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ABSTRACT

The modelling of the spectral characteristics of sources and detectors in optical
radiation metrology is addressed. The major objective is to provide an approach
for obtaining mathematical models of spectral characteristics that are specified
directly or indirectly by measurements at a set of wavelength values spanning a
spectral region. A further objective is to evaluate the uncertainties associated with
the models given the uncertainties associated with the measurements.

Because no wholly physical models are available, models are used that are based
partly on recognised or observed physical behaviour, and include a variable number
of empirical terms in order that they have the flexibility to adapt to a range of source
and detector characteristics.

The effects of the slit bandwidth of the monochomators used for spectral measure-
ment are studied in detail, because of their influence on obtaining models that are
valid for the required rather than the indicated characteristics.

Application of the concepts developed is made to source and detector data.

Suggestions for future work to improve the models developed are made. Further
applications in optical radiation metrology are identified that could benefit from
such models.
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1 Introduction

The concern here is with the modelling of the spectral characteristics of sources
and detectors in optical radiation metrology. The major objective is to consider
methods for obtaining mathematical models of spectral characteristics that are
specified directly or indirectly by measurements at a set of wavelength values
spanning a spectral region. A further objective is to evaluate the uncertainties
associated with the models that arise from the fact that the measurement data has
uncertainties associated with it.

The advantage of providing models and associated uncertainties for such data is
that it then becomes possible to carry out many relevant tasks and to evaluate the
uncertainties associated with those tasks. Typical of these tasks are (a) the provi-
sion of a smoother representation of the spectral characteristic underlying the data
than implied by the data itself, and hence the ability to “interpolate” meaningfully
the characteristic at any point in the spectral region, (b) the deconvolution of the
data from the instrumental effects that influence the ability to measure directly
the required characteristic, and (c) the evaluation of integrals based on spectral
characteristics.

The modelling of sources (especially lamps) is considered first (section 2). The
model developed is part physical and part empirical, being the product of a Planck
function (the appropriate model for a black body) and a correction polynomial. It
is shown how to construct the polynomial (section 2.1), including the choice of
a suitable order for the polynomial (section 2.2). The polynomial so obtained is
influenced by the colour temperatureT , a parameter within the Planck function.
A procedure for determiningT is provided based on an operational definition
given here for the colour temperature of a source (section 2.4). Applications of
the approach are made to spectral irradiance measurements of lamps (section 2.5).

The above considerations require the availability of the actual spectral response of
the source. In practice,voltagecharacteristics are observed, from which spectral
responses arededuced(section 3). The considerations also depend on the provision
of each spectral measurement at a point value of wavelength. In practice, an
instrument provides a response that isaveraged, according to the instrumental “slit
characteristic”, over a range of wavelengths centred on the nominal wavelength.
It is shown how the spectral response can be determined from the voltage charac-
teristic, and also how the measurements can be corrected to those that would have
been obtained with an instrument that madepointmeasurements. The relationship
between this analysis and that commonly used in practice is given (section 3.1).

The modelling of the spectral responses of detectors is then discussed (section 4).
Unlike sources, no simple relevant physical model is available. Therefore, a model,
the exponential of a polynomial, is considered that embodies observed properties
of detector responses (section 4.1). Again, it is shown how a choice for the polyno-
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mial order can sensibly be made (section 4.2). Applications are made to detector
response measurements (section 4.4).

Attention is paid to the limitations of the models considered and to the evaluation
of the uncertainties associated with the models (especially in sections 2.3 and 4.3).

Future developments that could follow from the considerations here are indicated
(section 5). They include ways in which the mentioned limitations might be ad-
dressed and hence the applicability of the models enhanced. They also include
several further practical uses of the models.

2 Modelling of spectral irradiance data

Suppose that, fori = 1, . . . ,m, valuesEi in Wm−2nm−1 of spectral irradianceE
corresponding to valuesλi in nm of wavelengthλ are available. TheEi would
relate to the spectral irradiance for a reference or test source. Consideration is
given in section 3 and appendix E to the manner in which theEi might have been
obtained.

EachEi is assumed to be provided with an associated standard uncertaintyu(Ei).
The treatment applies to mutually independentEi. It is capable of extension to
mutually dependentEi if the associated covariances are provided. Any uncertainty
associated with theλi is assumed to be negligible. An extension to cover non-
negligible uncertainties associated with theλi is possible but non-trivial and not
considered here.

In developing a spectral irradiance model, use is made of the fact that a black body
has a spectral irradiance characteristic given by the Planck function

L(λ;T ) =
α

λ5(eβ/(λT ) − 1)
(1)

for an appropriate value of the colour temperatureT . In (1), α = 2h(c/n)2

andβ = hc/(nk), whereh is Planck’s constant,c the speed of light,n refractive
index of air andk Boltzmann’s constant, all positive constants.

At a given wavelength, a lamp source will emit less radiation than a black body
due to the lower emissivity of the lamp filament and the finite transmittance of the
bulb envelope. The use of the Planck function to model the spectral irradiance
characteristic for the source would therefore exhibit systematic departures from
that characteristic. In order to obtain a model that is consistent with the data
(to an extent dictated by the prescribed uncertainties) the behavioural scope of
the Planck function is here extended by determining an emissivity function that is
appropriate for the particular characteristic. The model considered for this purpose
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is the product of a (scaled) Planck function and a correction term, viz.,

F (λ;T ) = CL(λ;T )(1 + g(λ)), (2)

whereg(λ) denotes the (wavelength-dependent) correction term andC an overall
scaling constant.

If such a model is viable, the influence ofg(λ) would be small (in terms of its
magnitude compared with unity), but by no means negligible for the above reasons.
Once such a model has been determined in any particular instance,g(λ) can be
examined to quantify this effect.

The emissivity function cannot generally be usefully determined by a physical
understanding of the surface. Therefore,g(λ) is chosen to be an empirical function,
viz., a polynomial inλ.1 This choice of model (or an approximation to it) has also
been considered elsewhere [1, 18].

Now, if g(λ) is a polynomial,C(1 + g(λ)) is also a polynomial, of the same order
(degree + 1). Thus, the model (2) can be expressed as

Fn(λ;T,a) = L(λ;T )Gn(λ;a), (3)

whereGn(λ;a) is a polynomial correction factor of ordern with adjustable coef-
ficientsa = (a1, . . . , an)T. (ThatF also depends onn anda is indicated.) The
functionFn(λ;T,a) is referred to as aPlanck-polynomial model.

There are (at least) two ways to proceed in providing values ofT anda:

1. RegardT anda as parameters to be adjusted “simultaneously” in an algo-
rithm to determine a representation of the data byFn(λ;T,a) that is consis-
tent with the data uncertainties. This approach is one ofnonlinear regression
or optimisation[14]. Because the ordern of the polynomial factorGn(λ;a)
is unknowna priori, it would be necessary to repeat the nonlinear-regression
process for successive polynomial orders until a satisfactory representation
was (hopefully) obtained. This approach isnota satisfactory way to proceed
(appendix A).

2. RegardT as a parameter to be determined first by some means, thus defining
the Planck functionL(λ;T ) within the modelFn(λ;T,a). Then, determine
the polynomial factorGn(λ;a), again for successively increasing polyno-
mial ordern, until the data is (hopefully) adequately modelled byFn(λ;T,a).2

1 Any continuous function can be represented arbitrarily closely by a polynomial (of sufficiently
high degree)—Weierstrass’ Theorem. Other empirical functions such as polynomial splines can be
used. A purpose of this work is to examine the extent to which polynomials are appropriate. See
section 5.5 for other empirical functions.

2An advantage of this approach is that determining the polynomial factor this way falls within the
province oflinear regression (i.e., with a model that is linear in its parameters).

www.npl.co.uk/ssfm/download/index.html#cmsc2703 Page 3 of 59



NPL Report CMSC 27/03

The latter approach is adopted. The determination ofa, given T , is covered in
section 2.1. The choice of polynomial order is treated in section 2.2. The associated
model uncertainties are covered in section 2.3. The determination ofT is covered
in section 2.4 and the associated uncertainty in appendix D. Section 2.5 contains
applications to spectral irradiance data.

2.1 Parameters of the Planck-polynomial model

For an estimatêT of T , consider the estimation of the coefficientsa for a given
polynomial of ordern. The model residualεi(a) = Ei − L(λi; T̂ )Gn(λi;a) is
the signed departure of the value of the model atλ = λi from the corresponding
spectral irradiance valueEi. It is indicated as depending ona because, before the
modelling has been undertaken, the dependence isalgebraic. Oncea has been
estimated,numericalvalues for these residuals can be formed.

The weightedresidual atλ = λi is the above residual scaled by the provided
standard uncertainty, viz.,εi(a)/u(Ei). The least-squares (Gauss-Markov) esti-
matea = â is given by solving the problem

min
a

m∑
i=1

(
Ei − L(λi; T̂ )Gn(λi;a)

u(Ei)

)2

. (4)

This formulation is not one of standard polynomial regression because of the pres-
ence of the valuesL(λi; T̂ ). It can, however, be posed as such, and corresponding
software [9] utilised. Let

zi =
Ei

L(λi; T̂ )
, u(zi) =

u(Ei)
L(λi; T̂ )

,

numerical values formed from the provided data and uncertainties. Then expres-
sion (4) can be cast as the minimisation with respect toa of

m∑
i=1

(
zi −Gn(λi;a)

u(zi)

)2

. (5)

Thus, polynomial regression applied to the data(λi, zi), i = 1, . . . ,m, with weights
1/u(zi), i = 1, . . . ,m, delivers the estimateŝa. The model (3), withT = T̂
anda = â, provides a candidate mathematical representation of the spectral char-
acteristic.

For purposes of numerical stability [9], essential here to ensure valid results for
polynomials of arbitrary order,Gn(λ;a) is represented as

Gn(λ;a) =
n∑

j=1

ajTj−1(x), (6)
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whereTj(x) is the Chebyshev polynomial of the first kind of degreej in the
normalised variable

x =
(λ− λmin)− (λmax − λ)

λmax − λmin
. (7)

Here,λmin andλmax are the endpoints of the spectral region over which the model
is to apply. Reasons for the specific form (7) of the linear transformation formula
have been given [8].

2.2 Polynomial order in the Planck-polynomial model

Efficient processes for obtaining least-squares polynomials permit all polynomials
up to a specified maximum order to be determined [9].

