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ABSTRACT

Many mathematical and statistical problems that arise in metrology can be posed
in such a way that they possess a unique correct solution. However, algorithms in
standards or software libraries, such asT™M0S, may only provide an approximate
solution or the solution to a nearby problem. An approximate or nearby problem is
often introduced so as to give a problem that is (more) tractable, i.e., a problem that
canbe solved or i®asierto solve and/or igjuickerto solve. Choosing to solve an
approximate problem is one reason why software may not deliver correct results.
Another reason is that the implementation of software for solving the approximate
problem is poor or faulty. Algorithm testingis concerned with understanding

the effect of solving an approximate problem by measuring the departure of the
solution so obtained from the solution to the correct problem.

A framework is presented for describing the activitiesatijorithm testingand
numerical software testingand how these activities contribute to the (overall)
validation of the software implementation of an algorithm for achieving a given
computational aim. A number of approaches are indicated, based on the method-
ologies of numerical software testing, for undertaking algorithm testing. The ap-
plication of the methodologies to a particular case study, viz., the problem of fitting

a Gaussian peak function to measurement data, is discussed. The application of the
methodologies to additional case studies will be the subject of future work.
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1 Introduction

There are a number of specification standards and guides in metrology that require
for their implementation certain mathematical and computational analyses to be
undertaken [19]. Some of these, e.g., the evaluation of uncertainty in measurement
[4], are generic whereas others, e.g., the evaluation of surface texture parameters
[1], are aimed at particular metrology areas. Although not always specified in
standards there are many other computations that are fundamental to metrology,
and many of these will form the basis of software referenced By RS, a web-

based repository of software for solving metrology problems [3].

It is recognised that theumerical correctnessf software used in metrology is of

great concern: a poor software implementation can lead to inaccuracy that could
have been avoided, and as a consequence the accuracy of measurement results is
compromised. Furthermore, as the accuracy of the hardware components of mea-
surement systems and instruments improves, it becomes increasingly important
to understand and quantify the correctness of the software components of those
systems. To this end, the National Physical Laboratory, as part of the Software
Support for Metrology (SB1) programmdg has undertaken work to promote
methodologies for testing the numerical correctness of software [5, 13], and to
apply these methodologies to software widely used in metroldqy [8, 9].

Many mathematical and statistical problems that arise in metrology can be posed
in such a way that they possess a unique correct solution. However, algorithms in
standards or software libraries, such as™0S, may only provide an approximate
solution or the solution to a nearby problem. An approximate or nearby problem is
often introduced so as to give a problem that is (more) tractable, i.e., a problem that
canbe solved or i®asierto solve and/or igjuickerto solve. Choosing to solve an
approximate problem is one reason why software may not deliver correct results.
Another reason is that the implementation of software for solving the approximate
problem is poor or faulty.

Algorithm testing the subject of this work, is concerned with understanding the
effect of solving an approximate problem by measuring the departure of the solu-
tion so obtained from the solution to the correct problem. In particular, the aim
is to propose approaches to testing fieess for purposef algorithms used in
metrology, and to illustrate the application of these approaches using a humber
of case studies. The emphasis on fithess for purpose is an important one. It
is reasonable to ignore the error introduced by solving an approximate problem
if that error is negligible compared with other contributions to the uncertainty
associated with the measurement result, e.g., inexact knowledge about the state
of the measurement system or instrument, the environment, etc. On the other hand,
account must be taken of the approximation error in cases where it is appreciable

See http:/iwww.npl.co.uk/ssfm
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compared with these other contributions.

In Section 2 of this report we present a framework for describing the activities
of algorithm testingandnumerical software testingnd how these activities con-
tribute to the (overall) validation of the software implementation of an algorithm
for achieving a given computational aim. In Sectiphs 3 [g@nd 4 we give examples
of, respectively, generic and metrology-specific computations to which we might
apply the activities of algorithm testing and numerical software testing. Much
metrology software is likely to incorporate aspects such as those illustrated using
these examples. In Sectiph 5 we indicate a number of approaches, based on the
methodologies of numerical software testing, for undertaking algorithm testing.
The application of the methodologies to a particular case study, viz., the problem
of fitting a Gaussian peak function to measurement data, is discussed in $gction 6.
It is planned to apply the methodologies described here to further case studies in
the future. Conclusions are given in Secfi¢n 7.

2 A Framework for Software and Algorithm Testing

2.1 Software testing

The development of mathematical software may be described as a process with an
input and output as follows:

Input: computational aint

Output: software implementation of an algoritﬁﬂ)r solving the problem spec-
ified by Cy

The computational aindy is itself described as a mapping from input dat¢o
output datay, with the mapping taking the form, for example, ofr@thematical
rule or proceduré, i.e.,

y = f(x). (1)

The development of mathematical software relies on the computational aim, and
hence the objects, y andf, being specified unambiguously. Some examples of
computational aims encountered in metrology are given in Se¢tlons[3 and 4.

In practice, what is implemented as software isusnericalrule or procedurd,
which gives output datg, corresponding to input datg, i.e.,

Ya = fa (X> . (2)

2A logical arithmetical or computational procedure.

Page 2 of 41 http://www.npl.co.uk/ssfm/download/documents/cms@B8odf
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Note that even if, has the same mathematical formfast describes here a dif-
ferent “object”. This is becaugkinvolves mathematical operations implemented
usinginfinite precision arithmetic whearedgs involves finite precision arithmetic
operations and delivers a finite precision resBtiftware testings concerned with
investigating for a specific item of (test) software the numerical correctnegs of
i.e., its “closeness” tgr. Typically, it is undertaken by:

1. constructing reference pairs (reference input aagnd corresponding ref-
erence output resulys) corresponding to the computational afrf,

2. applying the (test) software to the reference data to obtain test resuétad

3. comparing the test results with the reference results, taking into account
such factors as théegree of difficultyof the computational aind’y for the
reference data setand the machine precision of the arithmetic used for the
computation.

For step 1 we use either reference software or data generator software [5, 13].

For step 3 we use a performance measure, such as

d
P=1lo <1—|—> , 3
g10 Ko 3)

whered is the relative error in the test resultsy is the degree of difficulty of

the computational aimdy for the reference data sef andn is the computational
precisioﬂ K, provides a baseline for comparing the test and reference results.
It measures the relative change in the output datorresponding to a relative
change (typically of the order of) in the input data. It reflects the performance

of software implementing (correctly) an optimal algorithm applied to the reference
data, and accounts for the condition of the computational@jnas well as that
associated with the data generation process [5, 8, 9].

For example, suppose for a computational digand a reference data sethat

Ky = 10000 = 10*. This means that, in terms of calculations performed using
an arithmetic with computational precisign= 1076, the relative error in the
resulty can be expected to be as largefdgn = 10~'2 no matter how good

are the algorithm chosen to solve the problem specified’byand the software
implementation of that algorithm. Now suppose particular softwaré€fareturns
results with a relative error of = 10~8. Then,d/(Kon) = 10*, andP ~ 4. This
indicates that the software is losifigur significant figures of numerical accuracy
over and above those that could be lost by (the software implementation of) an ideal

3For the very commonly used floating-point arithmetjcis the smallest positive representable
numberw such that the valud + «, computed using the arithmetic, exceeds unity. For the
many floating-point processors which today employ IEEE arithmeties 2752 ~ 2 x 10716,
corresponding to approximately 16-digit working.

http:/Awww.npl.co.uk/ssfm/download/documents/cms@B8odf Page 3 of 41
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Required Approximate
computationalaimCy — computational aint’,
! !
Algorithm Ay to Algorithm A, to
solve the problem solve the problem
specified byCy specified byC,
| 1
SoftwareS, Software S,
implementingA implementing4,

Figure 1. Objects in the process of developing mathematical software:
computational aims, algorithms and software.

algorithm. A value forP of approximately zero would indicate that the software is
losing a number of figures of numerical accuracy thabimparableo the number

that could be expected to be lost by (the software implementation of) an ideal
algorithm.

