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ABSTRACT

A methodology has been developed for testing the numerical correctness of software
used for continuous modelling. This report describes the methodology and applies it to
some commonly used software packages.

The methodology is partly based on the methodology for testing discrete modelling
software developed as part of the first Software Support for Metrology programme, but
has been further developed to address issues that are specific to continuous modelling
software.

The applications of the methodology described in this report concern various aspects of
some popular finite element packages. The methodology is applied to other, more
specialised, software in a companion report, “Testing Continuous Modelling Software:
Three Case Studies”.



NPL Report CMSC 41/04

© Crown Copyright 2004
Reproduced by Permission of the Controller of HMSO

ISSN 1471-0005

National Physical Laboratory
Queens Road, Teddington, Middlesex, TW11 OLW

Extracts from this report may be reproduced provided the source is acknowledged and
the extract is not taken out of context.

Approved on behalf of the Managing Director, NPL
by Dave Rayner, Head of the Centre for Mathematics and Scientific Computing



NPL Report CMSC 41/04

Contents
| T2 (0T L1 13 T ) DO OSSOSO 1
1.1 Structure Of thiS TEPOTT ....cc.eeviriiriiiiirieteeet e 1
2 Key features of continuous modelling software ...........cccceevieeiiienienciieniecieeeee, 3
3 Existing test MEethOdS ........oooiiiiiiiiiiiie e 5
3.1 Sources of test ProbICMS ........c.eevuiieiieiiieiiece e 7
4 A methodology for testing continuous modelling software............cceeceerieeneennnne 9
4.1 SMALl-SCAIE tESES...cuveeutiriiiiiiiiieie ettt 10
4.2 SCALADIE tESES ...ttt 11
4.3 Generation of reference problems...........cocceeeeiieriiiiiiinieeiieeeeee e 12
4.4 IMLELTICS ettt ettt ettt et e st e b e st et e st eebeeeaees 13
4.5 Other tESTING ISSUES ..cvveeeiieiieriieeiieriieeteesteeteestteebeesseesbeeseessaeenseesnseeseasnnas 15
5 Testing popular finite element packages .........ccceeevuveerciiieriiienie e 17
5.1 Choice Of PACKAZES .....veeiiieiiieiie ettt 17
5.2 Choice Of PTODICIMIS ......eeiiiieeiiieeiie e e e 17
521 SMAll-SCAIE tESES...c..eiueiriiiiiiieiteteee e 18
522 Scalable teStS ... .eiuiiiiieiie e 20
53 IMPIEMENtAtION ISSUECS. .....vietieeieeiieiieeieeriie et etteereeseeeereebeeesaeeseeenaeeneeeennes 23
54 TSt TESULLS ..ttt e 24
54.1 SMAll-SCAIE tESES....c.veiuririiiiieieriieeee e 24
542 SCalable teStS ... .eiuiiiiieiie e 29
5.5 SUMMATY ..ttt et e et e e 34
0 CONCIUSIONS ...ttt ettt ettt et e st et e st e et e aee e 35
T REICIEIICES ...ttt st ettt 36
Appendix A: Detailed test definitions and resSults ..........cccceevvvieiiiieniieeecieecee e, 38
Scalable test INPUL dALA ........cccuieiiiiiiieieeie e 38
Detailed teSt TESULLS ......eiiuiiiiieie e 38



NPL Report CMSC 41/04

il



NPL Report CMSC 41/04

1 Introduction

It has been recognised in previous Software Support for Metrology (SS/M) programmes
[1] that there is a growing need to test the numerical correctness of scientific software
used in metrology. This recognition has led to the development of a testing
methodology [1], and application of that methodology to a number of common
functions in software packages used widely in metrology [2-7]. The results of this work
have clearly demonstrated the importance of rigorous and impartial testing. However,
the work so far has concentrated largely on functions used in the modelling and analysis
of discrete data.

The aim of the work described here is to develop an equivalent methodology for testing
continuous modelling packages, and to apply the methodology to test software packages
commonly used in metrology. The applications described in this report concern various
aspects of some finite element packages that are popular for metrology problems. The
methodology is applied to other, more specialised, software packages in a companion
report, “Testing Continuous Modelling Software: Three Case Studies” [8].

The work was motivated in part by the results of a survey of SSfM club members. The
survey asked club members for details of their continuous modelling work, including
details of their validation and testing procedures. Just under half of the respondents had
never tested the correctness of the software they used, and none of the respondents had
used benchmark problems for testing. Those who had tested the accuracy of software
had either compared results with results obtained from another software package,
compared results with an analytical solution, or used the files supplied with the software
to test the accuracy of the software as well as its installation.

It i1s understandable that users of expensive software packages expect the packages to
have been thoroughly tested prior to their release, but previous work [1-7,9] has shown
that the algorithms implemented in software are not necessarily best practice or fit for
purpose under some circumstances. The work described in the article by Hatton [9]
concerns the testing of a range of software for solving earth science problems and found
a startling number of errors and inaccuracies in commercial software. The work on
testing discrete modelling software found that even software from reputable developers
produces poor results for simple calculations under some circumstances.

It should be noted that throughout the following, the aim of the testing is to establish the
numerical accuracy of the software rather than its usability, speed, or visualisation
aspects.

1.1 Structure of this report

A brief discussion of work on testing methods for discrete and continuous modelling
software is presented in section 2. This discussion includes existing methodologies and
some useful sources of test problems.

In many ways, the testing of software for continuous and discrete modelling should not
differ significantly. In both cases, input data are used to generate test results, which are
then compared to reference results according to some metric. In both cases the software
is treated as a black box. However, there are several aspects of continuous modelling
software that require extensions and alterations to the software testing methodology for
discrete modelling. These features will be discussed in section 3.
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Section 4 discusses the methodology developed for continuous modelling software.
This section also describes other techniques for testing continuous modelling software
that are supplementary to the main methodology. Section 5 describes the results of
applying the methodology to several popular finite element packages. Further examples
of testing methods applied to continuous modelling software can be found in the case
study report [8].
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2 Key features of continuous modelling software

Continuous modelling software can be split into two broad classes: software that takes
the physical problem as its starting point, and software that takes the mathematical
formulation as its starting point. For example, many finite element packages intended
for use by engineers model heat transfer through a structure but do not mention the pde
that describes conduction, whereas software for solution of pdes and odes that has a
more mathematical origin, such as the NAG routines in chapters D02 and D03 or the
Matlab functions for pde and ode solution, tends not to describe the input data in
physical terms.

Whilst these two classes of software do not need to be tested differently, care needs to
be taken when defining test problems as physical problems to ensure that the definition
is mathematically unambiguous and precise. Some definitions of test problems in
physical terms may be difficult to rewrite in a suitable form for pde solvers. For
instance, stress analysis of plastic materials is best described using a system of pdes to
define the stress behaviour under load and a nonlinear material model to define the
stress in terms of the displacements. Inserting the material model into the system of
pdes leads to a complicated nonlinear system that is likely to be difficult to use as an
input to a general pde solver. This difficulty can limit the range of tests that can be
applied to some software packages.

Many continuous modelling methods are derived using the same broad procedure. This
procedure can be summarised as follows:

1. Split the problem domain into small units (elements, volumes, areas, etc.), called
the mesh. This step may involve approximating the true problem geometry.

2. Approximate the continuous differential equation on each of the small units to
produce a local discrete approximation to the problem.

3. Assemble all of the discrete approximations into a large system of simultaneous
equations (usually linear equations, but not always).

4. Solve the large system.

The procedure is used in finite difference methods, FE analysis, boundary element
methods, and finite volume methods such as those used for computational fluid
dynamics and electromagnetic modelling. In general, as the number of units in the mesh
increases, the model results converge to the solution of the differential equation
(although there are some exceptions to this claim: see section 7.1.3 of [20]).

The use of this procedure means that a choice has to be made when testing many
continuous modelling software packages: either the test definition must include the
mesh specification, or it must be specified that the mesh is to be refined until the results
have converged to some degree of accuracy. If the test is to be used to compare several
packages, it is preferable to specify the mesh as this ensures that the test is fair and
unambiguous. If the mesh is not defined explicitly, an experienced user may be able to
obtain better test results than an inexperienced user, which means that the user is being
tested rather than the software. If the test is to compare the solution obtained from a
single package to an analytical solution of a problem, it is more reasonable to attempt to
obtain converged results because the accuracy of the software is of interest and so it is
desirable to obtain the best results possible. As a compromise, it may be possible to
identify a mesh that leads to a solution of known accuracy for the problem, and state
that this mesh should be used in the test.

Page 3 of 41



NPL Report CMSC 41/04

As the use of continuous modelling software has become more wide-spread, there has
been a drive towards making software more user-friendly for users with little
mathematical background. Of particular relevance to the testing of such software is the
increased use of automated meshing tools and adaptive meshing in finite element
software packages.

Automated meshing tools allow the user to define the basic geometry of the problem of
interest and leave the software to generate a mesh that fills the domain of the problem,
usually consisting of triangular or tetrahedral elements. These tools are particularly
useful for creating detailed meshes of objects with complicated shapes such as are often
used in engineering and manufacturing applications.