Let sn denote the root-mean-square weighted residual corresponding to the ob-
tained Planck-polynomial model of ordern. It is given by

sn =
(

Sn

m− n

)1/2

, (8)

whereSn denotes the minimising value of the sum in expression (5). If the Planck-
polynomial model is generally capable of representing a spectral irradiance data
set, the following behaviour is expected by analogy with the use of “pure” polyno-
mials [9]. Asn is increased through the values1, 2, . . ., the values ofsn tend to
decrease rapidly at first, perhaps erratically, and then to settle down to an essentially
constant value.3

If the uncertaintiesu(Ei) are realistic and the model is valid, the saturation level
is statistically equal to unity. Thus, a simple way of selecting a value forn in this
circumstance is to choose the smallest value for whichsn ≤ 1. Should theu(Ei)
not be realistic, thesn may nevertheless saturate, but to a value different from unity.
If they differ from realistic values by a multiplicative factorκ, say, thesn would
saturate at the valueκ−1.

2.3 Planck-polynomial model uncertainties

For an estimatêT of the colour temperatureT , the estimateŝa of a in the model (3)
and any other quantities that depend onT̂ or â or both have associated uncertain-
ties. Appendix B considers the evaluation of uncertainties associated with

1. The estimateŝa of the polynomial coefficients (for̂T see Appendix D).

3If n were increased further,sn would often start to decrease again, at some order. At this stage
the model would follow the noise in the data, and thus not behave smoothly.
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2. Single or several quantities that depend linearly onT̂ andâ or both.

3. As 2, but with nonlinear dependence.

4. The special and important case of 3 when the derived quantity represents the
model itself at a particular value ofλ.

5. The generalisation of 4 to several values of the model, as required in integra-
tion.

6. The generalisation of 4 to the complete spectral range of concern, thus pro-
viding anduncertainty curvefor the model as a function ofλ.

The function ofλ given byu(Fn(λ; T̂ , â)) constitutes astandard uncertainty curve
for the model. The corresponding expanded uncertainty curve iskpu(Fn(λ; T̂ , â)),
wherekp is the coverage factor corresponding to coverage probabilityp. Thepair
of curves

Fn(λ; T̂ , â)± kpu(Fn(λ; T̂ , â)) (9)

defines anuncertainty swathefor coverage probabilityp for the Planck-polynomial
model.

An important feature of these spectrally dependent uncertainties is that they are
physically meaningful for small wavelengths. The presence of the Planck function
in the standard uncertainty curve and the uncertainty swathe (9) ensures that the
uncertainty tends to zero as the model value tends to zero. Any possibility that
the uncertainty swathe could include negative, infeasible values is avoided. Such a
possibility might arise for a model not based on appropriate asymptotic behaviour.

2.4 Colour temperature definition

The approach of section 2.1 for modelling spectral irradiance data requires a suit-
able value for the colour temperature. Here an operational definition of colour
temperature is given, and an algorithm described for determining the colour tem-
perature of a source in accordance with that definition. The definition is based on
the use of a scaled Planck function, viz., a Planck-polynomial model of order one.

Colour temperature. Given spectral irradiance data(λi, Ei), i = 1, . . . ,m, for
a source, and associated uncertaintiesu(Ei), i = 1, . . . ,m, determine con-
stantsT̂ and â1 such that a scaled Planck functionâ1L(λ; T̂ ) provides the
best approximation to this data, respecting its associated uncertainties, in the
sense of least squares. Thus,T̂ andâ1 are determined to minimise

S =
m∑

i=1

(
Ei − a1L(λi;T )

u(Ei)

)2

.
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The resulting estimatêT is the colour temperature of the source.

This definition holds when theEi are mutually independent. If theEi are mutually
dependent, a generalisation of this definition is to be used. It should be noted
that the calculated value will not necessarily correspond to the actual filament
temperature or to the colour temperature defined from chromaticity coordinates.
However, for the purposes of this model, the temperature value chosen is not
critical.

Appendix C develops a procedure for determiningT̂ (andâ1) in accordance with
this definition. Appendix D provides the standard uncertainty associated withT̂ .

GivenT̂ , the problem of determininĝa1 is identical to that addressed in section 2.1
in the case of a polynomial of ordern = 1.

2.5 Applications to spectral irradiance data sets

The procedure considered in section 2.1 was applied to data sets representing the
spectral irradiance of FEL lamps.4 The colour temperature was first determined
using the procedure in appendix C.

Figure 1 shows for lamp FEL196 the spectral irradiance data and the (scaled)
Planck function (equivalently the Planck-polynomial model of order 1) computed
for this data and the associated uncertainties. This data spans the spectral region
from 250 nm to 2500 nm.

The standard uncertainties associated with the spectral irradiance values for this
lamp were specified as

u(Ei) =
ũ(λi)
100

× Ei,

whereũ(λ) is a fractional standard uncertainty expressed in percentage terms. For
this calculation the pivotal values of̃u(λ) in table 1 were given, together with the
rule that the value at any intermediate point is given by linear interpolation.

λ in nm 250 400 800 1600 2500
ũ(λ) (dimensionless) 0.8 % 0.3 % 0.25 % 0.25 % 1.5 %

Table 1:Pivotal values of̃u(λ), fractional standard uncertainties expressed in percentage
terms, associated with the FEL196 spectral irradiance data. Intermediate values are defined
by linear interpolation.

The Planck function for the spectral irradiance data for this lamp was determined
in accordance with the definition of colour temperature given in section 2.4. The

4Tungsten-halogen lamp standards bearing the ANSI designation of FEL are commonly used as
transfer standards of absolute spectral irradiance from 250 nm to 2500 nm.
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Figure 1: Spectral irradiance data for lamp FEL196 and the (scaled) Planck function
(equivalently the Planck-polynomial model of order 1) computed for this data and the
associated uncertainties. The Planck function was determined in accordance with the
definition of colour temperature given in section 2.4.

colour temperature obtained was 3067.6 K with an associated standard uncertainty
of 0.7 K. The root-mean-square weighted residuals1 (section 2.2) for this model
was 13.5. A value near unity would be obtained for a valid model, i.e., a model that
was close to the data as governed by correctly specified uncertainties (section 2.1).
That s1 considerably exceeds unity implies that a (scaled) Planck function does
not in itself provide an adequate representation. This fact is clear from examining
figure 1, where systematic departures of the Planck function from the data are
apparent.

This aspect is made more evident by a graph (figure 2) of the weighted residuals
for this Planck function, viz., the values of

Ei − â1L(λi; T̂ )
u(Ei)

, i = 1, . . . ,m.

Figure 3 shows the corresponding unweighted residualsEi − â1L(λi; T̂ ). The
distribution of the unweighted residuals can be interpreted as a spectral character-
isation of the departure of the lamp from black-body behaviour—a representation
of its emissivity function. The largest unweighted residual (in magnitude) is 4 %
of the peak height of the data. That this value is an order of magnitude larger than
the uncertainties associated with the bulk of the data (table 1) indicates the need to
incorporate a correction to the Planck function in order to provide a valid model.
Accordingly, the method described in section 2.1 was used to provide a sequence of
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Figure 2: The weighted residuals(Ei − â1L(λi; T̂ ))/u(Ei) for the Planck function of
figure 1. Their units are dimensionless.

candidate Planck-polynomial models of successively increasing ordern = 1, 2, . . .
for lamp FEL196. As in that section, the root-mean-square weighted residualsn

as a function ofn was used as a measure of the quality of the polynomial. Table 2
and figure 4 show these values ofsn for n = 1, . . . , 20.5

Polynomial ordern 1 2 3 4 5 6 7 8 9 10
RMS wt. residualsn 13.5 12.0 8.6 5.7 3.9 3.0 2.3 1.6 1.2 1.0
Polynomial ordern 11 12 13 14 15 16 17 18 19 20

RMS wt. residualsn 0.9 0.9 0.9 1.0 1.0 1.0 1.0 0.9 0.9 0.8

Table 2: The root-mean-square (RMS) weighted residualsn (non-dimensional) for the
Planck-polynomial model as a function of polynomial ordern for lamp FEL196.

A Planck-polynomial model of ordern = 10 provides a satisfactory representation,
not only because it is the lowest order at which the root-mean-square weighted
residuals saturate for practical purposes (although there are minor improvements
for higher orders), but because the value of unity (cf. section 2.2) is attained for
that order.

Figure 5 shows the Planck-polynomial model forn = 10. Visually, the model
provides a valid model for the data, exhibiting no spurious behaviour.

Figure 6 shows the weighted residuals for the Planck-polynomial model of or-
dern = 10. Compare with figure 2 forn = 1, taking into account the different ver-

5The value ofs1 = 13.5 was mentioned above in that it corresponds to the value of this quantity
in the determination of colour temperature. This value is the highest point shown in figure 4.
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Figure 3:The unweighted residualsEi − â1L(λi; T̂ ) for the Planck function of figure 1.

Figure 4:The root-mean-square weighted residualsn of the Planck-polynomial model as
a function of polynomial ordern for lamp FEL196.
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Figure 5:The Planck-polynomial model for ordern = 10 for lamp FEL196.

tical scales. Systematic behaviour in the weighted residuals is apparent in the form
of banks of positive and negative residuals, and an extreme value atλ = 270 nm.
Sufficiently higher orders of polynomials do not contain such banks of residuals
(although the root-mean-square weighted residual is not significantly smaller), but
the extreme residual persists.

Figure 7 shows the model (unweighted) residualsEi − L(λi, T̂ )Gn(λi; â) (sec-
tion 2.1). The largest unweighted residual (in magnitude) is 0.3 % of the peak
height of the data. This value is an order of magnitude smaller than that (4 %)
for the Planck-polynomial model of order 1, and is comparable to the standard
uncertainties associated with the bulk of the data (table 1). This figure also shows a
95 % uncertainty swathe for the model, calculated in accordance with the treatment
in section 2.3. This swathe is shown on this residual plot rather than in figure 5 for
the model itself, because it would be too narrow to be seen clearly in the latter.