The testing described above only makes use of knowledge of the computational
aim Cy, and treats the software as a “black-box”. In practice, however, software
may fail to deliver results having sufficient accuracy for the application of concern
for one or both of the following reasons:

1. The software addresses a computational@jnthat approximate€’,.

2. The implementation of software to solve the problem specified g poor
or faulty.

An approximate computational aifii, is often introduced to give a problem that

is easier and/or quicker to solve compared with the problem specifi€.bfgome
examples are given in Sections 3 and 4. In the testing undertaken td_date [5, 8,
9] we have not explicitly been concerned with distinguishing between these two
reasons for software failing to deliver correct results, although examples have been
documented_[6] where it has been possible to attribute incorrect results to one or
other cause.

2.2 Concepts

There are different objects that we are concerned with and may wish to compare.
We have computational aims (mathematics), algorithms (pseudo-code) and soft-
ware (source or object code): see Figure 1.

Page 4 of 41 http://www.npl.co.uk/ssfm/download/documents/cms@B8odf
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In extreme cases only the objects shown in bold in Figlire 1 may exist: we may not
know of an algorithm (or software implementation) to solve the problem specified
by Cy. Equally we may not be given the algorithm (or the intended computational
aim) used by the softwarg,.

We can ask guestions about objects of a different type (in the same column of

Figure[]):

e To what extent does an algorithm solve the problem specified by its given
computational aim?

e To what extent does a software implementation follow its given algorithm?

e To what extent does a software implementation solve the problem specified
by its given computational aim?

We can make comparisons between objects of the same type (in different columns
of Figure[1):

e To what extent are two computational aims equivalent?

e To what extent are two algorithms (for solving problems specified by the
same computational aim) equivalent?

e To what extent do two software implementations (of the same algorithm)
give the same answer?

We can make mathematical and numerical comparisons between the various ob-
jects in Figurg [L:

e Two computational aims and the algorithms for solving the problems speci-
fied by them (or two algorithms for solving problems specified by the same
computational aim) arenathematically equivalerfor a given set of input
data if the algorithms deliver identical results for that data when imple-
mented correctly usinmfinite precision arithmetic.

e Two algorithms and the software implementing them (for solving problems
specified by the same computational aim) aenerically equivalentor a
given set of input data if the software delivers results for that data accurate
to within a stated bound (dependent on the problem condition, the input
data and the computer arithmetic) when implemented correctly digiitg
precision arithmetic.

Some of the comparisons can be undertaken using software testing techniques. In
particular, any comparison involving software can be made this way. We assume,

http:/Awww.npl.co.uk/ssfm/download/documents/cms@B8odf Page 5 of 41
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therefore, that we can test (using software testing techniques) that the software
S, is an implementation of the approximate algoritip and solves the problem
specified by the approximate computational @ Furthermore, if the computa-

tional aim addressed by the test software is not specified, we assume we can deduce
it, and then use software testing techniques to verify our deductions.

2.3 Software testing revisited

Software testing is concerned with testing the accuracy to which the soffiyare
delivers results for the computational afrfy. In terms of the objects introduced in
Sectior[ 2.2 it can be described in terms of two activities:

Algorithm testing investigating the extent of the mathematical equivalence of the
computational aimg’y andC,

Numerical software testing investigating the numerical accuracy to which the
softwareS,, solves the problem specified by its computational &l

These activities relate very clearly to the two reasons enumerated in Secfion 2.1 for
software failing to deliver correct results. The focus of the work reported here is
on the first of these activities.

2.4 Fitness for purpose
Generally, the input data will contain values of

e measurements obtained from an experiment,
e corrections and correction factors to be applied to the measurements, and

e physical constants (such as material constants),

and the output datg will be the corresponding value of a desired measurement
result. In practice, however, the input data is not known exactly and if the experi-
ment were to be repeated we would expect to record different input data values and,
consequently, to obtain different values for the measurement result. Understanding
the inexactness amcertaintyassociated with the measurement result arising from
uncertainty associated with the input data is a key activity in metrology, underpin-
ning our ability to judge the consistency between experiment and theory, between
different measurements and between different laboratfries.

4Account also needs to be taken of systematic errors associated with the measurement result.
Here, the concentration is on “precision” as opposed to “truengks” [2].

Page 6 of 41 http://www.npl.co.uk/ssfm/download/documents/cms@B8odf
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Suppos&X andY denote the input and output quantities, regarded heranaom
variables and related by the model

Y = £(X) (4)

(cf. equation|(]L)) that defines the required computational@imThe inexactness

of the input and output quantities is described by the (joimtbability density
functionsg(X) andg(Y), respectively. The problem addressed in uncertainty
evaluation [[4] is to determing(Y) from f and the available knowledge about

g(X)fF

As we have seen, in practice the computation of the measurement result is under-
taken using software that solves a problem specified by an approximate computa-
tional aimCy,, i.e., (4) takes the form

Yo = fu(X) (5)

(cf. equation|(R)). Then, the computed measurement result will have its own (joint)
probability density functiorg(Y,) determined front, and the same knowledge
aboutg(X).

Let us suppose there is a single (univariate) output quihtigz, {4) and[(5) take
the form
Y = f(X)

and
Yo = fa(X)a

and the probability density functions for the required and computed measurement
results are, respectively(Y') andg(Y,). We require measures of the departure of
C, from Cj that can be interpreted in terms of the metrology problem solved. In
particular, we require to assess fiteess for purposef solvingC,, in place ofCj

for given input datax accounting for the inexactness of that input data.

There are a number of questions we might ask:
1. What is the departure of the computed measurement rgstriom the re-
quired measurement resyf?

2. What is the probability of obtaining a solution to the problem specified by
the required computational ai@y, that is further fromy than isy,?

3. “On average” what is the departureigffrom y?

5The available knowledge typically includes (a) best estimateX dfjiven by the input data
valuesx), and (b) information about the dispersion of values that could reasonably be attributed to
X.

5The generalisation to a multivariate measurement result is straightforward.

http://Awww.npl.co.uk/ssfm/download/documents/cms@B8odf Page 7 of 41
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To answer the first question, we can use measures of the form

Y — ¥

and

‘ya - y’ ’ # 07
]

which quantify, respectively, the absolute and relative departurgs fobm y but
tell us nothing about the fitness for purposeygin the sense described above. In
some cases it will be possible to derigralytic expressions for these measures,
viz., error bounds(Section 5.]1). Otherwise, it is necessary to evaluate the mea-
sures using values fai, andy calculated using software for solving the problems
specified byC,, andC) (Sectior] 5.R).

Note that the objective here is to measure the departure of the solutions to the
problems specified by, from Cy. However, the departure determined in terms

of valuesy, andy calculated usingoftwarefor the two computational aims will
additionally include contributions relating to the numerical accuracy of those cal-
culated values. Numerical software testing techniques enable us to understand
and quantify these contributions. It may be safe to ignore the contributions if the
errors introduced by the software are small compared to (a) the calculated depar-
ture (Section$ 5|2 ar{d %.3), or (b) the inexactness of the required and computed
measurement results described by, respectively, the probability density functions

g(Y) andg(Y,) (Sectior{ 5.4).

