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ABSTRACT

Many mathematical and statistical problems that arise in metrology can be posed
in such a way that they possess a unique correct solution. However, algorithms in
standards or software libraries, such as METROS, may only provide an approximate
solution or the solution to a nearby problem. An approximate or nearby problem is
often introduced so as to give a problem that is (more) tractable, i.e., a problem that
canbe solved or iseasierto solve and/or isquickerto solve. Choosing to solve an
approximate problem is one reason why software may not deliver correct results.
Another reason is that the implementation of software for solving the approximate
problem is poor or faulty. Algorithm testingis concerned with understanding
the effect of solving an approximate problem by measuring the departure of the
solution so obtained from the solution to the correct problem.

A framework is presented for describing the activities ofalgorithm testingand
numerical software testing, and how these activities contribute to the (overall)
validation of the software implementation of an algorithm for achieving a given
computational aim. A number of approaches are indicated, based on the method-
ologies of numerical software testing, for undertaking algorithm testing. The ap-
plication of the methodologies to a particular case study, viz., the problem of fitting
a Gaussian peak function to measurement data, is discussed. The application of the
methodologies to additional case studies will be the subject of future work.
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1 Introduction

There are a number of specification standards and guides in metrology that require
for their implementation certain mathematical and computational analyses to be
undertaken [19]. Some of these, e.g., the evaluation of uncertainty in measurement
[4], are generic whereas others, e.g., the evaluation of surface texture parameters
[1], are aimed at particular metrology areas. Although not always specified in
standards there are many other computations that are fundamental to metrology,
and many of these will form the basis of software referenced by METROS, a web-
based repository of software for solving metrology problems [3].

It is recognised that thenumerical correctnessof software used in metrology is of
great concern: a poor software implementation can lead to inaccuracy that could
have been avoided, and as a consequence the accuracy of measurement results is
compromised. Furthermore, as the accuracy of the hardware components of mea-
surement systems and instruments improves, it becomes increasingly important
to understand and quantify the correctness of the software components of those
systems. To this end, the National Physical Laboratory, as part of the Software
Support for Metrology (SSfM) programmes1, has undertaken work to promote
methodologies for testing the numerical correctness of software [5, 13], and to
apply these methodologies to software widely used in metrology [8, 9].

Many mathematical and statistical problems that arise in metrology can be posed
in such a way that they possess a unique correct solution. However, algorithms in
standards or software libraries, such as METROS, may only provide an approximate
solution or the solution to a nearby problem. An approximate or nearby problem is
often introduced so as to give a problem that is (more) tractable, i.e., a problem that
canbe solved or iseasierto solve and/or isquickerto solve. Choosing to solve an
approximate problem is one reason why software may not deliver correct results.
Another reason is that the implementation of software for solving the approximate
problem is poor or faulty.

Algorithm testing, the subject of this work, is concerned with understanding the
effect of solving an approximate problem by measuring the departure of the solu-
tion so obtained from the solution to the correct problem. In particular, the aim
is to propose approaches to testing thefitness for purposeof algorithms used in
metrology, and to illustrate the application of these approaches using a number
of case studies. The emphasis on fitness for purpose is an important one. It
is reasonable to ignore the error introduced by solving an approximate problem
if that error is negligible compared with other contributions to the uncertainty
associated with the measurement result, e.g., inexact knowledge about the state
of the measurement system or instrument, the environment, etc. On the other hand,
account must be taken of the approximation error in cases where it is appreciable

1See http://www.npl.co.uk/ssfm
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NPL Report CMSC 18/03

compared with these other contributions.

In Section 2 of this report we present a framework for describing the activities
of algorithm testingandnumerical software testing, and how these activities con-
tribute to the (overall) validation of the software implementation of an algorithm
for achieving a given computational aim. In Sections 3 and 4 we give examples
of, respectively, generic and metrology-specific computations to which we might
apply the activities of algorithm testing and numerical software testing. Much
metrology software is likely to incorporate aspects such as those illustrated using
these examples. In Section 5 we indicate a number of approaches, based on the
methodologies of numerical software testing, for undertaking algorithm testing.
The application of the methodologies to a particular case study, viz., the problem
of fitting a Gaussian peak function to measurement data, is discussed in Section 6.
It is planned to apply the methodologies described here to further case studies in
the future. Conclusions are given in Section 7.

2 A Framework for Software and Algorithm Testing

2.1 Software testing

The development of mathematical software may be described as a process with an
input and output as follows:

Input: computational aimC0

Output: software implementation of an algorithm2 for solving the problem spec-
ified byC0

The computational aimC0 is itself described as a mapping from input datax to
output datay, with the mapping taking the form, for example, of amathematical
rule or proceduref, i.e.,

y = f(x). (1)

The development of mathematical software relies on the computational aim, and
hence the objectsx, y andf , being specified unambiguously. Some examples of
computational aims encountered in metrology are given in Sections 3 and 4.

In practice, what is implemented as software is anumericalrule or procedurefa
which gives output dataya corresponding to input datax, i.e.,

ya = fa(x). (2)

2A logical arithmetical or computational procedure.

Page 2 of 41 http://www.npl.co.uk/ssfm/download/documents/cmsc1803.pdf
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Note that even iffa has the same mathematical form asf , it describes here a dif-
ferent “object”. This is becausef involves mathematical operations implemented
usinginfinite precision arithmetic wheareasfa involves finite precision arithmetic
operations and delivers a finite precision result.Software testingis concerned with
investigating for a specific item of (test) software the numerical correctness ofya,
i.e., its “closeness” toy. Typically, it is undertaken by:

1. constructing reference pairs (reference input datax and corresponding ref-
erence output resultsy) corresponding to the computational aimC0,

2. applying the (test) software to the reference data to obtain test resultsya, and

3. comparing the test results with the reference results, taking into account
such factors as thedegree of difficultyof the computational aimC0 for the
reference data setx and the machine precision of the arithmetic used for the
computation.

For step 1 we use either reference software or data generator software [5, 13].

For step 3 we use a performance measure, such as

P = log10

(
1 +

d

K0η

)
, (3)

whered is the relative error in the test results,K0 is the degree of difficulty of
the computational aimC0 for the reference data setx, andη is the computational
precision3. K0 provides a baseline for comparing the test and reference results.
It measures the relative change in the output datay corresponding to a relative
change (typically of the order ofη) in the input datax. It reflects the performance
of software implementing (correctly) an optimal algorithm applied to the reference
data, and accounts for the condition of the computational aimC0 as well as that
associated with the data generation process [5, 8, 9].

For example, suppose for a computational aimC0 and a reference data setx that
K0 = 10000 = 104. This means that, in terms of calculations performed using
an arithmetic with computational precisionη = 10−16, the relative error in the
result y can be expected to be as large asK0η = 10−12 no matter how good
are the algorithm chosen to solve the problem specified byC0 and the software
implementation of that algorithm. Now suppose particular software forC0 returns
results with a relative error ofd = 10−8. Then,d/(K0η) = 104, andP ≈ 4. This
indicates that the software is losingfour significant figures of numerical accuracy
over and above those that could be lost by (the software implementation of) an ideal

3For the very commonly used floating-point arithmetic,η is the smallest positive representable
numberu such that the value1 + u, computed using the arithmetic, exceeds unity. For the
many floating-point processors which today employ IEEE arithmetic,η = 2−52 ≈ 2 × 10−16,
corresponding to approximately 16-digit working.

http://www.npl.co.uk/ssfm/download/documents/cmsc1803.pdf Page 3 of 41
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Required Approximate
computational aim C0 → computational aimCa

↓ ↓
Algorithm A0 to AlgorithmAa to
solve the problem solve the problem
specified byC0 specified byCa

↓ ↓
SoftwareS0 SoftwareSa

implementingA0 implementingAa

Figure 1: Objects in the process of developing mathematical software:
computational aims, algorithms and software.

algorithm. A value forP of approximately zero would indicate that the software is
losing a number of figures of numerical accuracy that iscomparableto the number
that could be expected to be lost by (the software implementation of) an ideal
algorithm.