The 95 % uncertainty swathe has the following interpretation. Suppose that the
spectral irradiance data set considered is just one realisation of many possible data
sets (each with generally different random effects) that could have been measured
for lamp FEL196. Suppose further that for each of these data sets a Planck-
polynomial model of the same order (n = 10) was obtained. Consider a figure
depicting all the model curves so obtained. At each wavelength within the spectral
region considered it would be expected that 95 % of the values of the curves at that
point would lie within the uncertainty swathe.6

6This discussion constitutes afrequentistinterpretation. An interpretation in terms ofre-sampling
is as follows. For each valuei = 1, . . . , m, consider the data valueEi to be the best
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Figure 6:The weighted residuals for the Planck-polynomial model of ordern = 10 shown
in figure 5.

Figure 7:The unweighted residualsEi−L(λi, T̂ )Gn(λi; â)) (section 2.1) for the Planck-
polynomial model of ordern = 10 shown in figure 5, and a 95 % uncertainty swathe
(section 2.3) for the model.
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2.5.1 Further uncertainty considerations

Further analysis is possible relating to the degree of consistency of the model and
the data (section 5.6). It is based on “local” analysis of the wavelength depen-
dence of estimates of the errors in the spectral irradiance data in order to infer the
uncertainties associated with the data.

3 Spectral response from an indicated voltage character-
istic

The analysis in section 2 applies under the assumption that the measured spectral
irradiance valuesEi arepoint values, i.e., values at single wavelengths. In fact,
each such value is obtained indirectly, and involves a form of averaging over a
wavelength interval containing that of concern, as well as being influenced by other
instrumental effects. Some background to these effects, for themonochromator
slit function, is given in appendix E. This section considers how this aspect can be
taken into account.

Spectral irradianceE(λ) is anenergy densitythat quantifies the output of a source
(lamp) throughout the spectrum. The energy emitted over a range of wavelengths
is the integral ofE(λ) over that range. A test source is calibrated by comparison
with a reference source. LetEref(λ) denote the known spectral irradiance of
the reference source andE(λ) the required spectral irradiance of the test source.
Let R(λ) denote the unknown responsivity of the system. LetS(λ0, λ) denote
the known spectral characteristic of the monochromator slit function when used at
λ = λ0.

Let Ṽref(λ) denote theindicatedvoltage characteristic for the reference source
and Ṽ (λ) that for the test source. These characteristics are related to the above
quantities by the expressions

Ṽ (λ) =
∫ ∞

0
E(`)R(`)S(λ, `)d` (10)

and
Ṽref(λ) =

∫ ∞

0
Eref(`)R(`)S(λ, `)d`. (11)

(available) estimate of the spectral irradiance of the source atλ = λi. Assign the Gaussian
distributionN(Ei, u

2(Ei)) to this spectral irradiance. Carry out a large numberM of re-sampling
(Monte Carlo) trials. Therth such trial consists of simulating a complete spectral irradiance data set
by generating a point from each of thesem Gaussian distributions, associating theith point withλi.
Model this data set for the chosen polynomial ordern in the way described. For eachλ = λi there
will be M corresponding values of the model, one for each trial. The 2.5– and 97.5–percentiles
of theseM values would approximate the corresponding lower and upper values of the uncertainty
swathe. This form of re-sampling is in fact recommended in the forthcoming guide [17] to the GUM
concerned with ageneralnumerical approach to uncertainty evaluation.
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Equations (10) and (11) constitute a pair of coupled integral equations in the re-
quired functionE(λ) and the unknown functionR(λ). The other functions in
equations (10) and (11) are known, typically by measurement.

Suppose the slit functionS(λ0, λ) has support (i.e., is nonzero only over the in-
terval) [λ0 − ∆λ(λ0), λ0 + ∆λ(λ0)], and is normalised to have unit area. Here,
the semi-width∆λ of the slit function is shown as depending on the mid-pointλ0,
because the width of the monochromator slits and the line spacing of the gratings
will usually change from one spectral region to another, altering the slit function
between regions. The dependence is not henceforth indicated explicitly.7

The integrals (10) and (11) become

Ṽ (λ) =
∫ λ+∆λ

λ−∆λ
E(`)R(`)S(λ, `)d` (12)

and

Ṽref(λ) =
∫ λ+∆λ

λ−∆λ
Eref(`)R(`)S(λ, `)d`. (13)

These equations are to be solved forE(λ) (andR(λ)), thereby calibrating the test
source through determining its spectral irradiance.

Since equation (13) contains just one unknown function, viz.,R(λ), it could be
solved for that function. The substitution ofR(λ) so obtained into equation (12)
would yield an equation that could be solved forE(λ), the required spectral irradi-
ance. This approach is not desirable, since it does not enable full advantage to be
taken of the properties of the slit function.

To proceed, therefore, let
V (λ) = E(λ)R(λ) (14)

and
Vref(λ) = Eref(λ)R(λ). (15)

V (λ) andV (λref) are the voltage characteristics that would be obtained for a slit
function with zero bandwidth (see the analysis in appendix G).

Equations (12) and (13) can then be expressed as

Ṽ (λ) =
∫ λ+∆λ

λ−∆λ
V (`)S(λ, `)d`. (16)

and

Ṽref(λ) =
∫ λ+∆λ

λ−∆λ
Vref(`)S(λ, `)d`. (17)

7Slits with asymmetric characteristics are possible. Their analysis is more complicated and is not
considered here.
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It is expected, certainly for small∆λ, that V (λ) will be “comparable” toṼ (λ)
since the area underS is unity and the support ofS is “small” (and similarly for
the reference quantities). Each of equations (16) and (17) is aFredholm integral
equationof the first kind [20, p154].

The solution of such equations is generally notoriously difficult (appendix F).
Appendix G shows, however, that whenS (the “kernel function” in the integral
equation literature) is a rectangle or a symmetric triangle, the solution can be found
readily in a stable manner. The solution requires information that can be provided
by a mathematical model of the voltage response data and obtained in the same
manner as that for spectral irradiance in section 2.

The solution of equation (16) yieldsV (λ) and that of (17)Vref(λ). Then from
expressions (14) and (15) the required spectral irradiance is

E(λ) =
V (λ)

Vref(λ)
Eref(λ). (18)

If required, the system responsivity is obtained from expression (15):

R(λ) = Vref(λ)/Eref(λ).

3.1 Relationship to and extension of current practice

It was noted above that the indicated voltage responseṼ (λ) can be expected to be
comparable toV (λ), and similarly forṼref(λ), in which case expression (18) gives
the approximation

E(λ) ≈ Ṽ (λ)
Ṽref(λ)

Eref(λ). (19)

This expression is used frequently in practice, and is typically applied pointwise,
viz., at a measured wavelength valueλi:

E(λi) ≈
Ṽ (λi)

Ṽref(λi)
Eref(λi).

From the results of appendix G, an approximation to expression (18) that is bet-
ter than formula (19) for a triangular slit function can be obtained. The use of
formula (48) in appendix G and its counterpart forVref(λ) in expression (18) gives

E(λ) =

[
Ṽ (λ)− (∆λ)2Ṽ ′′(λ)/12 + (∆λ)4Ṽ iv(λ)/240− . . .

Ṽref(λ)− (∆λ)2Ṽ ′′
ref(λ)/12 + (∆λ)4Ṽ iv

ref(λ)/240− . . .

]
Eref(λ).

(20)
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The truncation of the series expansions in expression (20) after the terms involv-
ing (∆λ)2 yields8

E(λ) ≈
[

Ṽ (λ)− (∆λ)2Ṽ ′′(λ)/12
Ṽref(λ)− (∆λ)2Ṽ ′′

ref(λ)/12

]
Eref(λ). (21)

The higher-order terms so deleted can often be expected to be negligible in practice.
(This expectation can be tested: see points 2 and 3 below.)

The following points can be made regarding the use of the commonly used for-
mula (19), the better approximation (21) and the “exact” expression (20):

1. The application of expression (20) requires derivatives ofṼ (λ) in addition
to justṼ (λ), as commonly used. If̃V (λ) has been modelled mathematically,
as the spectral irradiance was modelled in section 2.1, these derivatives will
be available by differentiating the model.

2. A valuable use of these derivatives would be to test the validity of the for-
mula (19) commonly used. A simple way to carry out this test is to compare
the values atλ = λi, i = 1, . . . ,m, of the better approximation (21) with
those of expression (19). If for alli the differences in these values are
negligible compared with the standard uncertaintyu(Ei), the commonly
used expression (19) can be regarded as adequate. In other words, the effect
of the slit function can be ignored. If this is not the case, the expression (21)
can be used instead.

3. If the differences betweenE(λi) formed from expressions (19) and (21) are
not negligible, consideration should be given to the use of expression (20)
with several terms of higher order.

4. Expression (21) can in principle be applied pointwise, i.e., at the measured
wavelengthsλi, using either the data values or the model values in the right-
hand side. If data values are used, the resulting value ofE(λi) will be more
influenced by the effects of the measurement uncertainties than if model
values were used. The use of model values ofE(λ) is also more general
in that they apply for all wavelengths within the spectral region considered,
rather than just at the wavelengths at which measurements were taken.

5. A finite-difference approximation [15, p126et seq] for Ṽ ′′(λ) is

Ṽ ′′(λ) ≈ Ṽ (λ−∆λ)− 2Ṽ (λ) + Ṽ (λ + ∆λ)
(∆λ)2

,

8A similar result applies for a rectangular slit function. The only change to expression (21) is that
both occurrences of the factor 12 are replaced by 6.
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which can be used in expression (21) to yield

E(λ) ≈
[

Ṽ (λ)− 1
14 Ṽ (λ−∆λ)− 1

14 Ṽ (λ + ∆λ)

Ṽref(λ)− 1
14 Ṽref(λ−∆λ)− 1

14 Ṽref(λ + ∆λ)

]
Eref(λ). (22)

If the uncertainties associated with the indicated valuesṼ (λi) are sufficiently
small, the use of expression (22) atλ = λi provides a simple means of
obtaining corrected values. It would generally be preferable, however, to
use values determined from a model of the data in expression (22) or (20).
Moreover, the use of expression (22) atλ = λi presents some complication
at the boundaries of regions where monochromators with different slit widths
are used.

6. In terms of instrument development, if a slit of sufficiently small semi-
width ∆λ could be designed such that the terms involving(∆λ)2 in ex-
pression (21) are negligible throughout the relevant wavelength range for all
spectral irradiance characteristics of concern, the bandwidth effects of the
slit function can be ignored.