To answer the second question, we wish to evaluate

Pr(lY =yl > |ya —yl),

where “Pr(A)” denotes “probability ofA occurring”. This corresponds to finding
the area under the curvgY) to the left ofy — |y, — y| and to the right ofy +

lya — y| (see Figuré]2), and can therefore be evaluated given knowledg@ of

A small probability suggests that,, the solution obtained for the approximate
computational aint’,,, is nota likely solution toCy accounting for the inexactness
of the input data values.

To answer the third question, we wish to compare the probability density functions
g(Y') with g(Y,) (see Figur¢[3). Particular measures of interest are the differences
between the expectation values of the random variablaadY, and between the
variances of those random variables. These measures provide, respectively, infor-
mation about thédvias and efficiencyof the approximate computational aim with
respect to the required computational aim. In particular, the difference between
the expectation values provides information about the average deviation between
solutions to the two computational aims. In the example illustrated in Higure 3 we
may conclude that (a) there is an appreciable bias between the solutions to the two
computational aims, and (b) the dispersion of values of possible solutions to the

Page 8 of 41 http:/Aww.npl.co.uk/ssfm/download/documents/cms@B8odf
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Probability density

y=ly -Vl y y+ly -Vl

Figure 2: A measure of the fitness for purpose of sol\ifgin place ofCy: the
area of the shaded regions represents the probability of obtaining a solutign to
that is further fromy than isy,.

problem specified by the approximate computational is appreciably greater than
that for the required computational aim.

3 Generic Examples

3.1 Sample variance

The computational aind; is to find the sample variancé of the data{z; : i =
1,...,m}.

SoftwareS;' solves the problem specified 16y by implementing the algorithm

2 Y
where
_ 1 &
fﬁ—gzl‘z

=1

is the sample mean.

http:/Awww.npl.co.uk/ssfm/download/documents/cms@B8odf Page 9 of 41
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Probability density

> Y

Figure 3: Probability density functiong(Y') and g(Y,) for, respectively, the
required and computed measurement result.
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SoftwareS# solves the problem specified I8y by implementing the algorithm

m m 2
52:1{293?—1(2@) } (7)
m—1 |3 mo\i=1

The algorithms are mathematically equivalent but numerically different (Section
[2.2). Ifimplemented correctly using infinite precision arithmetic, the two formulae

(8) and [7) would deliver identical values for the sample variance when applied to
identical data. However, if implemented correctly using finite precision arithmetic

S8 will generally deliver results that are (numerically) less accurate than those
delivered bySg' for the same data. Numerical software testing can be used to
distinguish between the two software implementations|[5, 9].

3.2 Linear regression

The computational aindy is to solve fory the overdetermined system of linear
equations
Ay =x

in a least-squares sense.

SoftwareS§' solves the problem specified iy by forming and solving the normal
equations[[12, section 4]:

(ATA) y = ATx. (8)

SoftwareS¥ solves the problem specified I6} using an orthogonal matrix fac-
torisation ofA [12, section 4.

A=QR, Ry=Q'x, 9)
whereQ is an orthogonal matrix@™Q = I, the identity matrix) and? is upper-
triangular.

The algorithms are mathematically equivalent but numerically different. Numer-
ical software testing can be used to distinguish between the two software imple-
mentations, and to show th§¢' delivers results that can be numerically much less
accurate than those delivered 8§ for the same data.

3.3 Gaussian peak fitting

The computational ainiy is to fit in a least-squares sense a Gaussian peak model

[6l.

x —T)?
y(x) = Aexp (_(252)> = exp (ao +a1x + az:ﬁz) , ag <0, (10)

http://www.npl.co.uk/ssfm/download/documents/cms@B8odf Page 11 of 41
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to measurement dafdx;,y;) : i = 1,...,m}, i.e., to solve the problem

m _\9 2
. (z — 1)
114171%2 2 {yz — Aexp <—282 .

SoftwareS; solves the problem specified 6% :

mami {yZ — exp <a0 +aix; + cua:?) }2 . (11)
i=1

SoftwareS, solves the problem specified l63:

m;nz {ln Yi — (ao + a1z + agx?) }2 , (12)
i€l

where
I={i:y;>0}.

The computational aim§),, C; and(C, are not mathematically equivalerity and

(1 are not equivalent because a solutiontpmay be such thais > 0 which

does not correspond to a Gaussian peak model as specified irC{l@hdC; are

not mathematically equivalent because they involve minimising different objective
functions. Moreover, if there exists an indefor whichy; < 0, the summations in

(11) and[(IR) will involve different subsets of the data. Algorithm testing is used to
investigate the effect of using; or C5 in place ofCy, assuming correct software
implementations of algorithms for those computational aims. Numerical software
testing is used to investigate particular software implementations of algorithms for
solving, respectively, the problems specified®yandCs.

Now consider particular ways of solving the problem specified'by

e SoftwareS;' undertakes the minimisatio@ll) using a Gauss-Newton algo-
rithm that iterates until there is no further reduction in the sum of squares
objective function

¢ SoftwareS{ undertakes the minimisatio@ll) using a Gauss-Newton al-
gorithm that iterates until the change in the value of the sum of squares
objective function is less than a prescribed tolerance

e SoftwareS{ undertakes the minimisatioﬂll) using a Gauss-Newton algo-

rithm that iterates until the changes in the estimates,pfi; anda, are less
than a prescribed tolerance

Page 12 of 41 http:/Awww.npl.co.uk/ssfm/download/documents/cms@B8odf
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The softwareS;}, SE and S{' are solving problems that are not mathematically
equivalent. This is because, even when implemented correctly using infinite pre-
cision arithmetic, they will generally return different solutions. DenoteCh,

CP andC{ the computational aims addressed by, respectivigly, S and S{.
Algorithm testing is used to investigate the effect of usiig, C or C{ in place

of Cy. Numerical software testing is used to investigate whether test softsyre

S and S¢ implement correctly a Gauss-Newton algorithm with their respective
termination criteria.

3.4 Uncertainty evaluation

The computational ain®y is to determine the probability density functig(y”)
of the random variabl®” = f(X) given the measurement modéhnd the (joint)
probability density functiorg(X) of the random variabl&X [11].

SoftwaresS; solves the problem specified 16y : apply the law of propagation of
uncertainty (based on a linearisation of the model) and the Central Limit Theorem

[4].

SoftwareS, solves the problem specified I63%: apply Monte Carlo simulation as
an implementation of the principle of propagation of distributions [7, 10, 11].

The computational problemS,, C; and Cy; are not mathematically equivalent.
The probability density functiop(Y') cannot generally be expressed in simple or
even closed mathematical form. Formally, the computational prolilgris to
evaluate

g(n) = g(§)o(n — f(£))d¢,

EERN

whered(-) denotes the Dirac delta function [11]:; assigns a Gaussian distribu-
tiorﬂfor g(Y) (irrespective of the “correct” distribution) with a standard deviation
computed on the basis of a linearisation of the measurement n@gaksigns an
empirical estimate of the “correct” distribution, the accuracy of which depends on a
number of factors including the properties of the pseudorandom number generators
required by the Monte Carlo calculation and the number of Monte Carlo trials
undertaken. Algorithm testing is used to investigate the effect of USjny C5 in
place ofCy, assuming correct software implementations of algorithms for solving
the problems specified by those computational aims. Numerical software testing is
used to investigate particular software implementations of algorithms for solving,
respectively, the problems specified @y andCs.

This is a computation specified in a guide to measurement uncertalinty [4].