The testing described above only makes use of knowledge of the computational
aim C0, and treats the software as a “black-box”. In practice, however, software
may fail to deliver results having sufficient accuracy for the application of concern
for one or both of the following reasons:

1. The software addresses a computational aimCa that approximatesC0.

2. The implementation of software to solve the problem specified byCa is poor
or faulty.

An approximate computational aimCa is often introduced to give a problem that
is easier and/or quicker to solve compared with the problem specified byC0. Some
examples are given in Sections 3 and 4. In the testing undertaken to date [5, 8,
9] we have not explicitly been concerned with distinguishing between these two
reasons for software failing to deliver correct results, although examples have been
documented [6] where it has been possible to attribute incorrect results to one or
other cause.

2.2 Concepts

There are different objects that we are concerned with and may wish to compare.
We have computational aims (mathematics), algorithms (pseudo-code) and soft-
ware (source or object code): see Figure 1.

Page 4 of 41 http://www.npl.co.uk/ssfm/download/documents/cmsc1803.pdf
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In extreme cases only the objects shown in bold in Figure 1 may exist: we may not
know of an algorithm (or software implementation) to solve the problem specified
by C0. Equally we may not be given the algorithm (or the intended computational
aim) used by the softwareSa.

We can ask questions about objects of a different type (in the same column of
Figure 1):

• To what extent does an algorithm solve the problem specified by its given
computational aim?

• To what extent does a software implementation follow its given algorithm?

• To what extent does a software implementation solve the problem specified
by its given computational aim?

We can make comparisons between objects of the same type (in different columns
of Figure 1):

• To what extent are two computational aims equivalent?

• To what extent are two algorithms (for solving problems specified by the
same computational aim) equivalent?

• To what extent do two software implementations (of the same algorithm)
give the same answer?

We can make mathematical and numerical comparisons between the various ob-
jects in Figure 1:

• Two computational aims and the algorithms for solving the problems speci-
fied by them (or two algorithms for solving problems specified by the same
computational aim) aremathematically equivalentfor a given set of input
data if the algorithms deliver identical results for that data when imple-
mented correctly usinginfiniteprecision arithmetic.

• Two algorithms and the software implementing them (for solving problems
specified by the same computational aim) arenumerically equivalentfor a
given set of input data if the software delivers results for that data accurate
to within a stated bound (dependent on the problem condition, the input
data and the computer arithmetic) when implemented correctly usingfinite
precision arithmetic.

Some of the comparisons can be undertaken using software testing techniques. In
particular, any comparison involving software can be made this way. We assume,

http://www.npl.co.uk/ssfm/download/documents/cmsc1803.pdf Page 5 of 41
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therefore, that we can test (using software testing techniques) that the software
Sa is an implementation of the approximate algorithmAa and solves the problem
specified by the approximate computational aimCa. Furthermore, if the computa-
tional aim addressed by the test software is not specified, we assume we can deduce
it, and then use software testing techniques to verify our deductions.

2.3 Software testing revisited

Software testing is concerned with testing the accuracy to which the softwareSa

delivers results for the computational aimC0. In terms of the objects introduced in
Section 2.2 it can be described in terms of two activities:

Algorithm testing investigating the extent of the mathematical equivalence of the
computational aimsC0 andCa

Numerical software testing investigating the numerical accuracy to which the
softwareSa solves the problem specified by its computational aimCa.

These activities relate very clearly to the two reasons enumerated in Section 2.1 for
software failing to deliver correct results. The focus of the work reported here is
on the first of these activities.

2.4 Fitness for purpose

Generally, the input datax will contain values of

• measurements obtained from an experiment,

• corrections and correction factors to be applied to the measurements, and

• physical constants (such as material constants),

and the output datay will be the corresponding value of a desired measurement
result. In practice, however, the input data is not known exactly and if the experi-
ment were to be repeated we would expect to record different input data values and,
consequently, to obtain different values for the measurement result. Understanding
the inexactness oruncertaintyassociated with the measurement result arising from
uncertainty associated with the input data is a key activity in metrology, underpin-
ning our ability to judge the consistency between experiment and theory, between
different measurements and between different laboratories.4

4Account also needs to be taken of systematic errors associated with the measurement result.
Here, the concentration is on “precision” as opposed to “trueness” [2].

Page 6 of 41 http://www.npl.co.uk/ssfm/download/documents/cmsc1803.pdf
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SupposeX andY denote the input and output quantities, regarded here asrandom
variables, and related by the model

Y = f(X) (4)

(cf. equation (1)) that defines the required computational aimC0. The inexactness
of the input and output quantities is described by the (joint)probability density
functionsg(X) and g(Y), respectively. The problem addressed in uncertainty
evaluation [4] is to determineg(Y) from f and the available knowledge about
g(X).5

As we have seen, in practice the computation of the measurement result is under-
taken using software that solves a problem specified by an approximate computa-
tional aimCa, i.e., (4) takes the form

Ya = fa(X) (5)

(cf. equation (2)). Then, the computed measurement result will have its own (joint)
probability density functiong(Ya) determined fromfa and the same knowledge
aboutg(X).

Let us suppose there is a single (univariate) output quantity6, i.e., (4) and (5) take
the form

Y = f(X)

and
Ya = fa(X),

and the probability density functions for the required and computed measurement
results are, respectively,g(Y ) andg(Ya). We require measures of the departure of
Ca from C0 that can be interpreted in terms of the metrology problem solved. In
particular, we require to assess thefitness for purposeof solvingCa in place ofC0

for given input datax accounting for the inexactness of that input data.

There are a number of questions we might ask:

1. What is the departure of the computed measurement resultya from the re-
quired measurement resulty?

2. What is the probability of obtaining a solution to the problem specified by
the required computational aimC0 that is further fromy than isya?

3. “On average” what is the departure ofya from y?

5The available knowledge typically includes (a) best estimates ofX (given by the input data
valuesx), and (b) information about the dispersion of values that could reasonably be attributed to
X.

6The generalisation to a multivariate measurement result is straightforward.

http://www.npl.co.uk/ssfm/download/documents/cmsc1803.pdf Page 7 of 41
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To answer the first question, we can use measures of the form

|ya − y|

and
|ya − y|
|y|

, y 6= 0,

which quantify, respectively, the absolute and relative departures ofya from y but
tell us nothing about the fitness for purpose ofya in the sense described above. In
some cases it will be possible to deriveanalytic expressions for these measures,
viz., error bounds(Section 5.1). Otherwise, it is necessary to evaluate the mea-
sures using values forya andy calculated using software for solving the problems
specified byCa andC0 (Section 5.2).

Note that the objective here is to measure the departure of the solutions to the
problems specified byCa from C0. However, the departure determined in terms
of valuesya andy calculated usingsoftwarefor the two computational aims will
additionally include contributions relating to the numerical accuracy of those cal-
culated values. Numerical software testing techniques enable us to understand
and quantify these contributions. It may be safe to ignore the contributions if the
errors introduced by the software are small compared to (a) the calculated depar-
ture (Sections 5.2 and 5.3), or (b) the inexactness of the required and computed
measurement results described by, respectively, the probability density functions
g(Y ) andg(Ya) (Section 5.4).

To answer the second question, we wish to evaluate

Pr (|Y − y| ≥ |ya − y|) ,

where “Pr(A)” denotes “probability ofA occurring”. This corresponds to finding
the area under the curveg(Y ) to the left ofy − |ya − y| and to the right ofy +
|ya − y| (see Figure 2), and can therefore be evaluated given knowledge ofg(Y ).
A small probability suggests thatya, the solution obtained for the approximate
computational aimCa, is nota likely solution toC0 accounting for the inexactness
of the input data values.