7. To the same order of approximation as in expression (21),

E(λ) ≈ Ṽ (λ)
Ṽref(λ)

(
1− (∆λ)2(Ṽ ′′(λ)− Ṽ ′′

ref(λ))/12
)

Eref(λ). (23)

So, if Ṽ ′′(λ) and Ṽ ′′
ref(λ) are “sufficiently similar”, which would follow

from Ṽ (λ) andṼref(λ) being such, the commonly-used approximation (19)
can be expected to be good. This is usually the case when calibrating a
tungsten lamp using a similar reference lamp or a black body source oper-
ating at a similar temperature. However the use of expression (21) should
be considered if the two sources have significantly different spectral shapes.
Such differences can be due to the sources having considerably different
colour temperatures, or because one lamp has a strongly varying spectral
profile, for example that of an LED or discharge lamp, or that containing a
dip caused by a change in the reflectance of a dichroic lamp.

8. Even where the two sources are the same, there will be some error introduced
in the above approximation. Usually the wavelengthλi of the individual
point is assumed to be the central wavelength of the slit function. In fact,
the wavelength should be calculated from the slit function weighted by the
lamp output. For example, if the spectral irradiance of both sources increase
with wavelength, the effective wavelength will be slightly displaced to longer
wavelengths. An enhanced version of the approaches discussed would be
required to account for this effect.

9. The detector spectral response data modelled in section 4 originates from
laser-based calibration of filter radiometers. In that particular case the ef-
fects described here are not important, since the bandwidth of the laser
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is negligibly small. However, detectors are also often calibrated using a
broadband source with a monochromator. In this case the results described
in this section are relevant. The detector is calibrated by direct comparison
with a reference detector. The signal measured in each detector is given by
equations comparable to equations (10) and (11):

V (λ) =
∫ ∞

0
R(`)K(`)S(λ, `)d`, Vref(λ) =

∫ ∞

0
Rref(`)K(`)S(λ, `)d`,

whereR(λ) andRref(λ) are the responsivity functions of the test and ref-
erence detectors,K(λ) is the radiance of the source used to transfer the
calibration andS(λ0, λ) is the slit function of the monochromator. Filter
radiometers are typically calibrated against trap detectors. If the filter ra-
diometer has a narrow bandwidth, and sharp cut-on and cut-off, the width
of the monochromator slit function could be of the same order as the filter
radiometer bandwidth. Since trap detector responsivities are only slowly
varying with wavelength, the reference detector may be considered spec-
trally flat over the region of interest. In this case significant errors would be
introduced by using the straightforward approximation.

4 Modelling of detector response data

For detectors there would appear to be little physical basis on which to build a
suitable model. The spectral characteristic typically seems to decay exponentially
at its extremes, although the tail behaviours are not generally mirror images of each
other. Therefore a model is investigated that has the potential to reproduce some of
the properties of detector response that are observed in practice.

Denote the spectral response data by(λi, yi), i = 1, . . . ,m, and the standard
uncertainties associated with theyi by u(yi), i = 1, . . . ,m. As with the spec-
tral irradiance data (section 2), any uncertainty associated with theλi is taken as
negligible, and theyi are taken as mutually independent.

4.1 Parameters of the exponential-polynomial model

For an initial family of models of a detector, the function

Fn(λ;a) = exp(Gn(λ;a)), (24)

whereGn(λ;a) is a polynomial of ordern in λ, as in section 2.1, is used. The
motivation for this choice is as follows. Letn denote the order (degree + 1)
of Gn(λ;a). The functionF3 is the exponential of a quadratic polynomial inλ. If
the coefficient of the quadratic term in this polynomial is negative, the resultingF3
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is another way of expressing a (scaled) Gaussian curve inλ, the familiar symmetric
bell-shaped function. Thus, whenn = 3, F includes a Gaussian curve as a
particular case. For larger values ofn, Fn can behave asymmetrically.Fn can
also exhibit various degrees of kurtosis. It can even have two or more distinct or
overlapping peaks. Thus, in principle, this class of functions has the potential to
be considered for modelling detector data. A member of this class is termed an
exponential-polynomial model.

Since the natural logarithm of the model (24) is the polynomialGn(λ;a), mod-
elling the natural logarithms of the data values byGn(λ;a) would provide a pos-
sible approach. However, such an approach distorts the uncertainty structure of
the data. Consider a measured data valuey that differs from the actual valuey∗,
say, by an additive amountδy, i.e., y = y∗ + δy. Taking logarithms of the data
would involve forming quantities typified bylog y = log(y∗ + δy). Thus, the
additive amountδy enters the transformed data in a nonlinear manner, and deal-
ing with this information inappropriately could have a deleterious effect on the
solution obtained. Certainly, the evaluation of the resulting uncertainties would be
compromised.

It is well recognised [7] that such problems can be handled in a more valid manner.
Two approaches are considered here and one recommended following a discussion
of their merits.

First, similarly to the treatment in section 2.1, the correct statement of the mod-
elling problem is to minimise, with respect to then coefficientsa of Gn(λ;a), the
weighted residual sum of squares

Sn =
m∑

i=1

(
ei

u(yi)

)2

, (25)

where

ei = yi − exp(Gn(λi;a)). (26)

This is a nonlinear least-squares problem in the coefficientsa and in principle can
be solved using recognised algorithms [14]. In fact, it is a rather special such
problem, having particular structure because of the manner in whicha enters. An
algorithm can be designed that accounts for this structure. Candidate solutions
would be obtained for a succession of increasing values ofn, one of these solutions
being selected (section 4.2).

A second approach is based on taking logarithms as indicated above, but compen-
sating, at least partially, for the indicated effect of doing so. Form the transformed
ordinateszi = log yi and the transformed uncertaintiesu(zi) = u(yi)/yi.9 Model
the data(λi, zi) with associated uncertaintiesu(zi), i = 1, . . . ,m, by polynomi-

9See point 1 below for the exceptional caseyi ≤ 0.
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alsGn(λ;a) of successively increasing ordern. The solution to this problem better
approximates that of the original problem.

The justification is as follows. The problem solved can be expressed as the min-
imisation with respect toa of the weighted residual sum of squares

S̃n =
m∑

i=1

(
di

u(zi)

)2

, (27)

where
di = zi −Gn(λi;a).

For the problems of minimisingSn and minimisingS̃n to be equivalent,u(zi) must
be chosen such that

di

u(zi)
=

ei

u(yi)
,

i.e.,

u(zi) =
di

ei
× u(yi) =

log yi −Gn(λi;a)
yi − exp(Gn(λi;a))

× u(yi).

The right-hand side involvesGn(λ;a), which depends ona, the polynomial coef-
ficients. However, the application of de l’Hôpital’s rule, assuming the residuals are
small, gives

u(zi) ≈
1/yi

1
× u(yi) =

u(yi)
yi

. (28)

Thus, by using fractional rather than absolute uncertainties, alinear problem can
be solved fora.

Further points are:

1. If anyyi ≤ 0 exclude it from the analysis.10 Such a value should only arise
as a consequence of uncertainty of measurement.

2. Some detector data has complicated behaviour, implying that a high order of
polynomial might be required.

3. As n increases and the residuals generally become smaller, the solution
obtained becomes closer to that of the nonlinear least-squares problem.

Practical experience in other areas in working with polynomial models that consti-
tute transformations of models such as function (24) is that a polynomial order that
is sometimes one or rarely two greater may be required compared with working
with nonlinear models. However, greater simplicity results from working with a
family of models.

10A negative value could possibly arise depending on the nature of the instrumentation; a “perfect”
instrument would provide a non-negative value. If such values are taken as zero, the corresponding
weights (the relevant values ofu−1(zi)—see expression (28)) would be zero, and thus haveno
influenceon the modelling.
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4.2 Polynomial order in the exponential-polynomial model

The determination of an appropriate order of polynomial follows closely the treat-
ment for spectral irradiance modelling (section 2.2). The differences are that each
successive polynomial determined relates to the minimisation ofS̃n in expres-
sion (27) for a specific polynomial of ordern rather than that of expression (25).
However, the actual least-squares problem is solved only approximately (although
accurately for small residualsdi—point 3 above). Hence, theactual root-mean-
square residuals should be calculated from formula (25), withei given by for-
mula (26) evaluated ata = â.

4.3 Exponential-polynomial model uncertainties

In section 2.3 (and appendix B) the uncertainties associated with modelling data
by a pure polynomial modelGn(λ; â) were given. These uncertainties took the
form of an uncertainty matrixVâ. Formula (35) was stated, which expressedVâ

in terms of the uncertainty matrixVE for the data. The covariance matrix for
the Planck-polynomial model was then given by modifying the Jacobian matrix
occurring in expression (35) to account for the presence of the Planck function as
a multiplicative factor.

For the detector model, rather than the product of a Planck function and a poly-
nomial, the exponential of a polynomial (24) is used. The resulting problem was
shown to be identical, to first order, to that of working with a pure polynomial
model, but applied to the logarithms of the data, and with data uncertainties equal
to u(yi)/yi rather thanu(yi). The modification that needs to be made is therefore
straightforward.

The most important quantity is the standard uncertaintyu(Fn(λ; â)) associated
with the valueFn(λ; â) of the exponential-polynomial model atλ. Application of
the law of propagation of uncertainty to function (24) gives

u(Fn(λ; â)) = Fn(λ; â)u((Gn(λ; â)).

Thus, the standard uncertainty associated with the value of the exponential-polynomial
model is readily evaluated as the product of that value and the standard uncertainty
of the polynomial part of that model. The latter is delivered by the polynomial
modelling algorithm, as considered for source modelling in section 2.1. An ex-
panded uncertainty and hence a coverage interval corresponding to, say, a 95 %
coverage probability then follows as before.
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4.4 Applications to detector response data

The procedure considered in section 4.1 was applied to data sets representing
detector response. The data uncertainties were taken initially asu(yi) = 0.01yi,
i.e., corresponding to a relative uncertainty of 1 %, although a cut-off value equal
to the smallest datay-value was then applied. Thus, the values

u(yi) = max
(
0.01yi,min

r
yr

)
, i = 1, . . . ,m,

were used.

One detector response data set, identified as DTCT710A, is shown in figure 8.
The function represented by the data appears as an asymmetric peak, but exhibits
some Gaussian-like behaviour. An exponential-polynomial model, for an appro-
priate order of polynomial, might therefore be expected to provide an acceptable
representation.