Adaptive meshing is a technique that alters the mesh as it calculates the solution. The
basic procedure is:

e calculate a solution on a mesh,

e use a posteriori error estimation methods to estimate the accuracy of the
solution throughout the domain,

e create a new mesh by increasing either the number of elements or the order of
approximation in the regions where the error estimate is largest, and

e calculate a solution using the new mesh.

These steps are repeated until the error estimate throughout the domain drops below
some user-defined tolerance level.

Both of these techniques aim to produce accurate results with the minimum of user
input. Whilst this aim is very useful for the inexperienced user, it means that the user
has little or no control over the mesh. If a software package gives the user no control
over the mesh, the software cannot be tested using tests with a defined mesh, thus
limiting the range of tests that can be applied to the software.

Some FE packages use iterative techniques to solve the large systems of equations as
mentioned in step 4 above. The solutions generated by these techniques are considered
to have converged if the maximum change in all of the solution values between two
consecutive iterations is less than some tolerance parameter times the solution values.
The user generally does not supply the tolerance parameter directly unless a solution of
particularly high accuracy is required. This use of iterative schemes means that
sometimes users have good control over the accuracy of the solutions to the large
system of equations.
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3 Existing test methods

As was mentioned in the introduction, extensive work on testing has taken place in the
previous SSfM programme. One of the main results of this work was a methodology for
testing spreadsheets and other packages used in metrology. This methodology views the
software under test as a black box, which means that the first requirement of the
methodology is a specification of the software function being tested. The specification
takes the form of an unambiguous definition of the inputs and outputs of the software,
and the mathematical function relating the two.

Once the specification has been recorded, reference input data sets and corresponding
results can be developed. The main considerations in designing reference data sets are

1. The data sets should be capable of identifying deficiencies such as instabilities
in the algorithms implemented by the software.

2. The data sets should have known properties such as condition number or
“degree of difficulty”.

3. The reference data sets should be reasonably similar to input data sets that are
used in metrology applications.

4. The data sets should provide adequate coverage of the full space of input data.

It may not be possible to meet all of these needs under all circumstances. In particular,
the degree of difficulty may be difficult to quantify for some problems. The
methodology recommends the use of reference data generators wherever possible.
Reference data generators produce input data of known “degree of difficulty” from
reference results specified a priori. For instance, if a routine for calculating standard
deviation were to be tested, the reference data set generator would produce data sets of
known size, coefficient of variation, and standard deviation, and the coefficient of
variation would be used to measure the “degree of difficulty”. The methodology using
reference data set generators can be summarised by the diagram in figure 1.

Reference
results
Reference Data Comparison
data < | generator
Test software Test results

—

Figure 1: Testing methodology using reference data generators

Once the reference data and results have been obtained, the test results can be obtained
by applying the software under test to the reference data. The comparison between the
reference results and the test results then requires a performance metric. In general, this
performance metric is either an absolute or relative measure of accuracy, or a
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performance measure defined in terms of the difference between the test and reference
results, the computational precision, and the condition of the problem. Computational
precision, 7, is a property of finite precision arithmetic, and for the commonly-used
floating point arithmetic # is defined as the smallest positive representable number u
such that the value 1 + u, computed using the arithmetic, exceeds unity. For the many
floating-point processors which today employ IEEE arithmetic, # = 22~ 2 x 107'°.
The condition of a problem is a measure that describes the sensitivity of the exact
solution to a problem to changes in the problem or its input data. If small changes in the
problem or its input data lead to small changes in the solution, then the problem is well-
conditioned. If small changes in the input data lead to large changes in the solution,
then it is ill-conditioned for the data. Metrics will be discussed further in section 4.4

An alternative to the use of data set generators also mentioned in [1] is the use of
reference software. Reference software is software that is known to be accurate, stable
and reliable. Such software is generally difficult to develop and test, and invariably
requires considerably more effort to develop than the corresponding data set generator.
If reference software is used, the procedure is to use the same input data in the software
under test and the reference software, and compare the two sets of results using some
metric.

An example of an alternative to this black-box methodology is given by NAG’s
software testing procedures. As NAG develop software, its software testers have full
source code access and so do not regard the software as a black box. The testing
procedures test the implementation of a specific algorithm for calculating some function
and so the software is specified by its inputs, outputs, and the algorithm that produces
one from the other. The same testing procedures are applied to all NAG’s software,
independent of its purpose. The testing methods generally consider the test to be passed
if the test result is accurate to computational precision.

The tests take a variety of forms, including
e checks to ensure that invalid input data causes a warning or error message,

e convergence tests for ordinary and partial differential equation (ode and pde)
solvers, usually of the “halve the step size and re-run” type,

e comparisons with asymptotic solutions for any special values of the input data

e use of problems that are known to be exact for a given algorithm, as will be
explained further below.

The results of routines for numerical solution of odes and pdes are by their nature
approximate. However, generally an expression for the approximation error can be
derived, for example from a Taylor expansion. This means that often a test problem can
be developed for which the approximate numerical method produces exact results. As
an example, consider the common three-point approximation to the second derivative of
a function f(x):

f”(x)z(f(X+AX)+f(x—Ax)—2f(x))/Ax2'

This expression is exact for polynomials of degree 2 or less, so if an algorithm using
this approximation is applied to the ode

F()=20 052l fO)=c. f1)=a+bc

which has the exact solution f{x) = ax” + bx + ¢, then the results should be exact for any
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values of the constants a, b, and c.

NAG choose input data according to similar criteria as those mentioned above as part of
the SSM methodology. To ensure that the software is tested using problems with a
range of degrees of difficulty, NAG have a library of routines to generate matrices with
known properties such as condition number for testing linear algebra routines.

3.1 Sources of test problems

There are several useful sources of test problems for general pde and ode solvers, and of
problems for specific solution methods. DETEST [10] is a standard set of test problems
for ode solvers, and many textbooks on solution of differential equations [11, 12]
include test problems. There are good online resources for ode problems [13-15]. The
Computational Differential Equations (CDE) forum [14] is compiling an online
database of test problems and reference solutions for odes and pdes.

Finite element (FE) analysis is probably the most widely-used continuous modelling
method, and hence test problems for FE software packages are useful to a wide range of
applications. One of the first tests suggested for assessment of the formulations of finite
elements was the patch test [16]. This test checks the consistency of the elements with
the problem in question. Consistency of an approximation and a problem ensures that as
the cell size tends to zero, the approximate solution converges to the solution of the
problem, which is clearly a desirable property in an approximation method. It has been
extended since its original proposal, and it has been shown [17] that the patch test can
be applied to other continuous modelling methods such as finite difference and finite
volume methods, and that it has properties that are beneficial for establishing
convergence behaviour and error estimates.

A standard set of tests to assess the accuracy of the individual element formulations was
suggested by MacNeal and Harder [18]. This set of tests include tests of beam,
membrane, plate, shell, and solid elements. All the tests are static stress analyses, and
the reference results are taken from analytical solutions to the equivalent mathematical
problems.

An excellent source of tests for finite element software is the NAFEMS benchmarks.
NAFEMS [19], the National Agency for Finite Element Methods and Standards, was
set up in 1983. NAFEMS has been operated as a not-for-profit company since 1990 and
has members world-wide. The aim of NAFEMS is “to promote the safe and reliable use
of finite element and related technology”. To achieve this, NAFEMS has developed
several sets of benchmark problems to test and validate all types of finite element
analyses, and these benchmarks are constantly being updated and reviewed as FE
technology advances. In addition to its benchmarks, NAFEMS promotes best practice
for all aspects of finite element analysis from choosing software to interpreting results.
This promotion is undertaken through seminars, “How To ...” guides, and a quarterly
email newsletter to its members.

The benchmarks cover many areas of application, including non-linear materials,
contact problems, damage and delamination simulations, vibration and acoustics
problems, and thermal analyses. Many software houses now use NAFEMS benchmarks
as a part of their testing procedures. Some examples from their standard benchmarks
have been used to test popular FE packages in section 5 of this report.

In addition to these resources, many software manufacturers supply a set of test
problems with their software, and it may be possible to use these problems for testing
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other similar software packages. It should be borne in mind when using such problems
that sometimes the problems are designed to test the installation of the software rather
than its accuracy, and wherever possible the background to the test problem should be
fully understood before it is used.
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4 A methodology for testing continuous modelling software

The methodology described here aims to take relevant parts of the NAG approach to
software testing and the methodology developed for discrete modelling software as part
of SS/M-1 [1], as discussed in section 3, and use them to produce an approach to testing
suitable for continuous modelling software. The methodology developed for discrete
modelling software is largely suitable for testing continuous modelling software, but
there are some features of continuous modelling software that make modifications to
that methodology necessary.

The starting point for the methodology for testing continuous modelling software is the
same as that for testing discrete modelling software. The software is to be treated as a
black box, and the aim of the test is to assess the ability of the software to generate a
particular result rather than to check the implementation of a specific algorithm. The
most commonly used proprietary continuous modelling software is black-box, so this
approach is reasonable.

As 1is the case for much modern software, many continuous modelling software
packages are multi-purpose and can solve a range of different pdes, so the first step is to
define the aspect of the software that is to be tested. One possible choice is to decide
which generic pde or ode is to be solved, on the assumption that the full test problem
will be defined by description of the solution domain, the values of any input data, and
the boundary and initial conditions.