To answer the third question, we wish to compare the probability density functions
g(Y ) with g(Ya) (see Figure 3). Particular measures of interest are the differences
between the expectation values of the random variablesY andYa and between the
variances of those random variables. These measures provide, respectively, infor-
mation about thebias andefficiencyof the approximate computational aim with
respect to the required computational aim. In particular, the difference between
the expectation values provides information about the average deviation between
solutions to the two computational aims. In the example illustrated in Figure 3 we
may conclude that (a) there is an appreciable bias between the solutions to the two
computational aims, and (b) the dispersion of values of possible solutions to the

Page 8 of 41 http://www.npl.co.uk/ssfm/download/documents/cmsc1803.pdf
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Figure 2: A measure of the fitness for purpose of solvingCa in place ofC0: the
area of the shaded regions represents the probability of obtaining a solution toC0

that is further fromy than isya.

problem specified by the approximate computational is appreciably greater than
that for the required computational aim.

3 Generic Examples

3.1 Sample variance

The computational aimC0 is to find the sample variances2 of the data{xi : i =
1, . . . ,m}.

SoftwareSA
0 solves the problem specified byC0 by implementing the algorithm

s2 =
1

m− 1

m∑
i=1

(xi − x̄)2 , (6)

where

x̄ =
1
m

m∑
i=1

xi

is the sample mean.

http://www.npl.co.uk/ssfm/download/documents/cmsc1803.pdf Page 9 of 41
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Figure 3: Probability density functionsg(Y ) and g(Ya) for, respectively, the
required and computed measurement result.
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SoftwareSB
0 solves the problem specified byC0 by implementing the algorithm

s2 =
1

m− 1


m∑

i=1

x2
i −

1
m

(
m∑

i=1

xi

)2
 . (7)

The algorithms are mathematically equivalent but numerically different (Section
2.2). If implemented correctly using infinite precision arithmetic, the two formulae
(6) and (7) would deliver identical values for the sample variance when applied to
identical data. However, if implemented correctly using finite precision arithmetic
SB

0 will generally deliver results that are (numerically) less accurate than those
delivered bySA

0 for the same data. Numerical software testing can be used to
distinguish between the two software implementations [5, 9].

3.2 Linear regression

The computational aimC0 is to solve fory the overdetermined system of linear
equations

Ay = x

in a least-squares sense.

SoftwareSA
0 solves the problem specified byC0 by forming and solving the normal

equations [12, section 4]: (
ATA

)
y = ATx. (8)

SoftwareSB
0 solves the problem specified byC0 using an orthogonal matrix fac-

torisation ofA [12, section 4]:

A = QR, Ry = QTx, (9)

whereQ is an orthogonal matrix (QTQ = I, the identity matrix) andR is upper-
triangular.

The algorithms are mathematically equivalent but numerically different. Numer-
ical software testing can be used to distinguish between the two software imple-
mentations, and to show thatSA

0 delivers results that can be numerically much less
accurate than those delivered bySB

0 for the same data.

3.3 Gaussian peak fitting

The computational aimC0 is to fit in a least-squares sense a Gaussian peak model
[6],

y(x) = A exp

(
−(x− x̄)2

2s2

)
≡ exp

(
a0 + a1x + a2x

2
)

, a2 < 0, (10)

http://www.npl.co.uk/ssfm/download/documents/cmsc1803.pdf Page 11 of 41



NPL Report CMSC 18/03

to measurement data{(xi, yi) : i = 1, . . . ,m}, i.e., to solve the problem

min
A,x̄,s

m∑
i=1

{
yi −A exp

(
−(x− x̄)2

2s2

)}2

.

SoftwareS1 solves the problem specified byC1:

min
a

m∑
i=1

{
yi − exp

(
a0 + a1xi + a2x

2
i

)}2
. (11)

SoftwareS2 solves the problem specified byC2:

min
a

∑
i∈I

{
ln yi −

(
a0 + a1xi + a2x

2
i

)}2
, (12)

where

I = {i : yi > 0} .

The computational aimsC0, C1 andC2 are not mathematically equivalent.C0 and
C1 are not equivalent because a solution toC1 may be such thata2 > 0 which
does not correspond to a Gaussian peak model as specified in (10).C1 andC2 are
not mathematically equivalent because they involve minimising different objective
functions. Moreover, if there exists an indexi for whichyi ≤ 0, the summations in
(11) and (12) will involve different subsets of the data. Algorithm testing is used to
investigate the effect of usingC1 or C2 in place ofC0, assuming correct software
implementations of algorithms for those computational aims. Numerical software
testing is used to investigate particular software implementations of algorithms for
solving, respectively, the problems specified byC1 andC2.

Now consider particular ways of solving the problem specified byC1:

• SoftwareSA
1 undertakes the minimisation (11) using a Gauss-Newton algo-

rithm that iterates until there is no further reduction in the sum of squares
objective function

• SoftwareSB
1 undertakes the minimisation (11) using a Gauss-Newton al-

gorithm that iterates until the change in the value of the sum of squares
objective function is less than a prescribed tolerance

• SoftwareSC
1 undertakes the minimisation (11) using a Gauss-Newton algo-

rithm that iterates until the changes in the estimates ofa0, a1 anda2 are less
than a prescribed tolerance

Page 12 of 41 http://www.npl.co.uk/ssfm/download/documents/cmsc1803.pdf
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The softwareSA
1 , SB

1 andSC
1 are solving problems that are not mathematically

equivalent. This is because, even when implemented correctly using infinite pre-
cision arithmetic, they will generally return different solutions. Denote byCA

1 ,
CB

1 andCC
1 the computational aims addressed by, respectively,SA

1 , SB
1 andSC

1 .
Algorithm testing is used to investigate the effect of usingCA

1 , CB
1 or CC

1 in place
of C0. Numerical software testing is used to investigate whether test softwareSA

1 ,
SB

1 andSC
1 implement correctly a Gauss-Newton algorithm with their respective

termination criteria.

3.4 Uncertainty evaluation

The computational aimC0 is to determine the probability density functiong(Y )
of the random variableY = f(X) given the measurement modelf and the (joint)
probability density functiong(X) of the random variableX [11].

SoftwareS1 solves the problem specified byC1: apply the law of propagation of
uncertainty (based on a linearisation of the model) and the Central Limit Theorem
[4].

SoftwareS2 solves the problem specified byC2: apply Monte Carlo simulation as
an implementation of the principle of propagation of distributions [7, 10, 11].

The computational problemsC0, C1 andC2 are not mathematically equivalent.
The probability density functiong(Y ) cannot generally be expressed in simple or
even closed mathematical form. Formally, the computational problemC0 is to
evaluate

g(η) =
∫

ξ∈Rn
g(ξ)δ(η − f(ξ))dξ,

whereδ(·) denotes the Dirac delta function [11].C1 assigns a Gaussian distribu-
tion7 for g(Y ) (irrespective of the “correct” distribution) with a standard deviation
computed on the basis of a linearisation of the measurement model.C2 assigns an
empirical estimate of the “correct” distribution, the accuracy of which depends on a
number of factors including the properties of the pseudorandom number generators
required by the Monte Carlo calculation and the number of Monte Carlo trials
undertaken. Algorithm testing is used to investigate the effect of usingC1 or C2 in
place ofC0, assuming correct software implementations of algorithms for solving
the problems specified by those computational aims. Numerical software testing is
used to investigate particular software implementations of algorithms for solving,
respectively, the problems specified byC1 andC2.

This is a computation specified in a guide to measurement uncertainty [4].