Figure 8:Spectral response data for detector DTCT710A.

In accordance with the approach considered in section 4.1, models having polyno-
mial orders from one to 45 were constructed for the DTCT710A data. The number
of data points is 51, so order 45 is close to the maximum possible for such a model.
The resulting root-mean-square weighted residuals are shown in figure 9. This
figure is shown on a log scale, because the root-mean-square weighted residual
decreases by nine orders of magnitude over these polynomial orders. Only at a
polynomial order of approximately 40 have the root-mean-square weighted resid-
uals shown a sign of saturating, to a value of 1.4 (compared with the statistically
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expected value of unity).11

Figure 9:The root-mean-square weighted residual of the exponential-polynomial model
as a function of polynomial order for detector DTCT710A. This figure is shown with the
response variable on a log scale, because the values of the root-mean-square weighted
residuals vary by nine orders of magnitude.

The exponential-polynomial model of order 40 is totally unacceptable, oscillating
wildly between the data points. The reasons for such behaviour are well recognised
for pure polynomial models [16]. The conclusion is that the model is inadequate
for this type of data (orvice versa), at least to obtain a solution that is consistent
with the data uncertainties.

In order to demonstrate further that a polynomial of reasonably high order (within
the class of exponential-polynomial models) is necessary, figures 10 and 11 show
the model corresponding to polynomial order 10. The first of these figures depicts
the model polynomial of order 10 for the logged data and the second the corre-
sponding exponential-polynomial model. The model has evident deficiencies in
the neighbourhood of the peak. Moreover, the root-mean-square weighted residual
for this order is 40, a very high value.

Figure 12 shows the unweighted residualsyi−F (λ; â) for the exponential-polynomial
model of order 10. The figure also shows the uncertainty swathe for the model.
Because they correspond only to large negative values of the logged data, the
polynomial model inadequacies in figure 10 for wavelengths less than 645 nm

11The root-mean-square weighted residual in fact “stabilises locally” for several ranges of lower
polynomial order, to improve thereafter. The dangers of terminating the modelling at too low a
polynomial order are apparent.
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Figure 10:The polynomial model of order 10 for the logged data for detector DTCT710A.

Figure 11:The exponential-polynomial model of order 10 for detector DTCT710A.
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and greater than 830 nm are totally negligible for the corresponding exponential-
polynomial model. Compare the unweighted residuals for this model in figure 12.

Figure 12:The unweighted residualsyi − F (λ; â) for the exponential-polynomial model
of order 10 for detector DTCT710A.

The exponential-polynomial model of order 20 (figure 13) is a considerable im-
provement over that for order 10, particularly in its ability to represent the peak.
The root-mean-square weighted residual for this order is 3.1. The corresponding
polynomial model for the logged data (figure 14) demonstrates clearly spurious
behaviour near one end of the spectral range. This effect is not noticeable in
figure 13 as a consequence of the exponentiation as explained above.

An instance of data that is even more difficult to model is shown in figure 15. It
represents the measured response of detector 800W10HB.

If polynomials prove to be ineffective (for some data sets), a polynomial spline
function could be used in place of the polynomial in the Planck-polynomial model
for sources, i.e., a Planck-spline would be used. Similarly, an exponential-spline
model could be used for detectors. Polynomial splines have already proved to
be invaluable in a range of metrology applications [9]. Splines, however, are more
difficult to use because a choice of knots (here the values ofλ where adjacent poly-
nomial pieces join) has to be made. A discussion of the considerations involved is
available [12]. An illustration of the capability of an exponential-spline model to
represent the detector data of figure 15 is given in figure 16. A polynomial spline
of order four with 100 uniformly-spaced knots was used. Although there are many
data points (some 450 in all), exponential-polynomial models are far less suitable
for this data than the exponential-spline model shown.
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Figure 13:The exponential-polynomial model of order 20 for detector DTCT710A.

Figure 14:The polynomial model of order 20 for the logged data for detector DTCT710A.
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Figure 15:Response data for detector 800W10HB.

Figure 16:Exponential-spline model of order four and 100 uniformly spaced knots for
the response data for detector 800W10HB.
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5 Future developments

This work has developed models for the spectral irradiance of a source or the
spectral responsivity of a detector. The models constitute curves that provide
smooth representations of the measurement data and are defined throughout the
spectral region considered. In addition, the models provide associated uncertainties
throughout this region. The models can treat measurements taken with monochro-
mators because they are able to account for the slit functions of these instruments.
Two types of slit function—rectangular and triangular—were addressed.

It is commonly required to interpolate data between the measured points, either
to allow comparison with another source measured at different wavelengths, or to
compare an older measurement at one set of wavelengths with a newer measure-
ment at another. It may be necessary to use the source at wavelengths other than
those at which it was calibrated. The models should be useful in their current form
for this work. They have limitations, however.

This section discusses potential uses of the models beyond the above considera-
tions. Also, the models can be improved to eliminate or at least reduce some of the
limitations and extend their applicability. Sections 5.1–5.6 discuss improvements
to the models and sections 5.7–5.11 potential uses.

5.1 Use of the raw data

The data originally supplied by NPL’s Optical Radiation Metrology Group was the
calculated lamp irradiance and filter radiometer responsivity data. This data had
been treated using the method discussed in section 3.1 and equation (18), from a
comparison between a test and a reference source or detector.

However, the discussion in section 3.1 has shown the need to take the raw measured
voltage data into account, since differences between the test and reference source
need to be understood, along with the spectral variation of the system responsivity
over the wavelength range of the slit function.

A more advanced model would work directly with the raw data, rather than the cal-
culated spectral irradiance or responsivity. The basic tools for this more advanced
model were indicated in section 3.

5.2 Arbitrary slit functions and wavelength uncertainty

It has been assumed that the measurements are made either at a precisely known
wavelength, i.e., of negligible bandwidth (laser-based calibration of detectors),
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or with a monochromator having a triangular slit function centred on a precisely
known wavelength.

The examples considered did not depend strongly on this assumption. The detec-
tors were filter radiometers calibrated using a laser-based source. The sources were
calibrated with the NPL Spectral Radiance and Irradiance Primary Scales (SRIPS)
facility, where a quality monochromator ensures that the wavelength uncertainty is
negligible.

However, to extend the range of measurements to which the methods considered
can be applied, it will be necessary to consider the use of a monochromator having
a slit function that is not perfectly triangular and a central wavelength that is impre-
cisely known. These two effects can be considered as contributors to uncertainty
and need to be treated together because the integrated nature of the measurements,
as described by expressions (10) and (11) will affect both of them. The effect
of an imprecisely known wavelength is greater in regions where there are sharp
features in the responsivity of the system, for example, sudden changes in grating
reflectance, and when the two sources behave differently with wavelength.

A further extension is the use of a continuous scan monochromator. Instead of tak-
ing measurements as above, the monochromator grating is slowly but continuously
turned and measurements are taken by integrating over a time period effectively
to select a certain range of wavelengths in each period. Such monochromators are
commonly used for sources with sharp spectral features (a fluorescent lamp is such
a source) to resolve fully the peaks and account for them. However, the slit function
here is a mixture of the real slit function of the monochromator and the scanning. It
will therefore have a complex shape. Sources with sharply varying spectral peaks
are most influenced by a slit function, especially as they are calibrated with respect
to a smoothly varying tungsten or black body source.

5.3 Random and systematic effects

The approaches considered have assumed that the measurements at the various
wavelength values are mutually independent. This is a reasonable assumption for a
range of sources and detectors. However, for cases in which there are appreciable
systematic effects, the use of these approaches would be expected to provide uncer-
tainties associated with the model of the characteristic that are optimistically small.
Further work is needed to model source and detector responses in the presence of
both random and systematic effects. The consequence of the latter would be to
introduce correlation effects, account of which would need to be taken in order to
generate valid results.
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5.4 Discontinuities in indicated spectral characteristics

It is sometimes impossible to make “absolute” measurements in all, or even any,
spectral regions using a particular measurement facility. In this case relative mea-
surements are made. As a consequence, the spectral shape of the irradiance or
responsivity will be correct, but the entire curve will need to be scaled by a constant
to calculate the absolute irradiance or responsivity.

Further, for a large range of wavelengths, measurements will typically be made
differently in each of a number of overlapping spectral regions. If relative mea-
surements are made in some or all of the regions, there may be artificial “jumps”
between regions because of the different scaling factors involved. If at least one re-
gion contains absolute measurements, it should be possible to match other spectral
regions to them in order to model the characteristic overall. If none of the regions
contains absolute measurements, the relative overall shape could be achieved by
matching to any of the spectral regions, with the absolute measurement provided
subsequently, using a different technique such as that indicated in section 5.8.

Future work could cover these effects. One approach would be to consider a model
that contained additional parameters to represent the jumps. Each spectral region
that had been measured in a relative manner would have an associated unknown
multiplicative constant. If those constants could have been applied to the data prior
to modelling it, the resulting representation would be expected to be smooth as
required.

These parameters can be estimated by including them within the model, and de-
termining them as part of the least-squares procedure. The basic concept has
previously been applied in a different context as part of a model consisting of a
(pure) polynomial with a number of additive discontinuities [2].

5.5 Model generalisation and experimental design

Although this work has demonstrated the ability of Planck-polynomial models
to represent source characteristics and exponential-polynomial and exponential-
spline models to represent detector characteristics, it is necessary to gain further
experience with the use of these models. It would be important as part of future
work to apply the modelling procedures discussed to a wider range of source
and detector characteristics in order to determine the extent of their applicability.
Almost inevitably there will be classes of sources and detectors requiring models
with differing features. It would be necessary to adapt or provide variants of the
models to cater for these features. A valuable outcome would be a classification of
the main types of source and detector characteristics and the corresponding model
types, with recommendations on the respective modelling procedures to be applied.
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There are advantages in maximising the use of Planck-polynomial models for rep-
resenting source characteristics and exponential-polynomial models and exponential-
spline models for detector characteristics. So, it is appropriate to understand the
nature of the occasional ineffectiveness of such polynomial-based models. The
commonest instance where an unacceptable solution might be obtained is when
an order of polynomial is required to model the characteristic that is too high
for the data available to define it adequately. It is recognised [16] that unless
the data spacing is sufficiently small (here with respect toλ), especially near the
endpoints of the (spectral) range, the model might exhibit undesirable oscillations
for polynomials of higher order.