It was mentioned in section 2 that the majority of continuous modelling methods create
a mesh, approximate the differential equation on the mesh to form a system of
simultaneous equations, and then solve the system to obtain the results. The stages in
this process which are most likely to produce numerical errors are the approximation of
the differential equation within each element, and the assembly and solution of the
system of equations. Thus there are two stages in the process that need to be tested.
With this in mind, the testing methodology aims to test these two stages as
independently as is possible. The methodology is illustrated in figure 2, and the details
of the approach will be explained in the rest of this section.

Reference Scalable test START: Small test Test
data < definiton | Choice of *  definition software
equation
Y v v
'fl:[eSt Refere;nce Reference Test
software results results results
\4 v
Test ,| Comparison Comparison
results

Figure 2: Testing methodology for continuous modelling software, reflecting extensions
to the discrete testing methodology that are necessary due to the two-stage calculation
process in continuous modelling and the importance of defining which equation is of
interest before beginning.

The first step in defining a test is identifying the pde of interest. This may be defined in
physical terms, provided the definition is clear and unambiguous, but would be better
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expressed in mathematical terms. Initially, the boundary conditions and solution method
need not be defined.

Next, the small-scale and scaleable tests need to be defined. These tests are discussed in
more detail in sections 4.1 and 4.2. In general, the definition of the test will require a
clear statement of the following:

e Pde of interest,

e Geometry of the domain,

e Material properties within the domain,

e Boundary conditions and loading conditions,

e Statement of meshing: either the mesh is explicitly defined or a statement such
as “mesh to be refined until the results converge” is made.

e Statement of the results that are to be calculated including the accuracy to which
they are to be stated.

This outline will apply to small-scale and scaleable tests. The reference results should
be readily available for the problem described by the test definition. Generation of
reference results is discussed further in section 4.3. Once the test results have been
generated, a metric for the comparison stage must be chosen. Some possibilities are
discussed in section 4.4.

There are other techniques complementary to this methodology that may be of benefit
when testing. These techniques are outlined in section 4.5.

4.1 Small-scale tests

The testing of the formulation of individual elements can be separated from the testing
of the solution of the full system by using well-conditioned tests that contain only a few
elements. These tests are called “small-scale tests”. If the number of elements is small
and the problem is well-conditioned, the system of equations will be small and well-
conditioned and so will not be likely to cause errors in the system solver routines. Thus
any errors that occur will be due to element formulation rather than system solver error.

The NAFEMS benchmarks [19] and the problems described by MacLean and Harder
[18] provide several examples of such tests. Often the example problems supplied with
software are sufficiently simple to be suitable on grounds of size, but they may not be
sufficiently challenging to make good test problems. Small-scale tests can also be
generated for finite difference methods and for many finite-volume methods, but they
are less suitable for boundary element methods, some finite volume methods, and any
software that requires the use of an automatic mesh generation tool.

Care must be taken when defining small-scale tests. Clearly the mesh must be defined
as part of the test definition. Since the test is to involve a small number of elements, it is
unlikely that the solution will have converged to the solution of the differential
equation, unless the problem is chosen such that the solution can be described exactly
using the chosen elements.

As an example, consider a bar of length # made of a uniform isotropic elastic material
with Young’s modulus £ and Poisson’s ratio v, fixed in x at x = 0 and displaced by an
amount ¢/ in the x direction at x = 4. Then it can be shown that
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u=&ex, v=—-vey, w=-vez o, =FEeg,

where u, v, and w are the displacements in the x, y, and z directions and o, is the axial
stress, satisfies the relevant equilibrium conditions and material formulation. This
solution has linear displacements in each of the coordinate directions and a constant
stress throughout the domain. These features mean that a model of this problem using
linear finite elements ought to produce the correct result independent of the number of
elements in the mesh, making it a good example of a small-scale test that can be
compared with an analytic solution.

4.2 Scalable tests

The second type of test contains more elements as it aims to test the assembly and
solution algorithms of the package. The aim when generating the large-scale tests is to
identify a function of some of the input data that effectively determines the solution, so
that individual input data points can be varied without affecting the solution. These tests
are called “scalable” tests. Ideally, this type of test would consist of a family of
problems, all generating the same results, with different input data. The intention is to
create a set of tests that explore the full range of the input data with reference results
that are “normal” sized, i.e. typical of the results that the software might reasonably be
expected to produce. This is a similar aim to the use of data set generators in [1].

As an example, consider the equation for heat conduction in a solid,

oT 2

pe, Py AV'T .

Provided that the geometry, initial conditions and boundary conditions are identical,
two problems with different values of A, p, and ¢, will have the same solution if they
have the same value of A/(p c,), called the thermal diffusivity. Hence a family of
problems with identical solutions can be generated by defining a suitable domain and
boundary conditions and varying 4, p, and ¢, whilst holding 4/(p c,) fixed. In this case,
care needs to be taken to ensure that boundary conditions are chosen suitably, since

often thermal boundary conditions depend on A.

Reference results for scalable tests are almost always derived from analytic solutions to
problems. This choice of reference results means that the discretisation error will
always affect the difference between the test results and the reference results. One way
to minimise the effects of the discretisation error is to identify a mesh that produces
results that are converged to some accuracy for one package and to define the test
problem to include that mesh specification. Another way to minimise the effects is to
state in the test definition that the mesh is to be refined until the results have converged.
Advice on estimating the size of the discretisation error is given in [20].

If several packages are to be tested and the mesh to be used is specified, the effects of
the discretisation error are less important. If the same formulation is used in each
package and the same mesh is used throughout, then the implementations of the model
in the packages should produce the same discretisation error throughout. Hence
comparison of the metric values will provide information about the relative
performance of the packages but not about its absolute performance unless the mesh is
expected to produce results to some known accuracy.

If reference results are not available for some problem, but the pde or ode depends on
some function of the input data as described above, then it is still possible to investigate
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the behaviour of the software package. The results of tests using input data that produce
a fixed value of the function will illustrate the behaviour of the software as the input
data vary without giving an absolute measure of the accuracy of the software.

4.3 Generation of reference problems

Reference problems must be defined clearly and unambiguously. In particular, careful
consideration needs to be given to choice of reference result. Continuous modelling
software produces results over the whole of the domain of interest, and accuracy of the
results at one point does not guarantee accuracy elsewhere. This means that it is often
worthwhile specifying a set of reference values rather than a single result, so that the
overall performance of the software can be assessed. Similarly, some calculations result
in more than one result at a point, for instance a static stress analysis usually generates
six stress components and three displacements throughout the domain, so it is worth
checking all results produced if reference values are available.

Some useful sources of reference problems were given in section 2.1. An alternative
method of generating reference results that is common for continuous modelling
problems is the use of independent methods to produce solutions to the same problem.
In some cases, several different continuous modelling methods can be used to solve the
same problem, and the derivations of these methods are independent and rely on
different local approximations to formulate the problem. For instance, many problems
that can be solved using finite difference methods can also be solved using finite
element analysis, and each of these broad classes of method includes methods that use
different local approximations. The existence of several independent methods means
that if more than one method produces the same results to within some accuracy, then
these results can be regarded as reference results. This approach has been used in two of
the case studies described elsewhere [§].

Several problems have been encountered during the generation of the reference results
used in this report and its companion report [8]. These problems have come from two
main sources: ambiguity of terms and unclear statements of assumptions. Both sources
cause problems when attempting to obtain analytic reference solutions from literature
without going through the detailed derivation. These problems illustrate the importance
of supplying an unambiguous statement of the test problem.

Ambiguity of terms causes problems when the input data required by the software and
the symbols used in the notation in the literature seem to be identical but do not mean
the same thing. This is a pitfall for a software user who is inexperienced in the area of
physics under test. The best way of avoiding these problems is to consult an expert
regarding the meaning of all symbols in any references, or to check the detailed
derivation starting from the original pde.

One example of ambiguity of terms comes from one of the case studies described in [8].
Maxwell’s equations for the propagation of electromagnetic waves can be written

V><E=—a—B VxB=,uga—E+gJ

ot ot
V(¢E)=p VB=0

where E is the electric field measured in Vm™, B is the magnetic field measured in T, u
is the magnetic permeability measured in NA™, ¢ is the electric permittivity, measured
in Fm™, J is the vector current density measured in Am™, and p is the charge density in
Cm™.
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However, because x and ¢ generally have extremely small values, it is usual to write
1= uoutr and & = goe,, where uo and g are the permeability and permittivity of free space
respectively, and the subscript » denotes relative permeability or permittivity. These
relative values always have a modulus greater than 1.0 which generally makes
calculations involving them more accurate. However, the use of relative values
introduces ambiguity since authors do not always include the subscripts or state that
they are using relative values, and so care needs to be taken when using solutions
including these quantities as reference solutions.

The generation of analytic solutions to differential equations almost invariably requires
simplifications and assumptions to hold, which make the problem tractable to analytical
methods but not descriptive of a real physical problem. If the authors do not state
explicitly the assumptions that have been made in the generation of an analytic solution
to a problem, the test problem cannot be defined such that those assumptions hold, and
so the test problem and the analytic reference results are unlikely to compare well. This
problem can be identified by checking the analysis that has generated the solution and
ensuring that the assumptions and simplifications are clear.