7In the case that the effective degrees of freedom associated with the measurement result is finite,
a (scaled and shifted)t distribution is assigned instead of a Gaussian distribution [4].

http://www.npl.co.uk/ssfm/download/documents/cmsc1803.pdf Page 13 of 41
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4 Metrology-Specific Examples

4.1 Calculation of conventional mass values

The conventional (reported) massm0 of a weight is defined as the mass of a
(hypothetical) weight of densityρ0 = 8000 kg/m3 that balances the weight of
massm and densityρ in air at densitya0 = 1.2 kg/m3:

m0

(
1− a0

ρ0

)
= m

(
1− a0

ρ

)
from which

m0 = m

(
1− a0

ρ

)(
1− a0

ρ0

)−1

≈ m

(
1− a0

(
1
ρ
− 1

ρ0

))
.

The required computational aimC0 is to evaluatem0 from

m0 = m

(
1− a0

ρ

)(
1− a0

ρ0

)−1

. (13)

The approximate computational aimCa is to evaluatem0,a from

m0,a = m

(
1− a0

(
1
ρ
− 1

ρ0

))
. (14)

Algorithm testing is used to investigate the effect of usingCa in place ofC0.

This is a key function in METROS [3].

4.2 Surface texture analysis

There are many types of instrument for the measurement of surface texture. The
most direct are instruments in which some form of probe is translated across the
surface either in contact with it or at some fixed distance from it [20]. The vertical
displacement of the probe is recorded as a function of the horizontal displacement
to provide an indication of the profile of the surface. Although it is possible to
provide calibration and traceability for the measurement of vertical and horizontal
displacement and the orthogonality of the vertical and horizontal axes, this does not
itself provide a calibration of the profile of the surface because there will inevitably
be some interaction between the surface and the probe.

Consider the example of a surface whose cross-sectional profile is a periodic func-
tion and the measurement of that profile by an instrument with a probe that contacts
the surface. The data recorded by the instrument consists of the locus of the
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probe-tip centre. For sufficiently small probe-tip radii, i.e., less than the smallest
radius of curvature of the surface profile, this locus represents anoffsetcurve. An
offset curve is a curve that is a constant distance from the surface profile, where
distance is measured orthogonally to the profile. In particular, the amplitude of the
offset curve for a periodic function will be equal to that of the periodic function
itself when the above curvature condition applies. This statement is true because
the probe tip will make physical contact with the surface profile at the peaks and
troughs of the latter in this case. Thus, an estimateA of the amplitude of the
surface profile is given by that of the offset curve. Moreover, an estimateL of
the wavelength of the fundamental frequency can similarly be determined from the
offset curve.

In order to describe theshapeof the surface profilep(x), it is represented by the
n-harmonic Fourier series, viz.,

p(x) = a0 +
n∑

k=1

ak cos
2πkx

L
+ bk sin

2πkx

L
. (15)

However, the representation of theoffsetcurve in the form (15) doesnot provide
directly the coefficientsak andbk in the above expression, and hence information
about theshapeof the surface profile, because the offset curve for a pure sinusoid
is not a pure sinusoid.

The ability to separate the effects of the probe-surface interaction from the (“true”)
shape of the surface profile is central to the problem ofcalibrating the surface.
It is also important to subsequent understanding of the measurements made by
a different instrument of the surface profile where the surface is to be used as a
transfer standard.

The computational aimC0 is to determine estimates for the coefficients (and their
associated uncertainties) in the representation (15) of the surface profile from mea-
surement data representing points on an offset curve recorded by an instrument
with a probe of known radius. An approximate computational aimCa is to use the
instrument to measure the topside and underside of the surface profile, recording
data representing points on two offset curves, one above and one below the surface
profile. Estimatesof the required coefficients are then provided by then-harmonic
Fourier series representation of the curvemidwaybetween the two offset curves.

It can be expected that for “sufficiently small” probe-tip radii, a solution toCa will
provide an adequate approximation to a solution to the problem specified byC0.
Here, the meaning ofsufficiently smallwill depend on the measured surface profile
(specified, e.g., by nominal values forA and L). Moreover, deciding whether
the approximation isadequaterequires us to quantify the uncertainty associated
with a solution to the problem specified byC0, which is likely to depend on the
measured surface profile as well as the measurement capabilities of the instrument
(including the calibration of its measurement of vertical and horizontal displace-
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ments). Algorithm testing is used to investigate the circumstances, relating to the
instrument, its probe and the measured surface profile, for which it is acceptable to
solve the problem specified by the approximate computational aimCa in place of
the required computational aimC0.

4.3 Calibration of pressure balances

An important step in the calibration of pressure balances is the estimation of the
effective area of the piston-cylinder assembly. At temperaturet with applied mass
m (corrected for air buoyancy), a pressure balance generates a pressurep given
implicitly by

p =
(m + c)g

A(p,a)(1 + φ(t))
, (16)

whereφ is a known function of temperaturet (|φ(t)| � 1) that accounts for a
temperature correction,c is a measured constant obtained from a precise character-
ization of the balance,A(p,a) describes the effective area of the balance in terms of
the pressurep and calibration parametersa, andg is gravitational acceleration. In
practice,A(p,a) is sufficiently approximated bya1+a2p with a1 = A0, a2 = A0λ,
anda2p small compared toa1. Consequently, (16) takes the form

p =
(m + c)g

(a1 + a2p)(1 + φ(t))
. (17)

Given a set of measurementspi, mi andti of pressure, applied load and tempera-
ture, and knowledge ofc, calibrating a pressure balance means finding values for
the parametersa that best-fit the model (17) to the measurement data.

In a cross-float experiment [17, 18], the pressure balance to be calibrated is con-
nected to a reference balance whose effective area parametersb have previously
been determined, and the applied loads on the two balances are adjusted so that
both are in pressure and flow equilibrium. Suppose the reference balance generates
a pressure given by (17) withm, c, a andφ(t) replaced byM , C, b andΦ(T ),
respectively. Then, when the balances are in equilibrium, we have

(m + c)g
(a1 + a2p)(1 + φ(t))

=
(M + C)g

(b1 + b2p)(1 + Φ(T ))
, (18)

where the pressurep is estimated from the calibration of the reference balance.

We consider three computational aims for determining the best fit parametersa to
measurement data [14].

C0: The weighted linear least squares estimator (WLLS) determines estimates of
the parametersa by solving

min
a

∑
i

w2
i f

2
i (a),
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where

fi(a) =
(mi + c)g
1 + φ(ti)

− a1pi − a2p
2
i ,

a linear function ofa = (a1, a2)T, is the error in satisfying (17), andwi is
inversely proportional to the standard uncertainty associated withfi.

C1: TheP -estimator (PLLS) determines parameter estimates by solving

min
a

∑
i

e2
i (a),

where

ei(a) =
[

mi + c

Mi + C

] [
1 + Φ(Ti)
1 + φ(ti)

]
− a1 + a2pi

b1 + b2pi
,

is the error in satisfying (18).

C2: The∆P -method (DLLS) [16] determines parameter estimates by solving

min
a

∑
i>1

d2
i (a),

where

di(a) =
(mi −m1)g

[pi − p1 + (φ(ti)− φ(t1)p1][1 + φ(ti)]
− a1 − a2(pi + p1).

Algorithm testing is used to investigate the effect of usingC1 or C2 in place of
C0 assuming correct software implementations of algorithms for these computa-
tional aims. Numerical software testing is used to investigate particular software
implementations of algorithms for solving the problems specified byC0, C1 and
C2.