’In the case that the effective degrees of freedom associated with the measurement result is finite,
a (scaled and shifted)distribution is assigned instead of a Gaussian distributibn [4].

http://www.npl.co.uk/ssfm/download/documents/cms@B8odf Page 13 of 41
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4 Metrology-Specific Examples

4.1 Calculation of conventional mass values

The conventional (reported) mass, of a weight is defined as the mass of a
(hypothetical) weight of density, = 8000 kg/m?® that balances the weight of
massm and density in air at densityzg = 1.2 kg/m?:

mo <1_a0> :m<1—a0>
Po p
from which

-1
1 1

e (1-3)(13) e (- (G 2)
P Po P PO

-1
m():m(l—%)(l—%) . (13)
P Po
The approximate computational aiffy, is to evaluaten , from
1 1
moq = m (1 —ap ( — )) . (14)
P Po

Algorithm testing is used to investigate the effect of usifigin place ofCj.

This is a key function in MTROS [3].

4.2 Surface texture analysis

There are many types of instrument for the measurement of surface texture. The
most direct are instruments in which some form of probe is translated across the
surface either in contact with it or at some fixed distance from it [20]. The vertical
displacement of the probe is recorded as a function of the horizontal displacement
to provide an indication of the profile of the surface. Although it is possible to
provide calibration and traceability for the measurement of vertical and horizontal
displacement and the orthogonality of the vertical and horizontal axes, this does not
itself provide a calibration of the profile of the surface because there will inevitably
be some interaction between the surface and the probe.

Consider the example of a surface whose cross-sectional profile is a periodic func-
tion and the measurement of that profile by an instrument with a probe that contacts
the surface. The data recorded by the instrument consists of the locus of the

Page 14 of 41 http:/iwww.npl.co.uk/ssfm/download/documents/cms@B8odf
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probe-tip centre. For sufficiently small probe-tip radii, i.e., less than the smallest
radius of curvature of the surface profile, this locus representdfsetcurve. An

offset curve is a curve that is a constant distance from the surface profile, where
distance is measured orthogonally to the profile. In particular, the amplitude of the
offset curve for a periodic function will be equal to that of the periodic function
itself when the above curvature condition applies. This statement is true because
the probe tip will make physical contact with the surface profile at the peaks and
troughs of the latter in this case. Thus, an estimatef the amplitude of the
surface profile is given by that of the offset curve. Moreover, an estithaié

the wavelength of the fundamental frequency can similarly be determined from the
offset curve.

In order to describe thehapeof the surface profile(z), it is represented by the
n-harmonic Fourier series, viz.,

2rkx . 2nkx
+ 0O sin 7

p(x) = ag + En: ajy, cos (15)

k=1
However, the representation of tbésetcurve in the form[(1b) doesot provide
directly the coefficients, andb; in the above expression, and hence information
about theshapeof the surface profile, because the offset curve for a pure sinusoid
is not a pure sinusoid.

The ability to separate the effects of the probe-surface interaction from the (“true”)
shape of the surface profile is central to the problencalibrating the surface.

It is also important to subsequent understanding of the measurements made by
a different instrument of the surface profile where the surface is to be used as a
transfer standard

The computational aimy is to determine estimates for the coefficients (and their
associated uncertainties) in the representaftion (15) of the surface profile from mea-
surement data representing points on an offset curve recorded by an instrument
with a probe of known radius. An approximate computational @jnis to use the
instrument to measure the topside and underside of the surface profile, recording
data representing points on two offset curves, one above and one below the surface
profile. Estimatesf the required coefficients are then provided by:tHearmonic
Fourier series representation of the cumielwaybetween the two offset curves.

It can be expected that for “sufficiently small” probe-tip radii, a solutio@'sawill

provide an adequate approximation to a solution to the problem specifi€ly.by
Here, the meaning dufficiently smalWill depend on the measured surface profile
(specified, e.g., by nominal values far and L). Moreover, deciding whether

the approximation imdequaterequires us to quantify the uncertainty associated
with a solution to the problem specified 6y, which is likely to depend on the
measured surface profile as well as the measurement capabilities of the instrument
(including the calibration of its measurement of vertical and horizontal displace-
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ments). Algorithm testing is used to investigate the circumstances, relating to the
instrument, its probe and the measured surface profile, for which it is acceptable to
solve the problem specified by the approximate computationat’gim place of

the required computational ai.

4.3 Calibration of pressure balances

An important step in the calibration of pressure balances is the estimation of the
effective area of the piston-cylinder assembly. At temperatwith applied mass
m (corrected for air buoyancy), a pressure balance generates a pressues
implicitly by
B (m+c)g
P Al a) 1+ 6(0)
where¢ is a known function of temperaturte(|¢(¢)| < 1) that accounts for a
temperature correction,is a measured constant obtained from a precise character-
ization of the balanced(p, a) describes the effective area of the balance in terms of
the pressurg and calibration parametess andg is gravitational acceleration. In
practice,A(p, a) is sufficiently approximated by; +asp with a; = Ag, az = Ag,
andagp small compared ta;. Consequently[ (16) takes the form
(m+c)g
P (a1 + azp)(1 + H(1)) 40
Given a set of measuremenis m; andt; of pressure, applied load and tempera-
ture, and knowledge af, calibrating a pressure balance means finding values for
the parametera that best-fit the modef (17) to the measurement data.

(16)

In a cross-float experimerit [117,118], the pressure balance to be calibrated is con-
nected to a reference balance whose effective area pararbeltenge previously
been determined, and the applied loads on the two balances are adjusted so that
both are in pressure and flow equilibrium. Suppose the reference balance generates
a pressure given by (1L7) witi, ¢, a and¢(t) replaced byM, C, b and®(T),
respectively. Then, when the balances are in equilibrium, we have

(m+c)g (M+C)g

(@ T ap) 1+ 000) ~ (o + bap) (1 + (D))’ (18)

where the pressureis estimated from the calibration of the reference balance.

We consider three computational aims for determining the best fit parandters
measurement data [14].

Cp: The weighted linear least squares estimator (WLLS) determines estimates of
the parametera by solving

. 2 p2
min Y u? (),
(2
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where
(mi +c)g
1+ o(t:)

a linear function ofa = (ay,a2)", is the error in satisfyind (17), and; is
inversely proportional to the standard uncertainty associatedfyith

2
—ai1p; — a2p;,

fi(a) =

C1: The P-estimator (PLLS) determines parameter estimates by solving
min Z eZ(a),

where

es(a) = {mi—&—c] {I—FCI)(TZ')} a1+ agp;
' M; +C 1+¢(ti) b1+bzpi7

is the error in satisfyind (18).

Cs: The A P-method (DLLS)[16] determines parameter estimates by solving

. 2
min Z d; (a),

(a) = (mi_ml)g i w '
@) = o ¥ () — el F de] T e

Algorithm testing is used to investigate the effect of ustfigor C5 in place of

Cy assuming correct software implementations of algorithms for these computa-
tional aims. Numerical software testing is used to investigate particular software
implementations of algorithms for solving the problems specified'pyC; and

Cs.

