
differences techniques. Given a valu@ < ¢ < N), set allX;, = x;, apart from

X;, i.e., hold the values of all input quantities, apart fromtte at their nominal
values. Denote the resulting function &f by f;(X;).

A typical finite difference approximation @Y /0.X; evaluated at is

oy _ filwi +0i) = fi(z:)
OXilX-w d; ’

whered; is a “suitably small” increment in; (see below). Note thaf(x;) = f(x)
will already have been formed in evaluating the model at the estimatdsthe
input quantities.

The approximation can be perceived as follows. Consider the gragh &f).
The formula gives the gradient of the chord joining the poiats f;(x;)) and
(x; + 9;, fi(z; + 0;)). This gradient approximates the gradient of the tangent at
(x;, fi(z;)) to the graph of the function, which is of course the required derivative.

The choice ob; is important. If it is too great, the formula gives a large approxima-
tion error, i.e., the tangent and the chord point in appreciably different directions.
If it is too small, the formula gives a large subtractive cancellation error, since the
values off;(x;) and f;(z; + ;) will have many common leading figures.

A generally more accurate form, requiring an additional function evaluation, is

oY L filxi +60) = filwi — &)
0Xi|X—a 20; '

For a given value ob;, the magnitude of the approximation error is generally
reduced using this form. Thus the value &@fcan be larger, affording a better
balance between approximation and cancellation errors.

The GUM, in Clause 5.1.3, suggests the use of the second formulgwithu(z;).
This choice can generally be expected to be acceptable, although there may be
circumstances when it is néf.

Table[ 2§ specifies, for a univariate, explicit, real-valued model, the use of a finite-
difference formula to obtain sensitivity coefficients, and indicates the input and

For example, in cases whetgz;) is large and the non-linearity of as a function ofX; is
appreciable.
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output parameters associated with their determination. The input parafmister
used to provide information about the measurement model, and may take the form
of a function for evaluating the model as in Secfi¢pn 3, Table 5.

Counterparts would apply for the other categories of measurement model.

] Input parameters \

N Number of input quantities

f Function specifying the mod& = f(X) in terms of the input quantitie
X =(Xy,...,.X3)7"

)

x Column vector(zy,...,zx)" of estimates of the values of the input
quantitiesX
u Column vector (uy,...,uy)T = (u(x1),...,u(zy)T of standard

uncertainties associated with the estimates of the values of the |input
guantities. This parameter would be used if the GUM recommendation
for estimating the sensitivity coefficients were adopted. It would not be
used if a finite-difference formula were used that attempted to provide
a sensible compromise between the loss of accuracy due to truncation
(approximation) error and that due to subtractive cancellation

] Output parameters \

C A 1 x N vector of sensitivity coefficients, whosgh element is
an estimate obtained using finite differences of the partial derivative
0f/0X; of f(X) evaluated aiX = x

Table 26: Sensitivity coefficients obtained using a finite-difference formula.

C Use of program differentiation techniques

Automatic differentiation (AD) is a set of techniques aimed at “differentiating the
program” that computes a function valli¢([7] 16]. AD is an accurate method in the
sense that AD applies the rules of calculus in a repetitive way to an algorithmic
specification of a function and, in exact arithmetic, will produce the exact answer.
Like symbolic algebra, AD relies on the fact that any program, no matter how
complex itis, can be broken down into a finite combination of elementary operators
such as arithmetic operations (e.g., —) and elementary functions (e.gin x,

cosz, €”) [6},121].

There are two different approaches to differentiating program cmglerator over-
loadingandsource-to-source transformatiom the operator overloading approach,

the basic arithmetic operations and intrinsic functions are assigned routines that
calculate the derivatives of the operator output in addition to the calculation of the
function value. The source code of the function is progressively differentiated by
calling these routines at the same time as each operation is performed in the eval-
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uation of the program. Operator overloading is only allowed by a limited number
of programing languages such as Fortran 90, ADA, C++ and Matlab. Examples of
software packages that use this approach are ADOL-C [22] and ADOLF [38].

The source-to-source approach defines a new source code for calculating the deriva-
tives explicitly obtained from the program function evaluation source code. How-
ever, the implementation of this method requires considerable programming ef-
fort. Examples of software packages that use this approach are ADIEOR [5] and
ODYSSEE[17].

D Use of Kahan summation

Suppose: andb are floating-point numbers witlu| > |b|, and lets denote the
floating-point sum ofi andb:

5= fl(a+b).
Then, the floating-point valu&
e= fl(=(((a+b) —a) = b)) = fl((a = 5) + b)

is an estimate of the erréa + b) — 5. Kahan’s summation procedufe [26] uses this
result to apply a correctiofat every step of a recursive summation procedure for
evaluating

M
S = Zyr.
r=1

The procedure may be written as follows:

S=0
e=0
forr=1: M
a=S9
b=y, +e
S=a+b
e=(a—S)+b
end

The method has two weaknesséss not necessarily the exact correction and the
additiond = y,+e¢ is not performed exactly. Nevertheless, the use of the procedure
brings a benefit in the form of an improved error bound compared with that for the
(basic) recursive scheme for evaluatisi§24].
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