Note that our definition ofC0 above as the required computational aim follows
from the assumptions we are prepared to make about the measurement data, in
particular that the (significant) errors in that data are associated only with the
measurements of the massesmi, i = 1, . . . ,m, loaded on the balance to be
calibrated. If we wish to account for possible errors inothermeasurements (e.g.,
the pressurespi derived from the reference balance, the temperaturesti, etc.), it
would be appropriate to change the definition of the computational aimC0 to reflect
the new set of assumptions. Therefore, the required computational aimC0 can be
expected to change as our knowledge of the metrology problem improves. In such
circumstances, algorithm testing may be used to investigate whether an approxi-
mate computational aimCa continuesto provide an adequate approximation toC0

(supplemented by the new knowledge).
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5 Methods for Algorithm Testing

5.1 Methods based on the analysis of computational aims

Analysis of the required and approximate computational aims to understand the
circumstances under which they are mathematically equivalent, and to derive ex-
pressions for the error between the solutions to the problems specified by them,
is an important approach to algorithm testing. The approach involves working
with the computational aims, and the algorithms for solving the problems specified
by them, asmathematical objectsindependent of any software implementation.
However, the approach has the disadvantages of generally requiring a high degree
of technical skill (and therefore relying on experts), being highly problem-specific,
and consequently being difficult (if not impossible) to automate.

Nevertheless, the use of analysis in some of the examples described in Sections 3
and 4 leads to the following results:

• For the calculation of the sample variances2 (Section 3.1), we can use the
mathematical rules of algebra to show that the algorithms (6) and (7) are
mathematically equivalent. Similarly, the algorithms (8) and (9) for solving
the linear regression problem (Section 3.2) are mathematically equivalent.

• For the problem of uncertainty evaluation (Section 3.4) we can state the con-
ditions under which the application of the law of propagation of uncertainty
and the Central Limit Theorem solvescorrectlythe problem specified by the
required computational aim of finding the probability density function for
the value ofY = f(X). These conditions are that the (joint) probability
density function forX is a multivariate Gaussian and the modelf is a linear
function of the quantitiesX. Furthermore, we can state that the use of Monte
Carlo simulation as an implementation of the principle of the propagation of
distributions will alwaysprovide an approximate solution to the problem
specified by the required computational aim, but with a degree of accuracy
(measured in a statistical sense) that is a function of the number of Monte
Carlo trials (and hence under the user’s control), and also to some extent a
function of the properties of the pseudorandom number generators used8.

• For the calculation of conventional mass values (Section 4.1), we can derive
an expression for theerror between the required and approximate values
returned by the algorithms (13) and (14), viz., applying Taylor’s theorem,

m0 = m

(
1− a0

ρ

)(
1− a0

ρ0

)−1

8Good generators are available [10], and their use means that their influence is minimal.
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= m

(
1− a0

ρ

)(
1 +

a0

ρ0
+
(

a0

ρ0

)2 (
1− θ

a0

ρ0

)−3
)

= m0,a + m

(
− a2

0

ρρ0
+
(

a0

ρ0

)2 (
1− a0

ρ

)(
1− θ

a0

ρ0

)−3
)

,

for someθ satisfying0 < θ < 1. This allows us to bound the error associated
with calculating an approximate conventional mass value and, by comparing
this with the uncertainty associated with the required value, judge the fitness
for purpose of the approximate value.

• For the problem of calibrating pressure balances (Section 4.3), we can state
the circumstances under which the approximate computational aims defined
by the P -estimator and∆P -method are mathematically equivalent to the
required computational aim. For example [14], theP -estimator is equivalent
to the required computational aim in the case that the weightswi in the
weighted linear least-squares problem defining the required computational
aim are set to be inversely proportional to the pressurespi. This circumstance
applies if the only measurements subject to error are those of the massesmi,
and these errors are samples from a probability distribution whose standard
deviation is proportional to pressure.

An analysis of the required and computational aims for solving the Gaussian peak
fitting problem (Section 3.3) is given in Section 6.

5.2 Methods based on using software implementations of the
computational aims

In some circumstances we will have availablesoftwareimplementing the required
and approximate computational aims. A direct approach to comparing the compu-
tational aims using this software is as follows:

1. Start with a reference data setx (perhaps typical of one that is likely to be
encountered in practice).

2. Apply software for the required computational aimC0 to the reference data
setx to obtain reference resultsy0.

3. Apply software for the approximate computational aimCa to the reference
data setx to obtain test resultsya.

4. Measure the difference between the computational aimsC0 andCa by the
distance (in an appropriate norm) between the reference resultsy0 and the
test resultsya.
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As discussed in Section 2.4, the distance evaluated at Step 4 includes contributions
relating to the accuracy of the calculations of the reference and test results, and so
may not provide an accurate measurement of the departure ofCa from C0.

Let ỹ0 andỹa denote themathematical solutionsto the problems specified by the
computational aims and the reference data setx. Then, we may write

ỹa − ỹ0 = (ỹa − ya) + (ya − y0) + (y0 − ỹ0).

The term on the left-hand-side is the (required) difference between the mathemat-
ical solutions to the problems specified by the computational aims. In the above
equality, this is expressed in terms of the difference between the calculated results
(the second term on the right-hand-side) and the errors in the calculated results
returned by the software implementations of the computational aims (the first and
last terms on the right-hand-side). We can make the first and last terms as small
as we can by usingreference softwarefor the two computational aims. However,
even then the magnitude of these terms will be bounded by terms that reflect the
inherent conditioning of the problems specified by the computational aims, i.e.,

‖ỹa − ya‖ ≤ Kaη‖ya‖,

and
‖ỹ0 − y0‖ ≤ K0η‖y0‖,

whereKa and K0 are the degrees of difficulty corresponding to, respectively,
Ca andC0 and the reference data setx. Numerical software testing is used to
investigate whether the software used to calculateya andy0 is performing like
reference software (and the above bounds apply) by quantifying the magnitude of
the errors in the calculated results. In particular, in the case that the magnitudes of
the errors are small compared with‖ya − y0‖, the latter can be used to measure
the difference between the computational aims as required.

The application of the approach to the Gaussian peak fitting problem (Section 3.3)
is given in Section 6.

5.3 Methods based on data generation software for the computational
aims

The generation ofreference pairs, comprising reference data sets and correspond-
ing reference results, appropriate to a specified computational aim is the basis of
“black-box” testing of numerical software [5, 13]. One approach to generating
reference pairs is to use reference software (Section 5.2). Another approach is to
use adata generator. This is software for constructing reference data sets with
known solutions, i.e., solutions specifieda priori, by solving the inverse problem
to that defined by the computational aim. For a problem whose solution can be
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characterisedmathematically, the implementation of a data generator is generally
much simpler than the implementation of software for solving the forward prob-
lem defined by the computational aim. Data generators have been used in the
numerical testing of software for the calculation of the sample mean and sample
standard deviation [9] and linear regression [8]. In addition, NPL has undertaken
work to develop data generation software for a number of calculations important
in metrology, including the determination of associated (geometric) features and
tolerance assessment calculations in dimensional metrology.

In the context of algorithm testing, data generation software for the required and
approximate computational aims may be used to compare the computational aims
in the following manner:

1. Start with a reference solution denoted byy.

2. Use data generation software appropriate to the required computational aim
C0 to generate reference datax0 corresponding to the reference solutiony.

3. Use data generation software appropriate to the approximate computational
aimCa to generate reference dataxa corresponding toy.

4. Measure the difference between the computational aimsC0 andCa by the
distance (in an appropriate norm) between the data setsx0 andxa.

The process of data generation in steps 2 and 3 above is a one-to-many mapping,
i.e., in each case there aremanyreference data setsx0 andxa for the two compu-
tational aims that have the same reference solutiony. Consequently, at step 2 we
choose a particular reference data setx0 that is “close” (in an appropriate norm) to
a data setx that is typical of one likely to be encountered in practice. Then, at step
3 we choose a reference data setxa that is “closest to”x0 (in the same norm).

If the distance between the reference data setsx0 andxa constructed in this way is
zero, the computational aims are equivalent for a problem specified by the reference
pair (x,y). If the distance issmall compared to the uncertainty associated with
measurements of typical datax, the computational aimCa may be regarded as fit
for purpose. Otherwise, we may question whether the approximate computational
aim used in place of the required computational aim is adequate for its intended
purpose.