Note that our definition of”y above as the required computational aim follows
from the assumptions we are prepared to make about the measurement data, in
particular that the (significant) errors in that data are associated only with the
measurements of the masses, « = 1,...,m, loaded on the balance to be
calibrated. If we wish to account for possible errorothermeasurements (e.g.,

the pressurep; derived from the reference balance, the temperatyrestc.), it
would be appropriate to change the definition of the computational’gita reflect

the new set of assumptions. Therefore, the required computationdl@oan be
expected to change as our knowledge of the metrology problem improves. In such
circumstances, algorithm testing may be used to investigate whether an approxi-
mate computational airfy, continuego provide an adequate approximatior(p
(supplemented by the new knowledge).
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5 Methods for Algorithm Testing

5.1 Methods based on the analysis of computational aims

Analysis of the required and approximate computational aims to understand the
circumstances under which they are mathematically equivalent, and to derive ex-
pressions for the error between the solutions to the problems specified by them,
is an important approach to algorithm testing. The approach involves working
with the computational aims, and the algorithms for solving the problems specified
by them, asmathematical objectsrxdependent of any software implementation.
However, the approach has the disadvantages of generally requiring a high degree
of technical skill (and therefore relying on experts), being highly problem-specific,
and consequently being difficult (if not impossible) to automate.

Nevertheless, the use of analysis in some of the examples described in Sections 3
and 4 leads to the following results:

e For the calculation of the sample varianée(Sectior] 3.1), we can use the
mathematical rules of algebra to show that the algoritijms (6) [dnd (7) are
mathematically equivalent. Similarly, the algorithms (8) grid (9) for solving
the linear regression problem (Sectjon|3.2) are mathematically equivalent.

¢ For the problem of uncertainty evaluation (Secfior} 3.4) we can state the con-
ditions under which the application of the law of propagation of uncertainty
and the Central Limit Theorem solvesrrectlythe problem specified by the
required computational aim of finding the probability density function for
the value ofY = f(X). These conditions are that the (joint) probability
density function foiX is a multivariate Gaussian and the modes a linear
function of the quantitieX. Furthermore, we can state that the use of Monte
Carlo simulation as an implementation of the principle of the propagation of
distributions will always provide an approximate solution to the problem
specified by the required computational aim, but with a degree of accuracy
(measured in a statistical sense) that is a function of the number of Monte
Carlo trials (and hence under the user’s control), and also to some extent a
function of the properties of the pseudorandom number generato@ used

¢ For the calculation of conventional mass values (Se€tidn 4.1), we can derive
an expression for therror between the required and approximate values
returned by the algorithmp ([L3) arjd [14), viz., applying Taylor’s theorem,

—1
S m(l_%) (1_%>
P Po

8Good generators are availatle][10], and their use means that their influence is minimal.
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2 -3
m(1—“0> 1+“0+<“°> (1—9‘”)
P Po Po Po
2 2 -3
moe+m | ——2 4 (a0> (1—‘“’) (1—0”’) ,
PPo Po p Po
for somed satisfyingd < 6 < 1. This allows us to bound the error associated
with calculating an approximate conventional mass value and, by comparing

this with the uncertainty associated with the required value, judge the fithess
for purpose of the approximate value.

e For the problem of calibrating pressure balances (Seftign 4.3), we can state
the circumstances under which the approximate computational aims defined
by the P-estimator andA P-method are mathematically equivalent to the
required computational aim. For examplel[14], fhestimator is equivalent
to the required computational aim in the case that the weights the
weighted linear least-squares problem defining the required computational
aim are set to be inversely proportional to the pressutebhis circumstance
applies if the only measurements subject to error are those of the magses
and these errors are samples from a probability distribution whose standard
deviation is proportional to pressure.

An analysis of the required and computational aims for solving the Gaussian peak
fitting problem (Sectiop 3]3) is given in Sectioh 6.

5.2 Methods based on using software implementations of the
computational aims

In some circumstances we will have availabtdtwareimplementing the required
and approximate computational aims. A direct approach to comparing the compu-
tational aims using this software is as follows:

1. Start with a reference data se{perhaps typical of one that is likely to be
encountered in practice).

2. Apply software for the required computational &ifp to the reference data
setx to obtain reference resulis.

3. Apply software for the approximate computational &ifnto the reference
data sek to obtain test resultg,,.

4. Measure the difference between the computational afgnandC,, by the
distance (in an appropriate norm) between the reference rgguéad the
test resulty,.
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As discussed in Sectign 2.4, the distance evaluated af Step 4 includes contributions
relating to the accuracy of the calculations of the reference and test results, and so
may not provide an accurate measurement of the departdrg fodbm Cj.

Letyo andy, denote thanathematical solution® the problems specified by the
computational aims and the reference datas@then, we may write

Yo — Yo = (S’a - Ya) + (Ya - yo) + (yo - S’O)

The term on the left-hand-side is the (required) difference between the mathemat-
ical solutions to the problems specified by the computational aims. In the above
equality, this is expressed in terms of the difference between the calculated results
(the second term on the right-hand-side) and the errors in the calculated results
returned by the software implementations of the computational aims (the first and
last terms on the right-hand-side). We can make the first and last terms as small
as we can by usingeference softwaréor the two computational aims. However,
even then the magnitude of these terms will be bounded by terms that reflect the
inherent conditioning of the problems specified by the computational aims, i.e.,

1¥a = yall < Kanllyall,

and
1¥0 — yoll < Konllyoll,

where K, and K, are the degrees of difficulty corresponding to, respectively,
C, and Cy and the reference data set Numerical software testing is used to
investigate whether the software used to calcujateandy, is performing like
reference software (and the above bounds apply) by quantifying the magnitude of
the errors in the calculated results. In particular, in the case that the magnitudes of
the errors are small compared witly, — yol|, the latter can be used to measure
the difference between the computational aims as required.

The application of the approach to the Gaussian peak fitting problem (Seciion 3.3)
is given in Section|6.

5.3 Methods based on data generation software for the computational
aims

The generation afeference pairscomprising reference data sets and correspond-
ing reference results, appropriate to a specified computational aim is the basis of
“black-box” testing of numerical softwarel[5,/13]. One approach to generating
reference pairs is to use reference software (Seftign 5.2). Another approach is to
use adata generatar This is software for constructing reference data sets with
known solutions, i.e., solutions specifiadriori, by solving the inverse problem

to that defined by the computational aim. For a problem whose solution can be
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characterisedmathematically, the implementation of a data generator is generally
much simpler than the implementation of software for solving the forward prob-
lem defined by the computational aim. Data generators have been used in the
numerical testing of software for the calculation of the sample mean and sample
standard deviation [9] and linear regression [8]. In addition, NPL has undertaken
work to develop data generation software for a number of calculations important
in metrology, including the determination of associated (geometric) features and
tolerance assessment calculations in dimensional metrology.

In the context of algorithm testing, data generation software for the required and
approximate computational aims may be used to compare the computational aims
in the following manner:

1. Start with a reference solution denotedyby

2. Use data generation software appropriate to the required computational aim
Cy to generate reference datg corresponding to the reference solutjpn

3. Use data generation software appropriate to the approximate computational
aim C, to generate reference data corresponding te.

4. Measure the difference between the computational éfgnand C,, by the
distance (in an appropriate norm) between the dataxgedsdx,,.

The process of data generation in steps 2[dnd 3 above is a one-to-many mapping,
i.e., in each case there arenyreference data seig andx, for the two compu-
tational aims that have the same reference solytio@onsequently, at stg¢p 2 we
choose a particular reference datassgthat is “close” (in an appropriate norm) to

a data sek that is typical of one likely to be encountered in practice. Then, at step
[3 we choose a reference datasgthat is “closest to’ (in the same norm).

If the distance between the reference datasgendx, constructed in this way is

zerg the computational aims are equivalent for a problem specified by the reference
pair (x,y). If the distance ismall compared to the uncertainty associated with
measurements of typical data the computational aimd’, may be regarded as fit

for purpose. Otherwise, we may question whether the approximate computational
aim used in place of the required computational aim is adequate for its intended
purpose.