In some cases it may be difficult or impossible to reproduce the assumptions required to
derive the analytic solution in the test definition. For instance, many analytic solutions
to stress problems are based on the assumption that the outer surface of the geometry is
stress-free, but this is not a condition that can be enforced in most finite element
packages. This difficulty may mean that the results most likely to be affected by the
assumption cannot be used as reference results. For an example of this restriction, see
section 5.2.2. The use of such assumptions may mean that only part of the analytic
solution can be used as reference results.

4.4 Metrics

The comparison step of the testing methodology requires a metric in order to give an
objective comparison between the test result and the reference results. Metrics have
been discussed at length in the report on the methodology for testing discrete modelling
software [1], and so the key points will be summarised here without going into detail.

There are two key points that need to be considered when choosing a metric for testing
continuous modelling software that are less important when considering discrete
modelling software. The first point is that the reference results are likely to be a set of
results rather than a single value, because it is often important to look at the whole
solution rather than a point value, as was mentioned in section 4.3.

The second point is that the test results are the solution to a discrete approximation to a
differential equation, and so there will always be a difference between the test results
and any reference results derived from an analytic solution to the differential equation.
This difference can be estimated and reduced but it cannot be eliminated altogether,
which means that differences between the reference and test results will be due to
discretisation errors as well as numerical errors. Whilst this does not preclude the use of
analytic solutions as reference results, it does mean that the existence of discretisation
errors should be borne in mind when interpreting test results using a metric.

The methodology for testing discrete modelling software [1] defined three types of
metric for measuring the departure of the test results from the reference results:

e the difference between the test results and the reference results, an absolute
measure of accuracy,
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e the number of figures of agreement, a relative measure of accuracy, and

e a performance measure that accounts for factors including the computational
precision of the arithmetic used to generate the reference and test results and the
condition of the problem.

Wherever possible, the metrics that follow should be applied to results that are all of
approximately the same magnitude. If the metrics are applied to a set of results that
span several orders of magnitude, then the metric may be dominated by the error in the
results of large magnitude. If it is not possible to scale the results to avoid this problem,
the results should be looked at individually.

ref

Let y**" be the test results generated for input data X, y
results, and Ay = y'' - y*' If

1 n
RMS(y)= ,;Zy"z for y= {yi,i = 1,2,...n}
-1

is the root-mean-square value of a vector, then the simplest absolute measure of
accuracy is RMS(Ay).

Let M(X) be the number of correct significant figures in the reference result
corresponding to reference data X. Then

the corresponding reference

N(x)= min{M(x),logm[H%} RMS(Ay)>0 o
M (x) RMS(Ay)=0

gives a measure of the number of figures of agreement between the test results and the
reference results. It may be useful to visualise

e

N(x:s)= min{ M (x;s),log,, 1+m |Ay(sl >0

M(x:s) [Ay(s) =0

where S denotes position in the domain and all results are now compared component by
component. N(X; S) will give an idea of how the accuracy of the results varies with
position.

A performance metric aims to quantify the number of figures of accuracy lost by the
test software over and above what software based on an optimally stable algorithm
would lose. It can be shown [1] that one suitable measure is given by

1 RMS(Ay)J
x(x)p RMS(y™ )]

P(x)= 1og10(1 + )

where x(X) represents the relative condition of the problem and # is the computational
precision. Clearly, this measure is not suitable for tests where RMS(y"") = 0. The results
of such tests should be analysed using an absolute metric instead. One expression for
k(X) is
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ref

v+ o] flex
(x)= 3)
T

where ¢ denotes a small change in the quantity it precedes. If the model is given by
y = f (X) an alternative expression for x(X) is

< I J(X)_[ o }

vl o,

The calculation of x(X) can be difficult for continuous modelling software. It may be
possible to calculate x(X) for problems with analytic solutions where f is known
explicitly, but this may not be possible in all cases. If an analytic solution does not exist
for the problem, it can be difficult to calculate the partial derivatives analytically, and
perturbing and rerunning for every value of X of interest may be too computationally
expensive. If the source code of the software is available, it may be possible to evaluate
the partial derivatives using automatic differentiation techniques, but this will not
always be possible for black box software.

If the aim of the test is to compare two pieces of software (package A and package B
producing test results Y4 and Y3, say) then an alternative performance metric is given by

P; (X) = 10g10(”AyA”}

Ay

and if || A y|| = 0 for either package, 5 ||y|| is used instead of || Ay || . This quantity is
only ever a relative measure of accuracy, but it can be used to rank different software
packages. The value represents the number of figures in accuracy lost by using package
A instead of package B. If P > 0 then B is more accurate than A, and if P < 0 then A is
more accurate than B.

4.5 Other testing issues

A number of tests complementary to the main methodology were described as part of
the report on testing of discrete modelling software [1]. Similar tests exist for
continuous modelling software. Many of the methods described elsewhere [20] for
model validation can be adapted for use as complementary tests

Many problems have properties such as symmetry or periodicity, and the results of such
test problems can be checked to ensure that these properties are reproduced in the test
results. For example, it is often possible to design a test problem so that the solution
should have some kind of rotational or reflectional symmetry. If a test is defined such
that the results should be symmetric but the symmetry is not enforced as part of the
problem definition, a complementary test would be to check for symmetry in the
results.

In some cases it may not be possible to define a scalable test or a small test for a pde,
but a reference solution may be available for a particular choice of input data, problem
domain, and boundary conditions. If this is the only type of reference result that is
available, then it must be remembered when interpreting the test results that a single
calculation often says very little about the overall performance of the software.

It was explained in section 4.2 that results from scalable tests could be used to explore
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the behaviour of the software even in the absence of reference results, provided that the
value of the function of the input data on which the test results depend is held constant.
In some cases, this is true even for sets of tests that allow that function value to vary.
For instance, consider the example given in section 4.2:

oT

—=AV°T.
P o
If the time ¢ is rescaled by a factor a, where a is defined in section 4.2, so that £ = ot,
then

or

%

ot

and so T(x, ¢) is independent of the input data. This result means that results from
models using different values of o can be compared if the time scales of each are
rescaled by an appropriate factor.

VT,

The methodology described in this report is designed to test the calculation steps carried
out by continuous modelling software. There are various other tools commonly in use in
continuous modelling that have been deliberately omitted from consideration,
principally pre-processors and post-processors. Pre-processors help a user to construct a
model and often include complex geometric generation and manipulation commands
and automatic meshing tools. Post-processors are used to display results of calculations
and usually include tools for generation of line plots, contour plots, and visual displays
of displaced shapes for stress and vibrational analyses. These tools have not been
considered initially because it was felt that the focus of the work should be on the
calculation stages as it is often easier for users to tell if their pre- or post-processing
software is producing errors. Future work could test these types of software tools, but
identification of performance metrics could be difficult in some cases. Validation and
testing of post-processing software is explored in the SS/M report “Visualisation,
Uncertainties, and Continuous Modelling” [21].
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5 Testing popular finite element packages

The methodology outlined in section 4 was applied to several commonly-used
packages. The scalable tests were derived from analytic solutions to the pdes under
certain simplifying assumptions, and the small-scale tests were taken from the basic set
of NAFEMS benchmark tests. Whilst these tests only cover a small range of the
capabilities of the packages, and the tests are not necessarily typical of the everyday
usage of each package, they provide a useful comparison because the problem
definitions are independent of the packages and do not play to the strengths of any one
package.

5.1 Choice of packages

Three different software packages were tested: Abaqus version 6.3.1 [22], Ansys
versions 5.4 and 7.1 [23], and Pafec version 8.7 [24]. These packages were the most
popular choices of finite element software reported in the responses to the survey
mentioned in section 1. Two different versions of Ansys were tested using the small-
scale tests because both were readily available and comparison between the two could
have shown how subsequent releases of a software package can improve and correct
previous shortcomings. All packages are described more fully in the Appendix to the
SS/M guide to use of finite element and finite difference software [25].

The original plan included testing of Femlab [26], but various features of the package
made this impossible. Femlab has an automatic meshing tool that cannot be turned off
and so it was not possible to test using the NAFEMS benchmarks or the thermal
scalable test, all of which require specific meshes. Femlab does not allow point loads to
be defined, so the scalable linear elastic test could not be used. Models of axisymmetric
vibrational problems require an additional module that was not available under the
licence held at NPL, so the scalable free vibration problem could not be used. This
meant that none of the chosen tests could be used to test Femlab. This illustrates some
of the difficulties in applying tests to software packages: packages do not always have
capabilities appropriate for the tests.

5.2 Choice of problems

Three sets of tests were chosen, each covering a broad class of problem, namely static
linear elastic stress analysis, thermal analysis, and vibrational analysis. Each set of tests
consisted of one scalable test and several NAFEMS benchmarks. A brief outline of the
tests will be given here, with a more detailed description of the scalable tests being
given in the appendix. The NAFEMS tests will not be described in detail as they are
only available to NAFEMS members.

Throughout the test definitions, units have not been supplied for the scalable tests. This
is because one of the reasons for choosing such problems is that their results are
independent of the units in which the problem is defined. Units are stated in the
NAFEMS definitions of the small-scale tests, however, since they may have been
derived from reference software rather than analytic solutions and so the rescaling
necessary when making a change of units may affect the reference result. The units for
the small-scale tests are not supplied in the index because they are irrelevant to the test
results presented.