As in Section 5.2 we must be aware that we are using software to calculate the
reference data setsx0 andxa and, consequently, the distance between the data sets
includes contributions relating to the accuracies of those data sets. However, as
stated, often the computations undertaken by the data generators are much simpler
than those required to solve the problems specified by the computational aims, and
so this aspect is often of no concern.
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The approach is illustrated in Figure 4). In this figureD0(y) represents the collec-
tion of data setsx0 for which the solution to the problem specified by the compu-
tational aimC0 is y. Similarly,Da(y) represents the collection of data setsxa for
which the solution to the problem specified by the approximate computational aim
Ca is y. x is a data set that is typical of the application: then,x0 is the data set in
D0(y) closest tox, andxa the data set inDa(y) closest tox0. Finally, the distance
d betweenx0 andxa measures the difference between the computational aims for
the data setx.

The approach is similar to the technique ofbackward error analysis[21] used to in-
vestigate the numerical properties of algorithms implemented using finite precision
arithmetic. An advantage of the approach is that software implementing algorithms
to solve the problems specified by the computational aims is not required.

The application of the approach to the Gaussian peak fitting problem (Section 3.3)
is given in Section 6.

x
x

0
x

a

D
0
(y) D

a
(y)

d 

Figure 4: Comparing required and approximate computational aims by the
application of data generation software.

5.4 Methods based on simulation

The methods described in the previous sections provide point measures of the
departure ofCa from C0 for the single reference data setx. It is recommended that
the methods are applied for a range of reference data sets typical of those likely to
be encountered in practice. This can mean sampling (perhaps uniformly) from the
domain of all possible data sets that are likely to be encountered, including those
close to the boundaries of this domain. In addition, and in order to obtain statistical
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measures of the departure and, in particular, to assess the fitness for purpose ofCa

as a substitute forC0 (Section 2.4), it is recommended that the methods are applied
using reference data sets sampled from the probability density function (pdf)g(X)
that describes the available knowledge about the inexactness of the input data.

For example, software for solving the problems specified by the two computational
aims (Section 5.2) may be combined with simulation in the following manner:

1. Choose a numberM of trials.

2. Forr = 1, . . . ,M :

(a) Construct the data setxr as a random sample from the pdfg(X).

(b) Apply software for the required computational aimC0 to the data set
xr to obtain reference resultsyr

0.

(c) Apply software for the approximate computational aimCa to the data
setxr to obtain test resultsyr

a.

3. Construct an estimatẽg(Y) of the pdfg(Y) from the set of reference results
yr

0, r = 1, . . . ,M .

4. Construct an estimatẽg(Ya) of the pdfg(Ya) from the set of test results
yr

a, r = 1, . . . ,M .

5. Compare the estimatesg̃(Y) andg̃(Ya) (Section 2.4).

The application of the approach to the Gaussian peak fitting problem (Section 3.3)
is given in Section 6.

6 Case Study: Gaussian Peak Fitting

In this section we use the example problem of Gaussian peak fitting (Section 3.3) to
illustrate those methods for algorithm testing described in Section 5. We suppose
the Gaussian peak fitting problem is addressed by seeking the solutions to two
problems specified by different computational aims (here,C1 and C2), and we
wish to investigate the consequences of using a solution to the (simpler) problem
specified byC2 as a substitute for a solution to that specified byC1.

In particular, we cover the following aspects:

• specifications of the computational aims,

• parametrisation of the Gaussian peak model, with its influence on algorithms
for solving the problems specified by the computational aims,
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• software implementations of algorithms for solving the problems,

• data generators for the computational aims,

• software testing, encompassing both numerical software testing and algo-
rithm testing, using the software implementations and data generators, and

• algorithm testing using simulation.

6.1 Computational aims

We consider the following computational aims for the Gaussian peak fitting prob-
lem (see Section 3.3).

6.1.1 Computational aimC1

Given measurement data(xi, yi), i = 1, . . . ,m, find values for the parametersA,
x̄ ands that minimize

m∑
i=1

{yi − y(xi)}2 ,

where

y(x) = A exp

(
−(x− x̄)2

2s2

)
.

6.1.2 Computational aimC2

Given measurement data(xi, yi), i = 1, . . . ,m, find values for the parametersA,
x̄ ands that minimize ∑

i∈I

{ln yi − ln y(xi)}2 ,

whereI = {i : yi > 0}.

6.2 Parametrisation

In terms of the parametersA (amplitude),x̄ (location) ands (width), a Gaussian
peak model is defined (see above) by

y(x) = A exp

(
−(x− x̄)2

2s2

)
.
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Recalling (10), a Gaussian peak model may also be written in the form

y(x) = exp
(
a0 + a1x + a2x

2
)

, a2 < 0.

The values for the parametersA, x̄ and s in the natural parametrisation of the
Gaussian peak model are then recovered from the values ofa0, a1 anda2 using the
following relationships:

A = exp

(
a0 −

a2
1

4a2

)
, x̄ = − a1

2a2
, s =

√
− 1

2a2
.

For reasons of numerical stability, a better representation is thecentredform

y(x) = exp
(
b0 + b1(x− x0) + b2(x− x0)2

)
, b2 < 0, (19)

where

A = exp

(
b0 −

b2
1

4b2

)
, x̄ = x0 −

b1

2b2
, s =

√
− 1

2b2
,

andx0 is set equal to the arithmetic mean of the data abscissa values,xi, i =
1, . . . ,m.

For the purposes of the software implementations described below, the Gaussian
peak model is described in terms of parametersa = (a0, a1, a2)T orb = (b0, b1, b2)T,
with values forA, x̄ ands obtained using the expressions given above. Addition-
ally, the residual deviationsyi − y(xi), i = 1, . . . ,m, i.e., the differences between
the measurement data values and model values, provide a representation of the
model that isindependentof any particular parametrisation ofy(x).

6.3 Software implementations of the computational aims

6.3.1 SoftwareS1

In terms of the parametrisation (19), the computational aimC1 reduces to the
nonlinear least-squares problem

min
b

m∑
i=1

{
yi − exp

(
b0 + b1(xi − x0) + b2(xi − x0)2

)}2
.

SoftwareS1 solves this problem using a Gauss-Newton algorithm [15]. The Gauss-
Newton algorithm is an iterative algorithm where at each iteration the linear least-
squares problem

J δb = −r

is solved, wherer contains the residual deviations

ri = yi − y(xi), i = 1, . . . ,m,
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andJ is the (Jacobian) matrix of partial derivatives

∂ri

∂bj
, i = 1, . . . ,m j = 1, 2, 3,

both evaluated for the current estimates of the parametersb. The vectorδb con-
tains the Gauss-Newton step which is used to update the current estimates of the
parametersb to provide new estimates. In the software implementationS1, initial
estimates of the parameters are provided by the softwareS2 (see below) for solving
the problem specified by the computational aimC2, and the iteration continues
until there is no further decrease in the residual sum of squares

m∑
i=1

r2
i .

6.3.2 SoftwareS2

In terms of the parametrisation (19), the computational aimC2 reduces to the linear
least-squares problem

min
b

∑
i∈I

{
ln yi −

(
b0 + b1(xi − x0) + b2(xi − x0)2

)}2
.

This is equivalent to finding the least-squares solution to the overdetermined sys-
tem of linear equations

Kb = c,

wherec contains the elementsln yi, i ∈ I andK is the matrix of partial derivatives

∂qi

∂bj
, qi = ln yi − ln y(xi), i ∈ I, j = 1, 2, 3.

SoftwareS2 solves this problem using an orthogonal matrix factorisation ofK [12,
section 4] (Section 3.2).