As in Sectior] 5.2 we must be aware that we are using software to calculate the
reference data setg andx, and, consequently, the distance between the data sets
includes contributions relating to the accuracies of those data sets. However, as
stated, often the computations undertaken by the data generators are much simpler
than those required to solve the problems specified by the computational aims, and
so this aspect is often of no concern.
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The approach is illustrated in Fig 4). In this figuvg(y) represents the collec-
tion of data setxq for which the solution to the problem specified by the compu-
tational aimCy is y. Similarly, D,(y) represents the collection of data sejsfor
which the solution to the problem specified by the approximate computational aim
C,isy. x is a data set that is typical of the application: thefjs the data set in
Dy(y) closest tax, andx,, the data set itD, (y) closest taxy. Finally, the distance

d betweenx, andx, measures the difference between the computational aims for
the data sexk.

The approach is similar to the techniquébattkward error analysif21] used to in-
vestigate the numerical properties of algorithms implemented using finite precision
arithmetic. An advantage of the approach is that software implementing algorithms
to solve the problems specified by the computational aims is not required.

The application of the approach to the Gaussian peak fitting problem (Section 3.3)
is given in Section|6.

o X

DoY) D,(y)

Figure 4: Comparing required and approximate computational aims by the
application of data generation software.

5.4 Methods based on simulation

The methods described in the previous sections provide point measures of the
departure of”, from Cj, for the single reference data setlt is recommended that

the methods are applied for a range of reference data sets typical of those likely to
be encountered in practice. This can mean sampling (perhaps uniformly) from the
domain of all possible data sets that are likely to be encountered, including those
close to the boundaries of this domain. In addition, and in order to obtain statistical
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measures of the departure and, in particular, to assess the fitness for pur@gse of
as a substitute faf, (Sectiorj 2.14), it is recommended that the methods are applied
using reference data sets sampled from the probability density functiong((if)

that describes the available knowledge about the inexactness of the input data.

For example, software for solving the problems specified by the two computational
aims (Sectiof 5]2) may be combined with simulation in the following manner:

1. Choose a numbeé¥! of trials.

2. Forr=1,...,M:

(a) Construct the data set as a random sample from the pgifX).

(b) Apply software for the required computational airy to the data set
x" to obtain reference resulig,.

(c) Apply software for the approximate computational &into the data
setx” to obtain test resultg; .

3. Construct an estimaggY') of the pdfg(Y') from the set of reference results
yo, r=1,..., M.

4. Construct an estimagg(Y,) of the pdfg(Y,) from the set of test results
yo,r=1,..., M.

5. Compare the estimatg$Y) andg(Y,) (Sectior] 2.14).

The application of the approach to the Gaussian peak fitting problem (Secfion 3.3)
is given in Section|6.

6 Case Study: Gaussian Peak Fitting

In this section we use the example problem of Gaussian peak fitting (Secfion 3.3) to
illustrate those methods for algorithm testing described in Sejction 5. We suppose
the Gaussian peak fitting problem is addressed by seeking the solutions to two
problems specified by different computational aims (héfg,and C5), and we

wish to investigate the consequences of using a solution to the (simpler) problem
specified byC5 as a substitute for a solution to that specified’hy

In particular, we cover the following aspects:

¢ specifications of the computational aims,

e parametrisation of the Gaussian peak model, with its influence on algorithms
for solving the problems specified by the computational aims,
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software implementations of algorithms for solving the problems,

data generators for the computational aims,

software testing, encompassing both numerical software testing and algo-
rithm testing, using the software implementations and data generators, and

algorithm testing using simulation.

6.1 Computational aims

We consider the following computational aims for the Gaussian peak fitting prob-
lem (see Sectign 3.3).

6.1.1 Computational aimC;

Given measurement data;, y;), i = 1,...,m, find values for the parameterg
Z ands that minimize

i{yi —y(z:)}?,

y(z) = Aexp (—W> .

252

where

6.1.2 Computational aimC,

Given measurement data;, y;), ¢ = 1, ..., m, find values for the parameters
z ands that minimize

>y — Iny(z)}*,

el

wherel = {i : y; > 0}.

6.2 Parametrisation

In terms of the parameter$ (amplitude),z (location) ands (width), a Gaussian
peak model is defined (see above) by

y(z) = Aexp (—(38_3_6)2> .
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Recalling [(ID), a Gaussian peak model may also be written in the form
y(z) = exp (ao +aix + a2$2) , ag <O0.

The values for the parameters = and s in the natural parametrisation of the
Gaussian peak model are then recovered from the valugs of andas using the
following relationships:

2
1
A:exp ao_& , j:_ﬂ’ s = —_—
4ao 2as 2az

For reasons of numerical stability, a better representation isghiedform

y(z) = exp (bo + b1(x — x0) + bo(x — x0)2) , by <0, (29)

b? by 1
A — — 71 T = _ — = _—
P (bo 4b2> A T T

and z( is set equal to the arithmetic mean of the data abscissa vatues, =
1,...,m.

where

For the purposes of the software implementations described below, the Gaussian
peak model is described in terms of parametets (ag, a1, az)’ orb = (by, by, b2)",

with values forA, z ands obtained using the expressions given above. Addition-
ally, the residual deviationg — y(x;), i = 1,...,m, i.e., the differences between

the measurement data values and model values, provide a representation of the
model that isndependentf any particular parametrisation gfx).

6.3 Software implementations of the computational aims
6.3.1 SoftwareS;

In terms of the parametrisatiof (19), the computational @lmreduces to the
nonlinear least-squares problem

min i {yi — exp (bo + b1 (@ — wo) + b2(zi — 1‘0)2) }2 :
i=1

SoftwareS; solves this problem using a Gauss-Newton algorithm [15]. The Gauss-
Newton algorithm is an iterative algorithm where at each iteration the linear least-
squares problem

Job=—-r

is solved, where contains the residual deviations

ri=vy —ylz;), i=1,...,m,
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and/J is the (Jacobian) matrix of partial derivatives

a.
A

i ..om j=1,2,3,
ob; J

both evaluated for the current estimates of the parambteiihe vectordb con-

tains the Gauss-Newton step which is used to update the current estimates of the
parameterd to provide new estimates. In the software implementasipnnitial
estimates of the parameters are provided by the soft#afsee below) for solving

the problem specified by the computational aify, and the iteration continues

until there is no further decrease in the residual sum of squares

6.3.2 SoftwareS;

In terms of the parametrisatign (19), the computational@imeduces to the linear
least-squares problem

mgn Z {lnyi — (bo + b1(x; — o) + ba(z; — $0)2)}2 )
i€l

This is equivalent to finding the least-squares solution to the overdetermined sys-
tem of linear equations
Kb =c,

wherec contains the elements y;, ¢« € I andK is the matrix of partial derivatives

0q;

87173" %Zlnyz—lny(%)a vel, j7=1,2,3.

SoftwareS, solves this problem using an orthogonal matrix factorisatio §12,
section 4] (Sectiop 3] 2).

6.4 Data generators for the computational aims
6.4.1 Data generatorG

A solution to the problem specified by the computational &lms characterised
by the condition
JTr =0,

where bothr and J are evaluated at the solution. Based on this condition, a
procedure for generating reference datai = 1, ..., m, for which the solution
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to the problem specified by the computational &nis givena priori takes the
following form [5,[13]:

Given values fo4, z, s, z; : i =1,...,m:

G1a Evaluate the model valuegz;), i = 1,...,m.