Figure 17 exemplifies this phenomenon. It shows the Planck-polynomial model
of order 20 for the FEL196 data. In the region 2400–2500 nm the model has an
unacceptable trough, with a consequential damped oscillation for wavelengths less
than 2400 nm.

Figure 17:The Planck-polynomial model of order 20 for the FEL196 data.

Were additional measurements taken and used in the modelling this phenomenon
would be avoided. To demonstrate this aspect anartificial data point was con-
structed atλ = 2450 nm, simply by linear interpolation between the values ofEi

at λ = 2400 nm and 2500 nm. The uncertainty associated with this point was as-
signed in the same manner as in section 2.5, using table 1. The Planck-polynomial
model of order 20 for the FEL196 data augmented in this manner is shown in
figure 18.

In fact, models of all orders up to 20 were constructed for this augmented data. The
root-mean-square weighted residuals agreed in all cases to within 0.1 Wm−2nm−1
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Figure 18:The Planck-polynomial model of order 20 for the FEL196 data augmented by
an artificial measurement atλ = 2450 nm.

of those in table 2 for the original data.

Although a model of order 20 was unnecessary for the FEL196 data, a model of
such an order or a higher order might be required for some sources.

The above considerations indicate that the use of carefully chosen additional mea-
surements could be beneficial in obtaining valid models of spectral characteristics.
Although taking more measurements increases the expense, consideration could
also be given to a reduction in the number of measurements in spectral regions
where the data is not critical to the modelling. One such region is 250–400 nm,
where the measurements have a spacing of 10 nm (compared with that of 100 nm
at the right-hand end of the spectral range). (The fine spacing might of course be
important for other purposes.)

For “pure” polynomial modelling, i.e., modelling data having equal uncertainties,
an ideal set of wavelengths would be given by the “Chebyshev points” [6]. These
points are uniformly spaced, not in wavelength, but in a transformed variable. A
set ofN Chebyshev points in a variablex covering the interval[−1, 1] is given by

xk = cos π(k − 1)/(N − 1), k = 1, . . . , N.

Thus, these points are uniformly spaced in a variableθ in the interval[0, π]. See
figure 19.

The corresponding wavelength valuesλk are given by linearly transforming the
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Figure 19:The Chebyshev points for orderN = 10. N points are uniformly spaced on
a unit semi-circle defined for polar angles between zero andπ. The Chebyshev points are
given by projecting these points onto a horizontal axis.

valuesxk in the variablex to the variableλ, according to

λk =
λmin

2
(1− xk) +

λmax

2
(1 + xk),

where[λmin, λmax] denotes the spectral region of concern. The use of a value ofN
at least as large as the highest order of polynomial used, and such that spectral
values measured at these values ofλk represent adequately the response, can be
expected to give an acceptable polynomial model for some ordern less thanN .
The use of Chebyshev points for practical polynomial curve fitting has previously
been emphasised [16].

A good strategy would be to take measurements atN Chebyshev points (whereN
is sufficient as above), supplementing these values by measurements taken in crit-
ical regions, e.g., to define adequately a peak. It may only be necessary to take
measurements in the usual way and supplement them by measurements at the first
few and last few of theseN Chebyshev points.

Even if actual measurements at the Chebyshev points could not be obtained, ar-
tificial data could be used as mentioned above. One way to generate artificial
points is to evaluate at these points an approximant or interpolant for the data.
An approximant might be based, for example, on the use of local polynomials
(section 5.6). An interpolant could be defined by the piecewise linear function
joining the (ordered) data points. The use of artificial points, although decidedly
inferior to the use of actual measurements, can help to enforce acceptable model
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behaviour.

The use of additional artificial data at the so-called “Chebyshev points” to improve
the quality of polynomial models has been applied in this work to detector data.
The results obtained by augmenting the data by artificial values at Chebyshev
points near the range endpoints are promising. The values at these points were
obtained by piecewise linear interpolation.

Figure 20 indicates what is possible. It corresponds to an exponential-polynomial
model of order 50 (sic) based on the DTCT710A detector data augmented by 10
Chebyshev points near each end of the spectral range.

Figure 20: The exponential-polynomial model of order 50 for data for detec-
tor DTCT710A augmented by artificial points.

The difficulty of modelling this data arises from the presence of the elbow in
the characteristic to the right of the peak. Generally, local features such as this
require a high order of polynomial that could not be obtained with a relatively
small quantity of data. Polynomial splines, although harder to use, have a much
greater ability to model such features. The difficulty is largely overcome through
the use of artificial points. However, although the approach appears to be valuable
in terms of modelling in the sense of obtaining a good approximation, much needs
to be learned about the nature of the uncertainties associated with such models.12

12A practical attitude to take to such approaches is as follows. Regardless of the method by which
a model is obtained, the parameters of that model will be functions, perhaps complicated functions,
of the problem data and possibly of other data. As such, the uncertainties associated with these
parameters will depend on that data and on the uncertainties associated with that data. When artificial
data is generated, e.g., by piecewise linear interpolation, the uncertainties associated withthat data
can be obtained by applying the law of propagation of uncertainty [4]. Mutual dependencies between

Page 34 of 59 www.npl.co.uk/ssfm/download/index.html#cmsc2703



NPL Report CMSC 27/03

Exponential-spline models have been applied successfully for the above detector
data, but their use is less automatic than polynomial-based models. Also see
section 4.4.

For Planck-polynomial modelling for data with arbitrary associated uncertainties,
the best points would be different from those above. Their values would depend of
the colour temperatureT and the uncertainties, but could be computed. The details
of the computation would require some research.

5.6 “Local” analysis and uncertainty evaluation

A form of validation of response data such as that for sources and detectors is
possible. In particular, the use of “local” analysis permits estimates of the data
uncertainties to be made for comparison with those specified. The concept re-
quires development and generalisation, but an indication is given of its potential
through the use of the spectral irradiance data for lamp FEL196 (section 2.5) The
analysis uses local polynomial models. Consider the data points arranged so that
the wavelength values form an increasing sequence. For each of these points (apart
from the first few and the last few), consider the subset of points given by the point
itself and a small number to the left and and the same number to the right. Model
the subset by a low-order polynomial, attaching the same weight to each point in
the subset, taking the root-mean-square residual of the model as an estimate of the
standard uncertainty of the data at and in the neighbourhood of the central point.

The approach relies on the statement that over a small interval any sufficiently
smooth function can be modelled by a polynomial of low order. See the footnote in
section 2 concerning Weierstrass’ Theorem. For the FEL196 data the polynomial
order was taken as three and the number of points each side of the central point
as two.13 Figure 21 depicts by crosses the standard uncertainties obtained plotted
against the corresponding values ofλ.

These standard uncertainties could be taken as those to be used in modelling the
data, especially if it is difficult to provide appropriate values. However, values are
not provided by this means for the first two and the last two data points (although
an extension of the approach could furnish such values). More importantly, the
values are influenced by the vagaries of local polynomial regression: the small
number (five) of points used implies that the estimate so obtained of the standard

the original and the artificial data will exist because of the manner of generation. If implemented
correctly, the law of propagation of uncertainty will account for such dependencies. Hence, the
uncertainties associated with whatever the rule for establishing and using the artificial data may be
can be taken into account. Because the data is artificial there is no possibility that it could add
information in terms of reducing uncertainties over what could be deduced from the raw data alone.
However, as noted, it can help to provide a model that has more meaningful properties in terms of
the behaviour of the model itself.

13The results of the computations did not differ greatly for other choices made.
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Figure 21: The crosses denote estimates of the standard uncertainties associated with
the FEL196 spectral irradiance data obtained using local polynomial models. The broken
straight lines represent a segmented standard uncertainty profile based on these estimates.
The specified standard uncertainty profile is indicated by solid straight-line pieces.

uncertainty is not very efficient, i.e., as anindividual value it might not be very
reliable. However, taken together it is plausible that the set of estimates provides a
reasonable indication of a “standard uncertainty profile” for the data.

It is therefore appropriate to replace the individual values by “smoothed” values.
The manner in which to obtain suitably smoothed values is itself a modelling
exercise comparable in difficulty to modelling the data itself. For current pur-
poses, the data range was subdivided in accordance with the breakpoints in table 1,
and over each subdivision the standard uncertainty taken as varying linearly with
wavelength. This choice was made because (a) a different instrument was used to
provide the measurements in each subinterval, and (b) the original specification
of the uncertainties was linear in each subinterval. The linear variations were
chosen by eye14 and are depicted in figure 21 by broken straight-line segments.
For comparison, the specified standard uncertainty profile (table 1) is shown in the
figure as solid straight-line pieces.

There are some inconsistencies between the provided uncertainties and those es-
timated as above. Generally, the specified uncertainties at the lower end of the
spectral region would appear to be too low, whereas those for the bulk of the region
seem to be too large.

14Such a choice could be automated, but it would be difficult to do so. One reason is that a linear
piece might predict a very small or even a negative standard uncertainty, which would be physically
meaningless.
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A Planck-polynomial model based on these estimated uncertainties differs little in
its behaviour from the model for the provided uncertainties. Visually, it appears
identical to that in figure 5, but the associated uncertainties are different.

Table 3 gives the counterpart of table 2 for the weighted root-mean-square resid-
uals sn for polynomial ordersn = 1 to 20. The values ofsn for small n are
somewhat different from those obtained previously, but again they saturate to a
value close to unity, indicating the consistency of the model and the data, as be-
fore. The difference lies in the distribution of the weighted residuals themselves:
see figure 22, which should be compared with figure 6. There is no extreme
residual atλ = 270 nm as previously. There is a somewhat less extreme value
atλ = 1450 nm.

Polynomial ordern 1 2 3 4 5 6 7 8 9 10
RMS wt. residualsn 24.7 10.2 7.4 5.5 3.4 2.1 1.8 1.6 1.3 1.1
Polynomial ordern 11 12 13 14 15 16 17 18 19 20

RMS wt. residualsn 0.9 0.8 0.8 0.9 0.9 0.9 0.9 0.9 0.9 0.9

Table 3: The root-mean-square (RMS) weighted residualsn (non-dimensional) for the
Planck-polynomial model as a function of polynomial ordern for lamp FEL196. The
uncertainties associated with the data that were used were those described in section 5.6,
rather than those provided.