6.4 Data generators for the computational aims

6.4.1 Data generatorG1

A solution to the problem specified by the computational aimC1 is characterised
by the condition

JTr = 0,

where bothr and J are evaluated at the solution. Based on this condition, a
procedure for generating reference datayi, i = 1, . . . ,m, for which the solution
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to the problem specified by the computational aimC1 is givena priori takes the
following form [5, 13]:

Given values forA, x̄, s, xi : i = 1, . . . ,m:

G1a Evaluate the model valuesy(xi), i = 1, . . . ,m.

G1b Evaluate the Jacobian matrixJ .

G1c Form a set of target residual deviationse0,i, i = 1, . . . ,m.

G1d Form the null spaceN1 for JT.

G1e Form the residual vectore1 = N1u, whereu = NT
1 e0.

G1f Form the measurement valuesy1,i = y(xi) + e1,i, i = 1, . . . ,m.

The resulting data set will have a known solution (defined by the valuesA, x̄ and
s), and characterised by a known vectore1 of residual deviations, that is “close” (in
a least-squares sense) to the vectore0 of target residual deviations. For example,
the target residuals may be chosen to be random samples from a Gaussian (normal)
distribution with mean zero and varianceσ2, and thus to mimic measurement errors
that are likely to be encountered in practice.

6.4.2 Data generatorG2

A solution to the problem specified by the computational aimC2 can be similarly
characterised, viz., by the condition

KTq = 0,

where bothq and K are evaluated at the solution. Based on this condition, a
procedure for generating reference datayi, i = 1, . . . ,m, for which the solution
to the problem specified by the computational aimC2 is givena priori takes the
following form:

Given values forA, x̄, s, xi : i = 1, . . . ,m:

G2a Evaluate the model valuesy(xi), i = 1, . . . ,m.

G2b Evaluate the Jacobian matrixK.

G2c Form a set of target residual deviationse0,i, i = 1, . . . ,m.

G2d Form the null spaceN2 for KT.

http://www.npl.co.uk/ssfm/download/documents/cmsc1803.pdf Page 27 of 41



NPL Report CMSC 18/03

G2e Form the vectorq = N2u, whereu = NT
2 v and

vi = ln (y(xi) + e0,i)− ln y(xi) = ln
y(xi) + e0,i

y(xi)
, i = 1, . . . ,m.

G2f Form the measurement valuesy2,i = exp (ln y(xi) + qi) , i = 1, . . . ,m.

G2g Form the residual vectore2 with elementse2,i = yi − y(xi), i = 1, . . . ,m.

The resulting data set will have a known solution (defined by the valuesA, x̄ and
s). In addition, from StepG2f,

y2,i = y(xi) exp qi,

and so

y2,i ≈ y(xi) exp
(

ln
y(xi) + e0,i

y(xi)

)
since, from StepG2e,

qi ≈ vi = ln
y(xi) + e0,i

y(xi)
.

Consequently,
y2,i ≈ y(xi) + e0,i,

and so the reference data is characterised by a known vectore2 of residual devi-
ations that are “close” to the target residual deviationse0. As before, the target
residual deviations may be chosen to mimic measurement errors that are likely to
be encountered in practice. Alternatively, by settinge0 in G2 equal to the residual
deviationse1 returned byG1, the reference data for the problem specified byC2

will be close to that for the problem specified byC1 (Section 5.3).

6.5 Analysis of computational aims

The problem specified byC1 is to solve

min
A,x̄,s

m∑
i=1

r2
i , ri = yi − y(xi), i = 1, . . . ,m,

and that specified byC2 is to solve

min
A,x̄,s

∑
i∈I

q2
i , qi = ln yi − ln y(xi), i ∈ I.

We seek the conditions, i.e., the requirements on the measurement data(xi, yi), i =
1, . . . ,m, for which the two problems give (a) identical solutions, and (b) compa-
rable solutions.9

9Note that even if the problems deliver comparable estimates of the values of the parametersA,
x̄ ands, the uncertainties associated with the estimates may be quite different. We do not consider
here the conditions under which the problems deliver estimatesandassociated uncertainties that are
comparable.
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Clearly, if the data is such that

yi = y(xi), i = 1, . . . ,m,

for certain values ofA, x̄ ands, then the problems will deliver identical solutions,
for in this case

ri = qi = 0, i = 1, . . . ,m,

at the solution.

Now,
ln yi = ln (y(xi) + ri) ,

and so by a first order Taylor series expansion,

ln yi ≈ ln y(xi) +
1

y(xi)
ri.

Therefore,

qi ≈
1

y(xi)
ri. (20)

Only if the valuesxi, i = 1, . . . ,m, are such thaty(xi) is essentially constant
can we expect the problems to be approximately equivalent. This is the case, for
example, if the measurements are restricted to a tail of the underlying Gaussian
peak function.10

Note that the problem
min
A,x̄,s

∑
i∈I

y2
i q

2
i ,

which is aweightedlinear least-squares problem, with weightsyi used in place
of the (unknown) valuesy(xi) in (20), can be expected to perform better than the
unweighted problem as an approximation to the problem specified byC1, with its
performance improving as the residual deviationsri, i = 1, . . . ,m, tend to zero,
i.e., for smaller amountsσ of measurement noise.

6.6 Software Testing

For a given value ofσ, and setting

A = 1, x̄ = 1000, s = 1, m = 101,

with xi, i = 1, . . . ,m, linearly spaced in the interval[x̄ − 3s, x̄ + 3s], the data
generatorG1 is used to generate reference datay1,i, i = 1, . . . ,m, for the problem

10However, in such circumstances the data will not define the underlying Gaussian peak function
very well, and the problem of determining the parameters of this function can be expected to be
ill-conditioned.
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specified byC1, with the target residualse0 in G1 chosen to be random samples
from a Gaussian (normal) distribution with mean zero and varianceσ2. Similarly,
the data generatorG2 is used to generate reference datay2,i, i = 1, . . . ,m, for the
problem specified byC2, with the target residualse0 in G2 set equal to the residual
deviations returned byG1.

The following tests are then undertaken:

1. Apply softwareS1 to the reference data(xi, y1,i), i = 1, . . . ,m. The
solution returned byS1 is represented by the vectorr1 of residual deviations,
and is compared with the reference solutione1 using the measures

d1 =
‖r1 − e1‖√

m
,

and

P1 = log10

(
1 +

d1
√

m

‖y‖η

)
.

Here,d1 measures the root-mean-square error betweenr1 ande1, andP1

is a performance measure that indicates the number of significant figures of
accuracy lost by the software compared with a reference implementation of
software to solve the problem specified byC1 (Section 2.1).

SoftwareS1 is applied with the model parameterx0 set equal to the arith-
metic mean of the data abscissa values

2. Apply softwareS2 to the reference data(xi, y2,i), i = 1, . . . ,m. The
solution returned byS2 is represented by the vectorr2 of residual deviations,
and is compared with the reference solutione2 using the measures

d2 =
‖r2 − e2‖√

m
,

and

P2 = log10

(
1 +

d2
√

m

‖y‖η

)
.

SoftwareS2 is applied with the model parameterx0 set equal to (a) the
arithmetic mean of the data abscissa values, and (b) zero.

3. Apply softwareS2 to the reference data(xi, y1,i), i = 1, . . . ,m. The
solution returned byS2 is represented by the vectorr3 of residual deviations,
and is compared with the reference solutione1 using the measures

d3 =
‖r3 − e1‖√

m
,
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and

P3 = log10

(
1 +

d3
√

m

‖y‖η

)
.

SoftwareS2 is applied with the model parameterx0 set equal to (a) the
arithmetic mean of the data abscissa values, and (b) zero.

4. Calculate the distance between the reference data sets for the problems spec-
ified by the computational aimsC1 andC2 using the measure

d4 =
‖y1 − y2‖√

m
.

Here,d4 measures the root-mean-square error between the reference data
setsy1 andy2.