G1b Evaluate the Jacobian matrik

G1c Form a set of target residual deviations, i =1,...,m.

G1d Form the null spacév; for JT.

G1e Form the residual vectar; = Niu, whereu = N{feo.

G1f Form the measurement valugs; = y(z;) +e14, i =1,...,m.

The resulting data set will have a known solution (defined by the valligsand

s), and characterised by a known veatgiof residual deviations, that is “close” (in

a least-squares sense) to the veetpof target residual deviations. For example,

the target residuals may be chosen to be random samples from a Gaussian (normal)

distribution with mean zero and variane& and thus to mimic measurement errors
that are likely to be encountered in practice.

6.4.2 Data generatorG,

A solution to the problem specified by the computational &lsrcan be similarly
characterised, viz., by the condition

K'q=0,

where bothq and K are evaluated at the solution. Based on this condition, a
procedure for generating reference datai = 1,...,m, for which the solution

to the problem specified by the computational &nis givena priori takes the
following form:

Givenvalues ford, z, s, x; : i=1,...,m:

G-a Evaluate the model valuggz;), i = 1,...,m.
G2b Evaluate the Jacobian matri.
Goc Form a set of target residual deviations, i =1,...,m.

G2d Form the null spacéV, for KT,

http:/Awww.npl.co.uk/ssfm/download/documents/cms@B8odf Page 27 of 41



NPL Report CMSC 18/03

Goe Form the vectory = Nou, whereu = Ni v and

v; = In (y(x;) + epi) —Iny(z;) =In w, i=1,...,m.
y(@:)
Gf Form the measurement valugs; = exp (Iny(z;) +¢;), i =1,...,m.
G2g Form the residual vectar, with elements ; = v; — y(x;), i =1,...,m.

The resulting data set will have a known solution (defined by the valyasand
s). In addition, from Ste7f,

Y2, = y(xi) exp gi,

and so
Yo ~ (i) exp (1n W)
(i)
since, from Sterse,
¢ ~v; =In 73/(%) * 6’0,1'
y(zi)

Consequently,

Yo,i = y(xi) + e,
and so the reference data is characterised by a known vecufrresidual devi-
ations that are “close” to the target residual deviatiepns As before, the target
residual deviations may be chosen to mimic measurement errors that are likely to
be encountered in practice. Alternatively, by setisggn G2 equal to the residual
deviationse; returned byG, the reference data for the problem specified’by
will be close to that for the problem specified by (Sectior| 5.8).

6.5 Analysis of computational aims

The problem specified by is to solve

. 9 .
I{ln%ré Tis ri:yi_y($i)> Z:L"'vma
b b Z’:l

and that specified bgs is to solve

min Zq?, ¢ =y, —Iny(x;), i€l
A2 iel

We seek the conditions, i.e., the requirements on the measuremetit daty i =
1,...,m, for which the two problems give (a) identical solutions, and (b) compa-
rable solution$]

%Note that even if the problems deliver comparable estimates of the values of the paradneters
Z ands, the uncertainties associated with the estimates may be quite different. We do not consider
here the conditions under which the problems deliver estinsatdassociated uncertainties that are
comparable.
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Clearly, if the data is such that

yl:y<m1)7 izla"'ama

for certain values ofi, z ands, then the problems will deliver identical solutions,
for in this case

at the solution.

Now,
Iny; = In (y(x;) + i),
and so by a first order Taylor series expansion,

1
Iny; ~ Iny(x;) + mrz
Therefore,
¢ ~ y(lml)?“z (20)
Only if the valuesz;, i = 1,...,m, are such thay(z;) is essentially constant

can we expect the problems to be approximately equivalent. This is the case, for
example, if the measurements are restricted to a tail of the underlying Gaussian
peak functioffJ

Note that the problem
: 2 2
min > i),
el

which is aweightedlinear least-squares problem, with weightsused in place

of the (unknown) valueg(z;) in (20), can be expected to perform better than the
unweighted problem as an approximation to the problem specifi&d, bwith its
performance improving as the residual deviationsi = 1,...,m, tend to zero,
i.e., for smaller amounts of measurement noise.

6.6 Software Testing

For a given value of, and setting
A=1,z=1000, s=1, m =101,

with z;, ¢ = 1,...,m, linearly spaced in the intervét — 3s,z + 3s|, the data
generatol, is used to generate reference data i = 1,...,m, for the problem

However, in such circumstances the data will not define the underlying Gaussian peak function
very well, and the problem of determining the parameters of this function can be expected to be
ill-conditioned.
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specified by, with the target residualks, in G; chosen to be random samples
from a Gaussian (normal) distribution with mean zero and variadc&imilarly,
the data generatd¥, is used to generate reference data i = 1,...,m, for the
problem specified b¢’s, with the target residuaks) in G set equal to the residual
deviations returned bg; .

The following tests are then undertaken:
1. Apply softwareS; to the reference datér;,y1;), ¢« = 1,...,m. The

solution returned by, is represented by the vector of residual deviations,
and is compared with the reference solutéigrusing the measures

g = e —e
1 \/m )
and
P, = logy, (1 + dlﬁ) .
ly[ln

Here, d; measures the root-mean-square error betweesnde,, and P,

is a performance measure that indicates the number of significant figures of
accuracy lost by the software compared with a reference implementation of
software to solve the problem specified ®y (Sectior] 2.]L).

Software$; is applied with the model parametes set equal to the arith-
metic mean of the data abscissa values

2. Apply softwareS, to the reference datér;,y2;), ¢ = 1,...,m. The
solution returned by, is represented by the vectoy of residual deviations,
and is compared with the reference solutrusing the measures

gy — 2 — e
Vvm o
and
dor/m
P2 = loglo 1+ i .
lylln

Software .S, is applied with the model parameteg set equal to (a) the
arithmetic mean of the data abscissa values, and (b) zero.

3. Apply softwareS, to the reference datér;,y1;), ¢ = 1,...,m. The
solution returned by, is represented by the vectoy of residual deviations,
and is compared with the reference solutéigrusing the measures

rs —ej
gyl el

Jm
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and

dz\/m
szloglo <1+3>
lylln

Software .S, is applied with the model parametep set equal to (a) the
arithmetic mean of the data abscissa values, and (b) zero.

4. Calculate the distance between the reference data sets for the problems spec-
ified by the computational aims; andC5 using the measure

g, = 1= yel
vmo

Here, d, measures the root-mean-square error between the reference data
setsy; andys.

The above data generation procedure and tests are repeated a number of times for
each of a number of values ofin the rangg0, 0.01].

Figure[$ shows how the values of the measuteand P;, corresponding to the
softwareS, vary with . The root-mean-square error between the residual de-
viations returned by the softwarg, and the reference values for the residual
deviations is approximately0—'4. The performance measure takes values of
approximately two, indicating that the softwafeis losing roughly two significant
figures of accuracy compared with reference, i.e., optimally stable, software for
solving the problem specified lay;. There is aslightnegative correlation between
the values ofl; (P;) ando. The results indicate that for the reference data sets
considered here the softwase is close to a reference implementation of software
for solving the problem specified hfy; .

Figureq 6 anfl]7 show how the values of the measdir@sd P, corresponding to

the softwareSs, vary with o for the different ways in which the model parameter

xg is set. The results indicate that for the reference data sets considered here
the softwareSs with xy equal to the arithmetic mean of the data abscissa values
performs almost as well as a reference implementation of software for solving the
problem specified by’s. On the other hand, the softwafg with zy equal to

zero is losing between six and seven significant figures of accuracy compared with
reference software for solving this problem. The softw@revith =y set equal to

zero cannot be regarded as a reference implementation. In both cases there is no
strong dependence of the valuesigfand P, ono.