Figure 22: The weighted residuals for the Planck-polynomial model of ordern = 10
when the uncertainties associated with the data are estimated as described in section 5.6,
rather than those provided.

The unweighted model residuals and the 95 % uncertainty swathe are depicted
in figure 23, for comparison with figure 7. Although the standard uncertainty
profile (broken straight line in figure 21) appears to be a reasonable summary of
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the estimated standard uncertainties (crosses in figure 21) a greater number of the
unweighted residuals in figure 23 lie outside the 95 % uncertainty swathe (although
they largely fall into groups).

Figure 23:The unweighted residuals for the Planck-polynomial model of ordern = 10
and the 95 % uncertainty swathe when the uncertainties associated with the data are
estimated as described in section 5.6, rather than those provided.

5.7 Uncertainty associated with integrated quantities

Many applications of optical radiation metrology require a calculation of an inte-
grated quantity and the associated uncertainty. One of the most important uses for
the models developed here would be to obtain this uncertainty.

The most straightforward example is the uncertainty associated with an estimate
of the total irradiance of a source, obtained by integrating over the spectral region
the spectral irradiance model considered here.15 For instance, a large-area radi-
ance source has been developed at NPL [21] and was used to calibrate the GERB
instrument, which will measure the Earth radiation budget from a geostationary
orbit [19].16 The source was calibrated for spectral radiance at NPL in a similar
manner to which the lamps that have been modelled in this work were calibrated,
providing radiance at a set of discrete wavelengths. Because the GERB instrument

15Since the model applies only to the region spanned by the available data, this “total irradiance”
relates to this range of wavelengths. The model is not capable of extrapolation to the remaining
wavelengths because it is not based purely on physical considerations. It would be necessary to
estimate by other means the contribution attributed to these wavelengths.

16See www.ssd.rl.ac.uk/gerb
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measurestotal radiance, it was necessary to determine theintegratedradiance of
the source, and the uncertainty associated with this integrated value, from the set
of discrete values. An estimate of the integrated radiance was obtained by applying
a quadrature rule to these values. It was necessary to make certain assumptions in
evaluating the uncertainty associated with the provided estimate of the integrated
radiance. The model considered would provide a better basis for both the integra-
tion and the associated uncertainty.

The general principle involved here is that the parameter estimatesâ that de-
fine the polynomial part of the model have an associated uncertainty matrixVâ

(section 2.3). Together with the uncertainties associated with any other inexactly
known quantities that appear in the integrand, the influence of these effects on the
uncertainties associated with the values of the integral can be evaluated using the
law of propagation of uncertainty [4]. The fact that theâ are mutually dependent,
because they are derived from the same data (the values ofEi and the associated
uncertainties), is crucial. Were these dependencies not taken properly into account
by applying the law of propagation of uncertaintywith a full set of covariance
terms, the resulting uncertainties would be invalid.

5.7.1 Filter radiometer (radiation thermometer) measurements of a black
body

The spectral radiance of a black body is described by the Planck function, which is
a function of temperature (and wavelength) only. Two methods are commonly used
to measure the temperature of a black body source, and both rely on a measurement
with a spectrally selective detector of part of the Planck function.

In radiometry, an absolute measurement of thermodynamic temperature is made
using a filter radiometer. The filter radiometer is calibrated for spectral responsivity
over its entire response range. The signalVFR expected in the filter radiometer is
given by

VFR − VOOB = sGεgπR

∫ ∞

0
r(λ)τ(λ)L(λ;T )dλ, (29)

whereVOOB is the out-of-band signal,s the size of source effect,G the amplifier
gain, ε the black body emissivity,g the geometric factor,R the absolute respon-
sivity of the filter radiometer,r(λ) the relative spectral responsivity of the filter
radiometer,τ(λ) the transmission of the lens (when used), andL(λ;T ) the spectral
radiance of the black body at the temperatureT in air, which is given by Planck’s
equation (1).

Equation (29) can be solved using numerical techniques to give the temperature
from the measured signalVFR.

In thermometry, temperature is defined according to the ITS-90 practical tempera-
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ture scale. Above the freezing point of silver, temperature is defined using Planck’s
radiation law and the melting temperature of any one of the silver, gold or copper
points. This is realised using radiation thermometers and the ratio

L(λ;T90)
L(λ;T90(X))

=
eβ/(λT90(X)) − 1
eβ/(λT90) − 1

, (30)

whereβ = hc/(nk) (see (1)), andT90(X) is the freezing temperature of any of
those metals.

Radiation thermometers, also known as pyrometers, are used to realise the tempera-
ture scale above the silver point. From (30), an ideal radiation thermometer would
have an extremely narrow bandwidth and generally this is achieved by using an
interference filter along with a Si photodiode or a photomultiplier.

Physically radiation thermometers are very similar to filter radiometers, but they
differ in two important aspects: the focusing optics forms part of the radiation ther-
mometer and can consist of lenses or focusing mirrors and, more fundamentally,
they differ from filter radiometers in the way that they are calibrated.

A filter radiometer is calibrated radiometrically with the purpose of defining its
spectral responsivity. This spectral responsivity is then used to measure the thermo-
dynamic temperature of the black body according to (29). A radiation thermometer
however is defined according to the ratio in (30). In practice, because of the finite
bandwidth of the radiation thermometer, the ratio actually measured is∫∞

0 S(λ)L(λ;T90)dλ∫∞
0 S(λ)L(λ;T90(X))dλ

, (31)

whereS(λ) is the spectral responsivity of the entire thermometer (including the
transmittance of the optics and the interference filter and the responsivity of the
detector). Since in practice this makes it difficult to solve for temperature, var-
ious methods have been developed to reduce the required numerical integration.
The most common method is to define an effective wavelength for the radiation
thermometer. This effective wavelength, calculated at approximately the correct
temperature, can then be used in place of the monochromatic wavelength in (30).
The effective wavelength is defined by

λeff =
∫∞
0 λS(λ)L(λ;T90)dλ∫∞
0 S(λ)L(λ;T90)dλ

. (32)

Use of the effective wavelength simplifies the equations, but as with any approx-
imation, introduces its own uncertainties. Since computers have been available it
is as easy to use the full equations. However, this approximation is still useful for
estimating uncertainties, for example those due to incorrect measurements of the
spectral responsivity of the detector.
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The modelling methods developed here can be used to model the spectral respon-
sivity of the filter radiometer or radiation thermometer. This allows the calculation
of temperature according to (30) to be made more easily without requiring the
effective wavelength. It will also be of value in determining the uncertainties asso-
ciated with both the radiometric and thermometric determinations of temperature.

5.8 Filter radiometer measurements of lamps

Possible work on the filter radiometer measurements of lamps is an extension of
that of the previous section, where the integral is determined of the filter radiometer
responsivity weighted by a Planck function. The Planck function itself is defined
rather than estimated and there is therefore no uncertainty associated with that
source. This section describes the use of a filter radiometer to measure a lamp,
which has its own associated uncertainty in spectral irradiance.

For example, if it is only possible to measure relative spectral radiance or irradiance
of a source (cf. section 5.4), it is necessary to convert these results into absolute
measurements. Thus, a multiplicative factor is to be determined to apply to the
entire relative spectrum. For this purpose, a set of filter radiometers is typically
used to measure the source.

For an irradiance source measured with a filter radiometer, the expected signal is

V = GR

∫ ∞

0
r(λ)Elamp(λ)dλ,

whereG is the amplifier gain,R the filter radiometer absolute responsivity,r(λ)
the filter radiometer relative spectral responsivity, andElamp(λ) the irradiance of
the lamp.

For a radiance source

V = sGgπR

∫ ∞

0
r(λ)τ(λ)Lsource(λ)dλ,

wheres is the size of source effect,G the amplifier gain,τ(λ) the lens transmission,
g the geometric factor between the lens and filter radiometer apertures,r(λ) the
filter radiometer spectral responsivity, andLsource(λ) the radiance of the source.

Each filter radiometer has a measured spectral responsivity and associated spectral
uncertainty, as modelled in the current work. Similarly, the source has a model for
its spectral irradiance and associated spectral uncertainty. Numerical integration
over the bandwidth of the filter radiometer of the multiple of the source and filter
radiometer will give the expected signal in the filter radiometer. This result can be
compared with the measured signal.
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A useful extension would be to calculate the best multiplicative factor given a range
of different filter radiometer measurements (usually at a range of wavelengths), tak-
ing into account the uncertainty associated with both the lamp and filter radiometer
measurements, and to evaluate the uncertainty associated with that factor.

5.9 Using photometers with non-tungsten sources

One important type of filter radiometer is a photometer. A photometer is designed
so that its spectral responsivity matches as closely as possible the so-calledV (λ)
curve, which represents the human eye response. Photometers are used because
they can supply photometric results with one straightforward measurement. Thus,
the lamp does not need to be spectrally calibrated.

However, a real photometer will not perfectly match the theoreticalV (λ) profile.
To take account of this fact, a colour correction factor is applied. The correction
must be weighted to the lamp being measured, since an error in the part of the
spectrum where the lamp has low output is less important than an error in the part of
the spectrum where the lamp has a high output. The colour correction factor is the
ratio of (a) the integral of the product of the lamp profile and the idealV (λ) profile,
and (b) the integral of the product of the lamp profile and the actual responsivity
profile of the photometer.

Commonly, a photometer is calibrated using a tungsten lamp, and a colour cor-
rection factor is applied for this lamp. If subsequently it is used to measure a
different tungsten lamp, the colour correction factor will be similar. However, for a
highly spectrally varying source, such as an LED or a discharge source, the colour
correction factor will be very different since these sources often have peaks in
output exactly where the photometer least matches the required profile.

The techniques developed in this work could be extended to address such issues.
Since a photometer is a type of filter radiometer, its spectral responsivity can be
modelled by these methods. It would then be necessary to produce a spectral
model for the lamp. This model would probably have to be in a different form,
since these lamps are, by definition, spectrally different from the Planckian-like
lamps modelled here, although their spectral shape will in general more easily be
physically defined than the filter radiometers modelled in this study. These models
could then be used to calculate the colour correction factor for the photometer-
lamp combination and to calculate the uncertainty associated with it and with the
photometric measurement.