The above data generation procedure and tests are repeated a number of times for
each of a number of values ofσ in the range[0, 0.01].

Figure 5 shows how the values of the measuresd1 andP1, corresponding to the
softwareS1, vary with σ. The root-mean-square error between the residual de-
viations returned by the softwareS1 and the reference values for the residual
deviations is approximately10−14. The performance measure takes values of
approximately two, indicating that the softwareS1 is losing roughly two significant
figures of accuracy compared with reference, i.e., optimally stable, software for
solving the problem specified byC1. There is aslightnegative correlation between
the values ofd1 (P1) andσ. The results indicate that for the reference data sets
considered here the softwareS1 is close to a reference implementation of software
for solving the problem specified byC1.

Figures 6 and 7 show how the values of the measuresd2 andP2, corresponding to
the softwareS2, vary withσ for the different ways in which the model parameter
x0 is set. The results indicate that for the reference data sets considered here
the softwareS2 with x0 equal to the arithmetic mean of the data abscissa values
performs almost as well as a reference implementation of software for solving the
problem specified byC2. On the other hand, the softwareS2 with x0 equal to
zero is losing between six and seven significant figures of accuracy compared with
reference software for solving this problem. The softwareS2 with x0 set equal to
zero cannot be regarded as a reference implementation. In both cases there is no
strong dependence of the values ofd2 andP2 onσ.

The results shown in Figures 5, 6 and 7, and discussed above, concernnumerical
software testingof the softwareS1 andS2 against their respective computational
aims. In contrast, the results shown in Figures 8 and 9 are based on comparing the
results returned by the softwareS2 with reference results for the problem specified
by C1. The results indicate that the softwareS2, irrespective of the way the model
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parameterx0 is set, does not provide accurate solutions to the problem specified
by C1. Because the softwareS2 solves the problem specified byC2 to an accuracy
that is appreciably greater than that for the problem specified byC1, we conclude
that the results shown in these figures are predominantly a consequence of the
difference between the computational aims rather than being attributable to the
software implementations. This conclusion applies irrespective of how the model
parameterx0 is set, and we are therefore able, in this example, to deduce useful
information about the computational aims from a poor algorithm for solving the
problem specified byC2. The results shown in Figures 8 and 9 concernalgorithm
testing.

Figure 10 shows how the values of the measured4 vary with σ. The value of
d4 measures the (root-mean-square) “distance” between two data sets having the
same solution, for one data set the solution is for the problem specified by compu-
tational aimC1, and for the other for that specified byC2. The measure provides
information about the departure between the computational aims independently of
software for solving the problems specified by the computational aims. The results
are very similar to those shown in Figures 8 and 9, confirming that these results
are measuring the departure between the computational aims. There is a strong
dependence of the values ofd4 on σ. Furthermore, the values of the measured4

are of a similar magnitude toσ. This indicates that there exist data sets that can
differ by an amount as large asσ and that for the problems specified byC1 andC2,
respectively, have identical solutions.
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Figure 5: Testing the numerical correctness of softwareS1 to solve the problem
specified by the computational aimC1.
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Figure 6: Testing the numerical correctness of softwareS2 to solve the problem
specified by the computational aimC2. The model parameterx0 is set equal to the
arithmetic mean of the data abscissa valuesxi, i = 1, . . . ,m.
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Figure 7: Testing the numerical correctness of softwareS2 to solve the problem
specified by the computational aimC2. The model parameterx0 is set equal to
zero.
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Figure 8: Performance of softwareS2 on reference data for the problem specified
by the computational aimC1. The model parameterx0 is set equal to the arithmetic
mean of the data abscissa valuesxi, i = 1, . . . ,m.
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Figure 9: Performance of softwareS2 on reference data for the problem specified
by the computational aimC1. The model parameterx0 is set equal to zero.
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Figure 10: Comparing computational aims for the Gaussian peak fitting problem
using data generation software.

6.7 Simulation

Given values forA, x̄, s, xi, i = 1, . . . ,m, σ andM , repeat the following steps
for r = 1, . . . ,M :

1. Construct the data set(xi, y
r
i ), i = 1, . . . ,m, by evaluating

yr
i = A exp

(
−(xi − x̄)2

2s2

)
+ er

i , i = 1, . . . ,m,

whereer
i is a random sample fromN(0, σ2), a Gaussian (normal) distribu-

tion with mean zero and varianceσ2.

2. Apply softwareS1 (with the model parameterx0 set equal to the arithmetic
mean of the data abscissa values) to the data set to obtain results(Ar

1, x̄
r
1, s

r
1).

3. Apply softwareS2 (with the model parameterx0 set equal to the arithmetic
mean of the data abscissa values) to the data set to obtain results(Ar

2, x̄
r
2, s

r
2).

Figure 11 shows, in the form of histograms derived from the results

(Ar
1, x̄

r
1, s

r
1), r = 1, . . . ,M,
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estimates of the probability density functions (pdf’s) for the values ofA1, x̄1 and
s1, the solution to the problem specified by the computational aimC1 returned by
the softwareS1.

Similarly, Figure 12 shows estimates of the pdf’s for the values ofA2, x̄2 ands2,
the solution to the problem specified by the computational aimC2 returned by the
softwareS2. The results shown in the two figures correspond to setting

A = 1, x̄ = 1000, s = 1, m = 101, σ = 0.01, M = 50, 000,

with xi, i = 1, . . . ,m, linearly spaced in the interval[x̄− 3s, x̄ + 3s].

The pdf’s shown in the figures describe the inexactness of the values of the mea-
surement results, viz., the values ofA, x̄ and s, derived from the same infor-
mation about the measurement data but solving problems specified by different
computational aims to obtain the measurement results from that data. Where the
measurement results are obtained by solving the problem specified byC2, it is ev-
ident that the spread of possible values of the measurement results is considerably
greater than that obtained by solving the problem specified byC1. There is a high
probability of obtaining a solution to the problem specified byC2 that has a low
probability of arising as a solution to the problem specified byC1. In addition,
the pdf’s for the values ofA2 and s2 illustrate an asymmetry which makes the
description of the uncertainties associated with the values of these parameters less
straightforward than for the other parameters.
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Figure 11: Estimates of the pdf’s for the values ofA1, x̄1 ands1, the solution to
the computational aimC1 returned by the softwareS1.
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Figure 12: Estimates of the pdf’s for the values ofA2, x̄2 ands2, the solution to
the computational aimC2 returned by the softwareS2.
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7 Conclusions

This report has presented a framework for describing the activities of algorithm
testing and numerical software testing, and how these activities contribute to the
validation of the software implementation of an algorithm for achieving a given
computational aim. The framework emphasises the use of mathematical analysis to
compare algorithms and numerical software testing to compare implementations.
A consequence is the importance of understanding, in any particular instance, the
nature of the object (algorithm or implementation) to be validated, as well as where
errors are likely to have been introduced.

It is apparent that there is much scope in the area of algorithm testing for using
and extending the methods developed for numerical software testing. However, it
is also clear that it is costly and labour intensive to develop new data sets and to
undertake simulations to validate new algorithms. Furthermore, there is no real
scope for automating the mathematical analysis of computational aims necessary
for comparing algorithms and their computational aims. Mathematical analysis is
also generally very labour intensive. The best way to avoid the need to compare
algorithms and their computational aims is to use established algorithms which are
supported by the necessary mathematical analysis. The use of new algorithms has
considerable hidden costs, particularly if they are to be used in a high integrity
traceable environment such as metrology.

A testing service to cover algorithms for submission to Standards and software
libraries would involve both mathematical analysis and numerical software testing.
Both activities are labour intensive – mathematical analysis particularly so. A
service that concentrated on software based on existing algorithms, and where the
use of those algorithms was properly documented, is the one most likely to be
commercially viable.
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