Page 17 of 41



NPL Report CMSC 41/04

5.2.1 Small-scale tests

As was mentioned above, all the small-scale tests were taken from the set of NAFEMS
benchmarks. The background to the benchmarks, published separately [27], describes
the key attributes of the tests that make them suitably challenging problems for software
packages. This section of the report gives broad descriptions of the tests and explains
the motivation behind the tests.

1. Linear elastic test LE1: Elliptic membrane

The test models one quarter of a two-dimensional elliptic membrane with a central
elliptic hole under a constant pressure loading on its outer edge. Four meshes are
specified, two using triangular elements and two using quadrilateral elements. Two
mesh densities are specified for each type of element, the finer mesh being a halving
of the coarser mesh in each direction. The triangular elements are created by
connecting one pair of diagonally opposite corners of the quadrilaterals, with the pair
to be connected being specified. The required result is a stress value at a node, the
reference value of which is derived from an analytic solution.

The background to this problem mentions three attributes of the test problem that
cause difficulties with software packages. The first attribute is the problem
geometry: some packages may not be able to describe the ellipse correctly. The
second is that the analytic solution has a strong stress concentration at the point
where the test result is calculated, and some element formulations may not pick this
up correctly. The third is that the reference result is a nodal stress. Stresses are
generally calculated at points within the elements and then extrapolated to the nodes.
If this extrapolation algorithm has not been well chosen, the accuracy of the nodal
stress results will decrease.

2. Linear elastic test LE3: Hemisphere - Point loads

The test models one quarter of a hemispherical shell under point loads. Two meshes
are specified, both using quadrilateral elements, with the fine mesh having
approximately half the element size of the coarse mesh. The required result is a
displacement at a node, the reference value of which is derived from an analytic
solution.

The background to the test explains that the test is formulated to test shell elements
under bending loads rather than membrane stretching. The test also includes rigid
body displacements which can cause numerical problems for some element
formulations.

3. Linear elastic test LE7: Axisymmetric cylinder/sphere — Pressure

The test models a slice through a cylindrical shell topped by a hemispherical shell
under a uniform internal pressure load. Two meshes are specified, the finer mesh
having half the element size of the coarse mesh, both of which use axisymmetric
shell elements. The required result is a stress value at a node, the reference value of
which is derived from an analytic solution.

The background to the test explains that the main aspect under test in this problem is
the application of the uniform pressure load. If the pressure load is not interpreted
correctly by the software, the quality of the results suffers. It is important to ensure
that the approximate loads applied at individual points are kinematically equivalent
to the distributed pressure that the boundary condition of the continuous problem
requires.
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4. Thermal test T1: Membrane with hot-spot

The test models one quarter of a thin plate loaded by a strain caused by differential
thermal expansion. The differential thermal expansion is caused by a hot spot at the
centre of the plate. The thermal strain distribution is given over the entire plate, and
the mesh is specified using quadrilateral elements. The required result is a stress
value at a node, the reference value of which is derived from an analytic solution.

The background to the test describes how errors can be caused by the discontinuity
in temperature at the edge of the hot spot, and by using the same order of elements
for approximation of the displacements and the temperatures.

5. Thermal test T2: One dimensional heat transfer with radiation

The test is a steady-state thermal model of a uniform bar with boundary conditions of
a fixed temperature at one end and radiative losses to a fixed ambient temperature at
the other end. Two meshes are defined, one with one-dimensional beam elements
and one with two-dimensional plane elements. It is assumed that there is no heat
conduction in the directions perpendicular to the length of the bar. The required
result is the temperature at one end of the bar, the reference value of which is
obtained from an analytic solution.

The background to this test explains that the radiation boundary conditions are
nonlinear, which means that the solution cannot be found by solving a simple linear
system. The test checks the ability of the software to find a solution iteratively from
an initial guess. It should be noted that this test is expected to be removed from
subsequent issues of the NAFEMS benchmarks as it was found to be insufficiently
challenging for most FE packages.

6. Thermal test T4: Two dimensional heat transfer with convection

The test is a steady-state thermal model of a uniform plate with zero internal heat
generation. The boundary conditions are insulation along one edge, a fixed
temperature along another edge, and convective heat loss (with a specified ambient
temperature and surface convective heat transfer coefficient) on the other two edges.
Two meshes are defined, one with quadrilateral elements and one with triangular
elements created by joining a specified pair of diagonally opposite nodes within each
element. The required result is the temperature at a node, the reference value of
which is derived from an analytic solution.

The background to the test states that the solution to this problem contains steep
temperature gradients and quasi-singular behaviour. The background also explains
that software packages are not expected to be able to compute this value accurately
due to the prescribed mesh being inadequate for description of quasi-singular
behaviour, but that the problem is suitable for intercomparison of packages.

7. Vibration test FV4: Cantilever with off-centre point masses

The test models a simple beam, fixed at one end, attached to two point masses
through rigid links. The beam undergoes free vibration. Two meshes are defined
using different types of beam element. The required result is the determination of the
first six natural frequencies of the system. The source of the reference solution is not
stated in the test documentation.

The main attributes of the system that make it a difficult test problem are the lumped
masses and rigid links and their effects. The offset masses cause the flexibility axis
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of the system and the inertial axis to be non-coincident. The masses also cause
coupling between the torsional and flexural behaviour. The system also has close
eigenvalues which can be difficult to calculate.

8. Vibration test FV5: Deep simply-supported beam

The test models a beam of square cross-section, fixed at one end, undergoing free
vibration. Two meshes are specified using different formulations of beam element.
The required results are the first nine natural frequencies of the beam. The source of
the reference solution is not stated in the test documentation.

The symmetry of this test problem means that the reference results include several
pairs of repeated eigenvalues. Repeated eigenvalues can be difficult to calculate
accurately. Additionally, some of the deformed shapes that correspond to the
eigenvalues are purely extensional, and the eigenvalues corresponding to such
shapes can be missed if an iterative method is used for eigenvalue determination.

9. Vibration test FV52: Simply-supported “solid” square plate

The test models a square plate in three dimensions. The plate is fixed along its lower
outer edges and undergoes free vibration. Two meshes are specified, both using
three-dimensional brick elements. One mesh has 16 elements using a second-order
approximation and the other mesh uses 192 elements and a first-order
approximation. The required results are the first ten natural frequencies of the
system. The source of the reference solution is not stated in the test documentation.

The main attribute of the problem that makes it a challenging test is the existence of
rigid body modes. Rigid body modes correspond to zero eigenvalues, and their
existence can cause the calculation of higher frequencies to be inaccurate.

5.2.2 Scalable tests

Three scalable tests were developed from analytic solutions to problems. The full
derivation of the analytic solutions is not given here. The full list of input data that were
used in the tests is given in the appendix. A mesh definition was supplied as part of the
test definition of each of the scalable tests. Each of these meshes has been shown to
produce converged results to the quoted degree of accuracy. As was stated in section
5.2, no units are specified for these problems.

1. Three-dimensional elastic bending beam

The first scalable problem is derived from an analytic solution to a elastic bending beam
problem. The test problem for the software is illustrated in figure 3. The beam is loaded
with a force P at one end and is fixed at the other end so as not to move in any direction
in the plane x = 0. The beam is 0.1 thick in the y and z directions. The mesh consists of
three-dimensional second-order brick elements measuring 0.025 in each direction, i.e. a
40 by 4 by 4 element mesh.
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Figure 3: Illustration of the elastic beam scalable problem.

The generation of an analytic solution requires a number of assumptions about the
stress distribution within the beam that cannot generally be imposed in the majority of
finite element codes. The assumptions are:
0, =0,=0,=0
- P(l - x)y
x f
1=0.1*/12,

o

(4)

where the origin of the coordinate system is taken to lie at the centre of the beam face
that is held fixed. Additionally, the boundary conditions imposed to achieve the analytic
solution are less strict than those on the finite element model. As was stated above, the
finite element model fixed the whole of the plane x = 0, but the analytic solution only
requires that
qu:W:@_u:@:O onx=y=z=0 (5)
ox Ox
where u, v, and w are the displacements in the x, y, and z directions respectively. The
assumptions (4) cannot be imposed directly on a model using three-dimensional
elements, although use of beam elements will apply them directly. The conditions (5)
are not sufficient to produce a solution in a three-dimensional model, and so the stricter
conditions mentioned above have been applied instead.

It is likely that these differences in boundary conditions will affect the results in the
region of x = 0. It is also likely that the use of a point load P will affect the results in the
region of x = 1. For these reasons, the results of interest are only examined for
0.05 <x <0.95 since it is expected that the effects should have died away in that region.
The results were examined as a function of x to check that this was the case.

The results of interest for this test were the axial stress oy, and the displacements u and v
along the line y = -0.05, z = 0, 0.05 < x < 0.95, and the displacement v and the axial
stress gy, along the line y =z =0, 0.05 < x < 0.95. These quantities can be calculated
from the formulae

Page 21 of 41



NPL Report CMSC 41/04

o - P(l—x)y
1
3 3
y :M+i|:(l+v{0.052y—y—}+vy—] ©6)
2EI El 3 6
2 2
e vP(1-x)y +Px (3—x),

2EI 6E1

where [ is given in (4) above, E is the Young’s modulus of the beam material and v is
Poisson’s ratio. It is clear from (6) that the displacement results will not change for a
fixed value of P/E, and so the load and the Young’s modulus were taken to be the input
data. The stress results were divided by P before comparison. A condition number can
be calculated for these results, but it is constant for constant values of P/E and so will
not be used here.