The results shown in Figurg$[3, 6 grid 7, and discussed above, conreerical
software testingf the softwareS; and Sy against their respective computational
aims. In contrast, the results shown in Figures 8[and 9 are based on comparing the
results returned by the softwafe with reference results for the problem specified

by C;. The results indicate that the softwafg irrespective of the way the model
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parameterxg is set, does not provide accurate solutions to the problem specified
by C:. Because the softwarg, solves the problem specified I8} to an accuracy

that is appreciably greater than that for the problem specified;byve conclude

that the results shown in these figures are predominantly a consequence of the
difference between the computational aims rather than being attributable to the
software implementations. This conclusion applies irrespective of how the model
parameterr, is set, and we are therefore able, in this example, to deduce useful
information about the computational aims from a poor algorithm for solving the
problem specified by’s. The results shown in Figurgs 8 drid 9 concalgorithm

testing

Figure[10 shows how the values of the measiyevary with . The value of

d4 measures the (root-mean-square) “distance” between two data sets having the
same solution, for one data set the solution is for the problem specified by compu-
tational aimC, and for the other for that specified I63s. The measure provides
information about the departure between the computational aims independently of
software for solving the problems specified by the computational aims. The results
are very similar to those shown in Figufgs 8 @nd 9, confirming that these results
are measuring the departure between the computational aims. There is a strong
dependence of the values @f on o. Furthermore, the values of the measuie

are of a similar magnitude te. This indicates that there exist data sets that can
differ by an amount as large asand that for the problems specified ©y andCs,
respectively, have identical solutions.

X
1.2285

20142
1.228 %
2014f % X«
X
X . x % X .
X
X
1.2275 ;ﬁ‘%%xxxxx Yok K e
% 201383( § X >§& XXXX X X x x )(7
@ 5 % X%XXX X%x xXxXX x
%] X
£ 1227 g x@g S B Y o™ E
i 5 ol Fao kR
3 o 5 x X x
i g 20136 L% 3% Tk Yoroxe]
3 £ ,%f X oS *
£ 1.2265 8 ool % K %&% o
L 5 < X X
<] x&& X
£ * e B BT e S %
20134F  *Fx X% %X%X X ]
[ g 0K
1.226 O Wxx
Xox g X xxiégé;&«
X £ ??Xx XXXXXXX ;%
%
x 2.0132 X %M X o
1.2255F . * . x%;x R b
X
X
x

1.225

0

Figure 5: Testing the numerical correctness of softwaréo solve the problem
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Figure 6: Testing the numerical correctness of softwgréo solve the problem
specified by the computational aify. The model parameter, is set equal to the
arithmetic mean of the data abscissa valugs =1, ..., m.
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Figure 7: Testing the numerical correctness of softwaréo solve the problem
specified by the computational ai@%. The model parametet; is set equal to
zero.
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Figure 8: Performance of softwaf on reference data for the problem specified
by the computational air@;. The model parametey, is set equal to the arithmetic
mean of the data abscissa valugsi =1, ..., m.

0.08
x
0.07f 1
0.06 1
x
s L x| o K
5 0.05 « s N
IS X @
< XXX g 11y q
7 0.04f x E 8
'% A XX e
Q X E 10 i
.'E.. kX X XXX 2
g oo3p x g x T X ¢
% %% 9l 4
sl 4
7k 4
0 % X a 6 L L L L
0 0.002 0.004 0.006 0.008 0.01 0 0.002 0.004 0.006 0.008 0.01
Measurement noise o Measurement noise o

Figure 9: Performance of softwaf on reference data for the problem specified
by the computational air@;. The model parameter is set equal to zero.
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Figure 10: Comparing computational aims for the Gaussian peak fitting problem
using data generation software.

6.7 Simulation

Given values for4, z, s, z;, i = 1,...,m, o and M, repeat the following steps
forr=1,...,M:

1. Construct the data sét;,y; ), i = 1,...,m, by evaluating
)2
r; — T .
yi = Aexp (-“252)) +ei, 1=1,...,m,

wheree! is a random sample fronv (0, o%), a Gaussian (normal) distribu-
tion with mean zero and varianeé.

2. Apply softwareS; (with the model parameter, set equal to the arithmetic
mean of the data abscissa values) to the data set to obtain (esulis, sf ).

3. Apply softwareS, (with the model parameter, set equal to the arithmetic
mean of the data abscissa values) to the data set to obtain keSS, s5).

Figure[ 11 shows, in the form of histograms derived from the results

(AL:Z'?{?S?{)’ r=1,..., M,
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estimates of the probability density functions (pdf’s) for the valued gofz; and
s1, the solution to the problem specified by the computational@jmeturned by
the softwaresS;.

Similarly, Figurg 12 shows estimates of the pdf’s for the valued 9fz, andso,
the solution to the problem specified by the computational@jmeturned by the
softwareS,. The results shown in the two figures correspond to setting

A=1,z=1000, s=1, m=101, ¢ = 0.01, M = 50,000,
with z;, i = 1,...,m, linearly spaced in the intervét — 3s, T + 3s].

The pdf’s shown in the figures describe the inexactness of the values of the mea-
surement results, viz., the values 4f £ and s, derived from the same infor-
mation about the measurement data but solving problems specified by different
computational aims to obtain the measurement results from that data. Where the
measurement results are obtained by solving the problem specifi€gl, ityis ev-

ident that the spread of possible values of the measurement results is considerably
greater than that obtained by solving the problem specifie@ byl here is a high
probability of obtaining a solution to the problem specified®ythat has a low
probability of arising as a solution to the problem specified(hyy In addition,

the pdf’s for the values ofds and s, illustrate an asymmetry which makes the
description of the uncertainties associated with the values of these parameters less
straightforward than for the other parameters.
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Figure 11: Estimates of the pdf’s for the valuesAf, z; ands;, the solution to
the computational aim’; returned by the softwarg .
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Figure 12: Estimates of the pdf’s for the values4f, 7o andss, the solution to
the computational aird'; returned by the softwarg,.
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7 Conclusions

This report has presented a framework for describing the activities of algorithm
testing and numerical software testing, and how these activities contribute to the
validation of the software implementation of an algorithm for achieving a given
computational aim. The framework emphasises the use of mathematical analysis to
compare algorithms and numerical software testing to compare implementations.
A consequence is the importance of understanding, in any particular instance, the
nature of the object (algorithm or implementation) to be validated, as well as where
errors are likely to have been introduced.

It is apparent that there is much scope in the area of algorithm testing for using
and extending the methods developed for numerical software testing. However, it
is also clear that it is costly and labour intensive to develop new data sets and to
undertake simulations to validate new algorithms. Furthermore, there is no real
scope for automating the mathematical analysis of computational aims necessary
for comparing algorithms and their computational aims. Mathematical analysis is
also generally very labour intensive. The best way to avoid the need to compare
algorithms and their computational aims is to use established algorithms which are
supported by the necessary mathematical analysis. The use of new algorithms has
considerable hidden costs, particularly if they are to be used in a high integrity
traceable environment such as metrology.

A testing service to cover algorithms for submission to Standards and software
libraries would involve both mathematical analysis and numerical software testing.
Both activities are labour intensive — mathematical analysis particularly so. A
service that concentrated on software based on existing algorithms, and where the
use of those algorithms was properly documented, is the one most likely to be
commercially viable.
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