2. Axisymmetric transient thermal test

The second scalable test was an axisymmetric transient thermal test. The full geometry
and the section used in the model are shown in figure 4.

() Length =1 220 s 1
= (b) ! |
r=1---
Tinie =20 Twic=0
~a Solution

Initial of interest
temperature
20

r=0---

Figure 4: Full geometry (a) and modelled cross-section (b) of the scalable thermal test.

The test simulates a cylindrical uniform sample of material with radius 1 and width 1.
The sample is perfectly insulated on all sides so that no heat is lost from the sample and
the initial conditions are that the nodes on the face z = 0 are at a temperature of 20 and
the rest of the sample is at 0. The mesh consists of 10 axisymmetric second-order
elements in each direction so that each element measures 0.1 units by 0.1 units. The
solution of interest is the temperature at the centre of the rear face, i.e. =0,z = 1.

The analytic solution to this problem is given by

T(t)z%(1+22{—1}mexp[—a(mzr)2t]} )

where ¢ is time, a = A/(pc,) is the thermal diffusivity, and the input data are 4 the thermal
conductivity, p the density, and ¢, the specific heat capacity. Hence if the input data are
varied individually but a is held fixed, the solution will not change.

3. Axisymmetric free vibration

The final test is an axisymmetric free vibration test. This test simulates the vibration of
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a disc of unit radius and thickness 0.02 units whose outer edge is clamped. The mesh
consists of 100 second-order axisymmetric elements in the radial direction and three
second-order axisymmetric elements in the through-thickness direction. The results of
interest were the first two natural frequencies. The analytical solution for the
frequencies of the vibration are given by [28]

_ mhp} E
Ly \3p(1-+2) ®

where 4 is the thickness of the disc, a is the radius, p is the density, E is the Young’s
modulus, v is the Poisson’s ratio, and the g, are constants. The values of S,
corresponding to the first two frequencies are 1.015 and 2.007.

It is clear from this expression that the results will remain constant if p, £, and v are
varied, but E/(p{1 —v*}) is held fixed. Hence p, E, and v were taken as the input data. It
is possible to calculate a condition number for these results. However, the quantities p
and E vary over a much wider range than the quantity v (which only ever lies between 0
and 0.5 for almost all materials) which causes the condition number to be influenced
much less by v than it is by p and E. A suitable scaling to solve this problem has not
been found, and so the condition number has not been considered when investigating
the test results.

In two of the three scalable tests, it is expected that the quantities that have been chosen
to be held fixed will be formed during the assembly of the system of equations. For
example, consider a transient thermal problem. Transient heat flow is described by

oT
pc, — =V.(AVT),
with appropriate boundary conditions. If U" represents a discrete approximation to the
temperature at time nAt, where At is the time step, and the spatial derivatives are
approximated using some function G, and all material properties are regarded as being
constant then a simple discrete approximation can be written

Dy s
Ut =u +pch( )

This expression means that, provided that there is no dependence of the boundary
conditions on the input data, the approximate solution is dependent on A/(pc,) but not 4,
p, and ¢, independently. Similarly, it is expected that the quantity P/E will occur during
the solution procedure for the beam problem.

5.3 Implementation issues

This section describes some of the problems experienced during implementation of the
small-scale tests and scalable tests. The majority of the tests were implemented without
any problems, but some minor problems were encountered with a few of the NAFEMS
benchmarks.

In one case, the test could not be implemented in any meaningful way. The test in
question was LE3, the hemispherical shell under point loads. This test requires the use
of non-planar shell elements to define its geometry correctly. In Abaqus this can be
done by defining the nodal geometry as a set of points in space and defining a normal
vector to the surface at each of the nodes. In Pafec, however, all shell elements had to
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be defined as flat and so the hemispherical geometry could not be described sufficiently
accurately to give meaningful results.

Two issues were encountered when implementing the tests in Ansys. The first problem
was a minor difficulty in implementing radiation boundary conditions in test T2. In two
dimensions, it was necessary to define a separate set of elements to model the surface
radiative heat losses, rather than defining the losses as nodal conditions or as conditions
on the surfaces of the two-dimensional elements. In addition, it seemed to be impossible
to run the simulation using Kelvin as the temperature unit and so the test had to be run
using the Celsius scale and corrected afterwards.

The second issue occurred during the implementation of test FV4 in Ansys. Ansys does
not seem to have a “rigid link” type element as is required to link the lumped masses to
the main beam. Instead, beam elements with a large thickness (2.5 m), a high Young’s
modulus (100 times that of the main beam), and a low density (10" kg m™) were used.
These elements would be near-rigid and near-weightless and so should not affect the
results adversely.

In addition to these problems, one set of tests was initially run with the wrong mesh
definition: the Ansys implementations of test LE1 using triangular elements were run
with the wrong orientation for the triangles. The results of these runs will be discussed
in section 5.4, since they illustrate the consequences of a small error in implementation.

The one-dimensional version of test T2 also created problems in Pafec. It was not
possible to implement radiative heat loss directly. Instead, an element was defined
whose thermal conductivity was temperature-dependent. Some problems were
experienced with the use of this element until it was realised that the average element
temperature was used to calculate the conductivity, rather than the nodal temperature.

None of the scalable tests caused any problems with implementation.

5.4 Testresults

The full list of reference results and test results for the small-scale tests are given in the
appendix. The scaleable test results are too large to list in full. This section summarises
the results graphically and discusses the points of interest raised by the tests.

5.4.1 Small-scale tests

Throughout the following, the results plotted are values of &, an estimate of the number
of figures of agreement between the test result and the reference result. This enables
comparisons between different tests to be made as well as comparisons between
different packages on the same test. Note that the larger the value of N is, the better the
agreement is between the test result and the reference result.

Figure 5 shows the results of test LE1, and illustrates a number of interesting points.
The first point is that it is likely that the triangular element used in this test has been
reformulated between Ansys versions 5.4 and 7.1. This is the only test where
differences between the two versions of Ansys occurred, which means that the
differences here are almost certainly due to the altered element formulation rather than
any improvements in the system solver routines. Another interesting point is the
difference between the results using the correct and incorrect meshes in Ansys. Using
the incorrect meshes loses at least one figure of agreement. This illustrates the
importance of correct mesh definition as part of test problem definition, and of the
importance of taking care when implementing a test. It is also interesting to note that in
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several cases the results obtained using the quadrilateral elements are not as good as
those obtained using a fine triangular mesh.

OTriangle fine mesh
@ Triangle coarse mesh
OQuadrilateral fine mesh

25 @ Quadrialteral coarse mesh [

151

N, a relative measure of accuracy

0.5 1

Pafec Abaqus Ansys v 5.4 Ansysv 7.1 Ansys v 5.4 wrong Ansys v 7.1 wrong
triangles triangles

Package and mesh description

Figure 5: Number of figures of agreement between test results and reference results for
test LE1 for the different packages and meshes.

For the remainder of the tests, only one set of results will be showed for Ansys since the
results from versions 5.4 and 7.1 were identical. Figure 6 shows the results of the other
linear elastic tests. In general, Abaqus performed better than the other two packages. No
results are shown for Pafec for test LE3 with the fine mesh due to the problem
described in section 5.3.

3
O Test LE3 coarse mesh

B Test LE3 fine mesh
DOTest LE7 coarse mesh
OTest LE7 fine mesh
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N, arelative measure of accuracy

0.5

Pafec Abaqus Ansys

Package

Figure 6: Number of figures of agreement between test and reference results for tests
LE3 and LE7.
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Figure 7: Number of figures of agreement between test and reference results for the
small-scale thermal tests.

Figure 7 shows the results of the thermal tests. The maximum possible value of N for
each of the thermal tests is 3. All three packages produced exact agreement with the
reference results for the radiation test, as was expected. Initially an error occurred in the
Pafec solution with one-dimensional elements, caused by the problem described in
section 5.3, but this was eliminated. Ansys produced slightly less accurate results than
the other two packages for tests T1 and T4.
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Figure 8: Number of figures of agreement between test results and reference results for
the small-scale vibration tests, treating each frequency as a component of a vector.

Figure 8 shows the results of the vibration tests. These values of N are calculated by
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regarding the frequencies to be determined in each test as components of a vector and
calculating N that way. For test FV4, the maximum achievable value of N is 4, and for
tests FV5 and FV52 the maximum value is 5. Figure 8 shows that the agreement is not
perfect in any of the tests. The frequency-by-frequency variations of each test are
shown in figures 9 to 12.
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Figure 9: Number of figures of agreement between test results and reference results for
test FV4, treating each frequency separately.
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Figure 10: Number of figures of agreement between test results and reference results for
test FV5, treating each frequency separately.
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Figure 11: Number of figures of agreement between test results and reference results for
test FV52 using a coarse mesh of high-order elements, treating each frequency
separately.
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Figure 12: Number of figures of agreement between test results and reference results for
test FV52 using a fine mesh of low-order elements, treating each frequency separately.

Figure 9 shows a decrease in the accuracy of the results with an increase in frequency
number for all three packages. This is generally to be expected. The natural frequencies
of a structure are calculated as the eigenvalues of the matrix produced by considering
the stiffness and loading of its locally-approximated equivalent. These eigenvalues are
usually calculated using an iterative procedure that calculates a single eigenvalue,
updates the matrix, and proceeds to the next eigenvalue. As the procedure progresses,
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the updated matrix can become less well-conditioned for some choices of algorithm and
so the calculations can become less accurate.

The Ansys results show good agreement throughout, and so the alternative to rigid links
as explained in section 5.3 has been successful. It is interesting to note that the solution
to this approximation of the original test problem is closer to the reference result than
the implementations of the “true” test problem. All of the packages distinguished
between frequencies 1 (1.723 Hz) and 2 (1.726 Hz) successfully, which was one of the
challenges of the test.

Figure 10 shows an interesting variation in accuracy with frequency. Abaqus and Ansys
are inaccurate for frequencies 3 and 7, but Pafec is accurate for these two frequencies.
One possible reason for this is suggested by examining the mode shapes: frequencies 3
and 7 correspond to torsional mode shapes where the beam is not displaced horizontally
or vertically, but does rotate about its own axis. It would seem that Abaqus and Ansys
have had trouble calculating the frequencies corresponding to these modes. Overall,
figure 10 indicates that Ansys has not performed particularly well for this test. It is not
clear why this might be the case.

Figures 11 and 12 show Pafec as being less accurate than Abaqus and Ansys for test
FV52. All three packages successfully identified the rigid body modes (and the
corresponding zero eigenvalues), but it is possible that determination of these zero
values has affected the accuracy of the subsequent calculations. The rigid body modes
correspond to the first three frequencies and are not shown in figures 11 and 12.

One surprising trend shown in figure 11 is the increase in accuracy of the Ansys and
Abaqus results with increasing frequency. It is not clear why this is happening, although
it is only a slight tendency and may not be present if higher frequencies were calculated.

Comparison of figures 11 and 12 indicates that the less dense mesh with the higher
order approximation generally produces better results than the lower-order
approximation with a denser mesh, although neither mesh produces perfect results. It is
not entirely clear which aspect of this problem is so challenging.

5.4.2 Scalable tests

The beam test and the thermal test both produce vector results, either because the
results vary with position (beam test) or they vary with time (thermal test). These test
results will largely be examined by considering the RMS difference between the
reference result and the test result, although some plots of difference versus position
will be shown. The frequency tests produce two results and so the relative measure of
accuracy N will be used for comparison for each.

Throughout the following, “Job number”, as used on the horizontal axis of many of the
plots, identifies the values of the input data. The tables linking job number with the
input data used are listed in full in the Appendix.

Almost without exception, each package produced the same RMS difference between
the reference result and test result for all the beam tests, independent of the input data.
For example, the difference between the analytic expression for y displacement at the
centre of the bar and the values calculated by Pafec had an RMS value of 3.39x10° for
all the values of Young’s modulus and load that were used. The RMS differences for
the results and the corresponding values of N, calculated from (3) where the reference
results are non-zero, are given in table 1. No value of N is given for the axial stress at
the centre of the beam because the reference results are uniformly zero.
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Package Test result Location RMS difference N
Abaqus Axial stress Centre of beam  3.64 -
Ansys Axial stress Centre of beam  0.00 -
Abaqus Axial stress Base of beam 10.2 2.5
Ansys Axial stress Base of beam 8.60 2.6
Abaqus y displacement ~ Centre of beam  6.66x10° 3.1
Ansys y displacement ~ Centre of beam  3.35x10° 3.4
Pafec y displacement ~ Centre of beam  3.35x10° 34
Abaqus ydisplacement  Base of beam 2.39x10” 2.6
Ansys y displacement  Base of beam 2.45%107 2.6
Pafec ydisplacement  Base of beam 2.26x107 2.6
Abaqus x displacement ~ Base of beam 9.4x10~ 1.1
Ansys x displacement ~ Base of beam 9.4x10° 4.1
Pafec x displacement ~ Base of beam 4.5x107 4.4

Table 1: RMS differences between the test results and reference results, and the
corresponding N values where the reference results are non-zero. Directions are as
indicated in figure 3.

It is clear from the results in Table 1 that the calculated horizontal displacements for
Abaqus are unexpectedly poor. No reason has been identified for this as yet. In general
the displacements are in better agreement than the stresses.

The only sets of results not to appear in table 1 are the stresses calculated by Pafec. The
RMS differences for these results varied from test to test. A plot of the variation in
RMS difference with test number is shown in figure 13. The variation does not appear
to have a pattern to it, and it is not clear what has caused the variation.

It is interesting to plot the difference between the reference results and test results as a
function of position. Figure 14 shows a typical variation for stress results. The results
shown are the difference between the reference results and test results for the axial
stress calculated on the base of the beam by Abaqus, but the other packages showed
similar behaviour. Note that the vertical scale is logarithmic. It should also be noted that
in figures 13 and 14, in contrast to figures 5 to 12, the smaller the value the better
because RMS differences are being plotted rather than number of figures of agreement.
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Figure 13: RMS differences between test result stresses produced by Pafec and
reference results. See table Al in the appendix for input data corresponding to the job
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Figure 14: Difference between the reference result for axial stress and the value
calculated by Abaqus as a function of x.

As was mentioned in section 5.2.2, the boundary conditions applied to the FE model are
not the same as those used to derive the analytic solution, and this is what has caused
the large differences for small values of x. In addition, the use of a point load leads to a
stress concentration at x = 1, and this has caused large differences between the reference
results and the test results in the region of x = 0.95. These differences would become
worse as x tended towards O or 1, which illustrates the usefulness of choosing the
reference results carefully.
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For the thermal tests, as with the beam test, for each package the RMS difference
between reference results and test results hardly varied as the input data changed. For
Abagqus the difference was constant for all values of the input data, at 4.54x10™*. For
Ansys, the RMS difference was 1.89x107 for all the tests. These values equate to N
values, calculated as in (3), of about 2.8 for Abaqus and about 2.2 for Ansys.

The Pafec results, although close to constant, showed some variation with input data.
Their variation with input data is shown in figure 15. There does not seem to be a
pattern to this variation. The variation does not seem to relate to the extreme values in
any of the parameters, nor to extreme values of the ratio or product of any pair of the
parameters. It may be due to accumulated rounding error, since Pafec uses an explicit
time-stepping algorithm to solve thermal problems rather than an iterative algorithm.
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Figure 15: RMS difference between Pafec thermal test results and reference test results.
See table A2 in the appendix for input data corresponding to the job number.

The results of the scalable vibration tests are shown in figures 16 and 17. The two
figures show a relative measure of accuracy for each combination of parameters. Figure
16 shows the results for the first frequency and figure 17 shows the results for the
second frequency. It was assumed that the reference results were known to four figures
of accuracy since the constants S are given to four figures. In these figures, the number
of figures of agreement between the test result and the reference result is plotted so the
larger the value, the better the agreement between the two.

The three packages produced almost identical results. Each package produced a single
value for the tests where v was held constant whilst £ and p were varied. Varying v, £
and p simultaneously led to more variation in the test results, but there was still little
change in results. Typically the test results and reference results agreed to two or three
figures for both frequencies. Since the three packages produced such similar results, it
is possible that the differences between test result and reference result are caused by
assumptions made during the generation of the reference result not being implemented
during the implementation of the test.
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Figure 16: Relative accuracy results for the first frequency of the scalable frequency
tests. See table A3 in the appendix for input data corresponding to the job number.
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Figure 17: Relative accuracy results for the second frequency of the scalable frequency
tests. See table A3 in the appendix for input data corresponding to the job number.
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5.5

Summary

Several interesting points were highlighted during the testing of three popular FE
packages. These points included:

Two versions of the same software produced different results for one test. This
is almost certainly due to a reformulation of the element used in the test, and
illustrates the importance of retesting software whenever a new version is
released.

Two tests were run with a slightly incorrect mesh definition, resulting in
inaccurate results. This illustrates the importance of defining a mesh as part of
the test definition wherever possible, and checking that the mesh supplied has
been implemented correctly.

Several difficulties were encountered during the implementation of the tests: not
all the packages had suitable elements for all the tests, and in some cases the
definition of appropriate boundary condition behaviour was difficult. Suitable
alternative elements and conditions were identified, but this shows the
importance of defining problems clearly. Since the aim of the test formulation
was clear in all cases, alternative methods of producing the same results could
be found.

Some of the small tests identified specific weaknesses of the packages. This is a
useful feature of well-designed small scale tests such as the NAFEMS
benchmarks.

The scalable tests identified a seemingly random error behaviour for one of the
packages. Where two of the packages had a fixed RMS difference between
reference results and test results for a given problem, independent of the input
data, the third package’s RMS difference varied with no clear pattern. The
results were no less accurate for the third package, but the variation was
unexpected.
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6 Conclusions

A methodology has been developed for testing continuous modelling software. The
methodology is partially based on the methodology for testing discrete modelling
software developed as part of the first SS/M (1998-2001) programme [1], but the new
methodology takes several key features of most continuous modelling software into
account. The main key feature considered is that most continuous modelling techniques
construct an approximate solution to the continuous model by splitting the solution
domain into small units, approximating the solution within each of the small units, and
solving the system of equations resulting from the union of all of the local
approximations.

The new methodology is a two level process. The first level tests the formulation of the
local approximations to the larger system, by using tests that can be solved accurately
using only a few units. It may not be possible to construct small-scale tests for all
continuous modelling methods. In particular, it may not be possible to apply this type of
test to boundary element software.

The second level tests the solution procedures for the large system of equations.
Wherever possible, this level is based on the idea of reference data generators. If a
problem with an analytic solution can be identified such that the solution will not vary
if some function of the input data is held constant, then the individual input data can be
varied, provided that the function remains constant. This idea can be used to develop
problems of varying difficulty that should produce the same results. Such problems are
called scalable tests.

As well as the methodology outlined above, other tests can be used to test continuous
modelling software. Reference solutions for unique problems may be available. It may
be possible to generate reference results using an independent calculation method. It is
possible to use some model validation methods [20] for software testing.

The methodology has been applied to several popular finite element packages. In
general, all of the packages produced good agreement with the scalable test reference
results. Some of the results of the small-scale tests (which were generally more
challenging) were less accurate. Several interesting points were raised during the
testing, some of which will be considered for further work in the numerical software
testing project of the third SSfM (2004-2007) programme.
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Appendix A: Detailed test definitions and results

This appendix gives the full details of the scaleable tests and of the test results produced
by the various packages. The NAFEMS tests are not described explicitly: readers who
use FE on a regular basis are recommended to consider joining NAFEMS to gain access
to their wide range of benchmarks and guidance material.

Scalable test input data

The first problem is a static elastic beam deforming under load. The input data are
Young’s modulus and the applied load P. The range of values that were used are listed
in table A1. Poisson’s ration is to be held fixed at 0.3.

The second problem is an axisymmetric transient thermal problem. The input data are 4,
the thermal conductivity, p, the density, and c,, the specific heat capacity. The values of
these three quantities for each of the tests is given in table A2.

The third test simulates the normal modes of vibration of a circular steel plate which is
clamped at the edge. The input data are taken to be p, E, and v, and the values taken in
the various tests are shown in table A3. Later values of £ are given to 8 significant
figures as this is how they were input.

Detailed test results

Table A4 gives the reference results and test results for all of the NAFEMS small-scale
tests for Pafec, Abaqus, and Ansys. Ansys results are only shown for version 7.1.
Results for 5.4 were identical apart from for test LE1l with triangular elements, for
which Ansys v5.4 gave 89.4 for the coarse mesh and 93.3 for the fine mesh.

Job number Load P (N) FE (Pa) Job number Load P (N) E (Pa)
1 1 2x10° |6 10° 2x10"
2 10 2x10" |7 10° 2x10"
3 10 2x10° |8 107 2x10"
4 10 2x10° |9 10% 2x10"
5 10 2x10" | 10 10° 2x10"

Table Al: Input data for the beam test.
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Test Test

number A p Cp number A P “p

1 1.01x10> 2.8x10"° 8.0x10"| 22  1.01x10" 2.8x10° 8.0x10*
2 1.01x10* 2.8x10° 8.0x10" | 23 1.01x10°  2.8x10* 8.0x10*
3 1.01x10* 2.8x10°  8.0x10° | 24 1.01x10°  2.8x10* 8.0x10°
4 1.01x10*> 2.8x107 8.0x10° | 25 1.01x10"  2.8x10° 8.0x10°
5 1.01x10* 2.8x10° 8.0x10" | 26 1.01x10°  2.8x10° 8.0x10°
6 1.01x10* 2.8x10° 8.0x10° | 27 1.01x10°  2.8x10* 8.0x10°
7 1.01x10* 2.8x10*  8.0x10° | 28 1.01x10*  2.8x10* 8.0x10'
8 1.01x10* 2.8x10°  8.0x10* | 29 1.01x10°  2.8x10" 8.0x10
9 1.01x10* 2.8x10%  8.0x10° | 30 1.01x10"  2.8x10° 8.0x10°
10  1.01x10*° 2.8x10" 8.0x107 31 1.01x10°  2.8x10"  8.0x10°
11 1.01x10° 2.8x10° 8.0x10' | 32 1.01x10"  2.8x10" 8.0x10™!
12 1.01x10° 2.8x10" 8.0x10° | 33 1.01x10%  2.8x107 8.0x10™
13 1.01x10° 2.8x10* 8.0x10" | 34 1.01x10°  2.8x10% 8.0x107
14 1.01x10° 2.8x10° 8.0x10%| 35 1.01x10*  2.8x107° 8.0x107
15 1.01x10° 2.8x10* 8.0x10° | 36 1.01x10°  2.8x107° 8.0x107
16  1.01x10° 2.8x10° 8.0x10™ | 37 1.01x10°  2.8x10* 8.0x107
17 1.01x10° 2.8x10° 8.0x10° | 38 1.01x107  2.8x10* 8.0x10™
18 1.01x10° 2.8x107 8.0x10°| 39 1.01x10°  2.8x10° 8.0x10™
19  1.01x10° 2.8x10° 8.0x107 | 40 1.01x10°  2.8x10° 8.0x107
20 1.01x10*° 2.8x10° 8.0x10%| 41 1.01x10"° 2.8x10° 8.0x107

21 1.01x10° 2.8x10'° 8.0x107

Table A2: Input data for the thermal test.
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Test

number E p v Test number E p v

1 2.09x10'"  7.8x10° 0.33 15 2.09x10° 7.8x10% 0.33
2 2.09x10%  7.8x10° 0.33 16 2.09%x10’ 7.8x10" 0.33
3 2.09x10°  7.8x10' 0.33 17 2.3451812x10"  7.8x10° 0.01
4 2.09x10"  7.8x10* 0.33 18 2.3395522x10""  7.8x10°  0.05
5 2.09x10"  7.8x10* 0.33 19 2.3219616x10"  7.8x10° 0.10
6 2.09x10"%  7.8x10° 0.33 20 2.2926439x10""  7.8x10° 0.15
7 2.09x10"  7.8x10° 0.33 21 2.2515991x10"  7.8x10° 0.20
8 2.09x10°  7.8x10" 0.33 22 2.1988273x10""  7.8x10° 0.25
9 2.09x10'  7.8x10° 0.33 23 2.1343284x10"  7.8x10° 0.30
10 2.09x10" 7.8x10° 0.33 24 2.0581023x10""  7.8x10° 0.35
11 2.09x10° 7.8x10° 0.33 25 1.9701493x10""  7.8x10°  0.40
12 2.09x10° 7.8x10° 0.33 26 1.8704691x10""  7.8x10° 0.45
13 2.09x10* 7.8x10* 0.33 27 1.7822814x10"  7.8x10° 0.49
14 2.09x10° 7.8x10° 0.33

Table A3: Input data for the vibration test.

Test ID Reference Mesh Pafec Abaqus Ansys

result description

LE1 92.7 Coarse quad  67.5 82.5 84.9

LE1 92.7 Coarse tri 63.8 89.3 87.3

LE1 92.7 Fine quad 85.1 89.7 91.1

LE1 92.7 Fine tri 83.5 93.3 92.7

LE3 0.185 Coarse 0.078 0.181 0.151

LE3 0.185 Fine - 0.183 0.178

LE7 25.86 Coarse 26.85 26.00 25.40

LE7 25.86 Fine 26.00 25.89 25.60

Tl 50.0 - 49.4 49.2 22.1

T2 927 1-D 927 927 927

T2 927 2-D 927 927 927
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Test ID Reference Mesh Pafec Abaqus Ansys
result description

T4 18.3 Quad 17.9 17.9 19.3
T4 18.3 Tri 17.9 17.7 16.5
FV4 1.722 - 1.722 1.722 1.723
FVv4 1.726 - 1.725 1.726 1.727
FV4 7.412 - 7.410 7.410 7.413
FVv4 9.953 - 9.947 9.948 9.972
FV4 18.166 - 18.045 18.060 18.160
FV4 27.034 - 26.693 26.740 26.972
FV5 42.657 - 42.647 42.658 42.705
FV5 42.657 - 42.647 42.658 42.705
FV5 77.522 - 77.522 71.261 71.504
FV5 125 - 125 125.00 125.52
FV5 148.71 - 148.34 148.72 150.75
FV5 148.71 - 148.35 148.72 150.75
FV5 232.69 - 232.69 213.89 221.60
FV5 287.81 - 285.39 287.84 301.06
FV5 287.81 - 285.46 287.84 301.06
FV52 45.897 Coarse 46.43 44.796 44.806
FV52 109.44 Coarse 115.02 110.54 110.63
FV52 109.44 Coarse 115.03 110.54 110.63
FV52 167.89 Coarse 176.84 169.10 169.54
FV52 193.59 Coarse 218.41 193.92 193.93
FV52 206.19 Coarse 228.98 206.64 206.64
FV52 206.19 Coarse 230.65 206.64 206.64
FV52 45.897 Fine 53.724 48.435 45318
FV52 109.44 Fine 140.5 120.23 113.96
FV52 109.44 Fine 140.78 120.23 113.96
FV52 167.89 Fine 210.87 169.36 173.30
FV52 193.59 Fine 224.44 193.53 196.77
FV52 206.19 Fine 236.7 200.19 209.57
FV52 206.19 Fine 240.5 200.19 209.57

Table A4: Reference and test results for the NAFEMS small-scale tests
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