With the more straightforward tungsten lamps, a colour correction factor is made
for one tungsten lamp and then used for other lamps that may have a slightly
different colour temperature and spectral shape. These models would be useful in
evaluating the uncertainty associated with the estimate of the photometric quantity
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due to using a colour correction factor calculated for a slightly different lamp.
By measuring, and modelling, a large number of similar sources, say red LEDs,
it should be possible to quantify the extent to which a generic colour correction
factor could be applied for photometric measurements of all such LEDs.

5.10 Key comparisons involving spectral quantities

One of the biggest challenges facing the implementation of the Mutual Recognition
Arrangement (MRA) [3] is the treatment of the results of key comparisons having
a spectral dimension. In this regard, a valuable approach would be to model
“simultaneously” as a function of wavelength the data provided by all participants
in the comparison, accounting for their stated uncertainties. By so doing it can be
expected that the resulting model curve would be a more realistic and potentially
smoother realisation of the underlying spectral characteristic than would be pro-
vided by the results of any single participant. Because of the greater redundancy of
data the consequent uncertainty swathe (section 2.3) would be narrower.17 Should
the approach be adopted in future work, there would be benefit in tailoring some
of the generic approaches onkey comparison reference curves(KCRCs) being
developed as part of the NMS Software Support for Metrology programme and by
BIPM Director’s Advisory Group on Uncertainty [10, 11]. The approach described
here is potentially capable of application to an aggregation of the data provided by
the participating laboratories, even if they do not necessarily provide measurements
at the same wavelengths or at the same number of wavelengths. The successful pro-
vision of KCRCs would help to meet a number of identified needs, including those
identified by the CCPR Key Comparison Working Group and the CCT Working
Group on Radiation Thermometry.

5.11 Efficient industrial re-calibration

Following initial calibration by a national measurement institute, typically at a
large number of closely-spaced wavelengths, industrial laboratories provide re-
calibrations of source and detector responses as part of their service to their cus-
tomers. Typically, these laboratories do not possess facilities to measure the char-
acteristics at more than a relatively small number of wavelengths, e.g., detector
calibrations can only be made at a few fixed laser wavelengths. Even if laboratories
had the facility, detailed re-calibration is expensive and can be labour-intensive.

Between the initial and subsequent calibrations it can be expected that the char-

17As with all key comparison data evaluations, should there be mutual dependencies between the
participants’ measurements, perhaps due to some of them taking traceability from a common source,
it would be necessary to take account of them in the modelling. Otherwise, the uncertainty swathe
would be optimistically narrow.
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acteristic will change due to various effects. For instance, in the case of a source
these effects would include lamp ageing, filament geometry changes, and changes
in applied current. In itself, the measurement of the spectral characteristic at the
time of re-calibration at a small number of wavelengths is unlikely to be adequate
to model the characteristic sufficiently well. However, the magnitude of thechange
in the spectral characteristic between the original and a subsequent calibration
can typically be expected to be much smaller than that of the characteristic it-
self. Therefore, if the changevaries smoothlywith wavelength, it might well
be possible to model it by a relatively uncomplicated function having a small
number of adjustable parameters. (If the change isnot smoothly varying with
respect to wavelength, a small amount of data would be insufficient to model
the characteristic adequately. In this case no sensible re-calibration, made by a
laboratory with limited facilities, that was valid across the relevant part of the
spectrum would be possibleby any meansfor such data.)

The resulting spectral characteristic at the time of re-calibration would take the
form of the sum of two functions, one being the model of the characteristic at the
time of the initial calibration and the other the model of the change. Further work
could develop a procedure for industrial re-calibration based on this approach.

5.11.1 Detector-stabilised sources

The idea of re-calibrating a source at only a few wavelengths can be extended to the
concept of detector stabilisation. Detector-stabilised lamps and large-area radiance
sources have been developed at NPL as possible new transfer standards. Here the
“re-calibration” can occur during operation of the lamp and form part of the transfer
standard itself. The lamp is monitored by a set of filter radiometers at different
wavelengths. One of these radiometers is held constant by an active feedback loop
that changes the lamp current. This procedure significantly increases the usable
time between full re-calibrations of the source. The other monitor channels check
for any spectral shift of the source. If the spectral shift is greater than desired, the
user can automatically be alerted to have the source returned for calibration. As a
result, unnecessary calibration is prevented, and any changes in transportation that
might otherwise go unnoticed are recorded.

Development of the methods described in sections 5.7.1 and 5.11 would improve
the use of these monitor channels. If the spectral responsivity of the filter radiome-
ters had previously been measured and monitored, any change in the monitor filter
radiometers could be used to correct the original source calibration and give an
up-to-date calibration for the lamp each time it was used.
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5.11.2 Detector characterisation

Further to the above considerations, it would be valuable to investigate the extent
to which detectors from any specific manufacturer can be characterised. Such a
characterisation could be provided by a national measurement institute carrying
out a detailed calibration and modelling of a small number, say three, detectors.
The manufacturers would use this information, together with smaller numbers of
subsequent measurements, to learn more about the properties of detectors of this
type.

5.11.3 Optimal wavelengths

An additional possibility would be to use models such as those considered here to
identify a set of wavelength values that are especially effective for re-calibration
purposes. Such a set, which can be regarded aspivotal wavelengths, would con-
stitute those that are the most influential in terms of defining the spectral “change”
function. They would be pivotal in the sense that the resulting uncertainties would
be smaller than those for other choices. An essential practical consideration would
be that a number of specific wavelengths can be realised more readily than others.
Hence, the best choice fromthisset would be the objective in this regard.

In the case of a detector stabilised source this approach would help to select the
optimal filter radiometers to use for the monitor channels.

In addition, routine calibrations at national measurement institutes could be im-
proved. At the moment it is difficult to decide the incremental wavelengths at
which a lamp should be calibrated. A lamp measured at too few wavelengths
is not properly characterised. For example, the SRIPS facility at NPL takes one
hour to make measurements at a 5 nm spacing and ten minutes to make them at
a 50 nm spacing. If too many wavelengths are chosen, lamps are less efficiently
calibrated. It would be useful and straightforward to take a lamp that has been
calibrated at a 5 nm spacing and make a model and uncertainty evaluation using
(a) all the points, and the subset of these points at (b) a 20 nm spacing, (c) a
50 nm spacing, and (d) a 100 nm spacing, and compare the models produced in
cases (a)–(d). By so doing, information would be provided on the wavelength
spacing necessary to characterise that lamp fully. Obviously for each type of
lamp the number of wavelength values necessary may differ. Moreover, there may
be some spectral regions that require more measurements than others. However,
generally measurements are made only of a few types of standard lamps, and hence
this work would show in how much detail these lamps should be measured and
provide a method for interpolating to intermediate wavelengths.
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6 Conclusions

Approaches to the modelling of the spectral characteristics of sources and detectors
have been described. These approaches have combined flexible empirical models
with available physical knowledge of these characteristics. The consequences were
models that were shown to have potential in the area of optical radiation metrology.

A particular aspect covered was the choice of model in any particular case from
a “family” of candidate models. Model uncertainties were derived in a generic
manner.

Spectral characteristics are typically obtained using an instrument that provides
values integrated over a wavelength band rather than at a point value of wavelength.
In order to accommodate this effect, the influence of the integration was studied in
detail. Formulae were derived that permitted the indicated integrated values to be
corrected to those that would be obtained using an instrument that passed only a
single wavelength, that corresponding to the spectral point of interest.

A number of future work items relevant to optical radiation metrology based on the
use of the models addressed here was indicated.

The work was supported by the National Measurement System Directorate of the
UK Department of Trade and Industry as part of its NMS Software Support for
Metrology (SSfM) programme.
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A Simultaneous determination of the colour temperature
and the parameters of the Planck-polynomial model

This appendix addresses the statement made in section 2.1 concerning the unsuit-
ability of modelling spectral irradiance data by the model (2) bysimultaneously
determining the colour temperatureT in the Planck functionL(λ;T ) and the pa-
rametersa of the multiplicative polynomialG(λ;a), whereL(λ;T ) is defined
by equation (1) andG(λ;a) is a polynomial of ordern (degreen + 1). The
parametersT , a andn are to be determined.

For a prescribed polynomial ordern, the modelling problemcanbe expressed as

min
T,a

m∑
i=1

(
yi − F (λi;T,a)

u(yi)

)2

. (33)

This problem can in principle be solved for successively increasing values ofn,
viz., for n = 1, 2, . . ., until a satisfactory solution is obtained. However, this
set of problems becomes increasingly poorer conditioned and the estimates of the
parameters (bothT anda) poorer defined asn increases. The reason is that oncen
is sufficiently large for an acceptable solution, it is possible to perturb the value ofT
so obtained and determine a polynomialof the same orderthat gives a functionF
that is almost as good. Statistically, the polynomial parametersa become highly
correlated with the colour temperatureT .

Intuitively, the above observation can be expected. The Planck function determined
in accordance with the definition of section 2.4 accounts for the general behaviour
of the spectral irradiance data. The polynomial acts, as planned, as a correction
to that Planck function. A slightly different Planck function, as a consequence
of a neighbouring choice of colour temperature, will require a slightly different
correction polynomial.

The procedure recommended in section 2.1, in whichT is determined first, fol-
lowed by the values ofa, is by comparison not optimal, but provides a stable
solution. The extent of the lack of optimality appears to be negligible in the context
of the magnitudes of the data uncertainties.
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B Derivation of Planck-polynomial model uncertainties

Consider thepurepolynomial modelGn(λ;a) (expression (6)). LetVE denote the
covariance matrix associated with the measurementsE = (E1, . . . , Em)T. For the
current problem, in which var(Ei) = u2(Ei) and the covariance terms are zero,VE

is anm×m (diagonal) matrix with diagonal elementsu2(Ei), i = 1, . . . ,m. LetJ
denote them×n matrix of polynomial basis functions evaluated at the data points,
i.e., with elements

Ji,j = Tj−1(xi), j = 1, . . . , n, i = 1, . . . ,m, (34)

where

xi =
(λi − λmin)− (λmax − λi)

λmax − λmin
, λmin = min

r
λr, λmax = max

r
λr.

The uncertainty matrix (covariance matrix)Vâ associated witĥa is obtained [9] as

Vâ = (JTV −1
E J)−1. (35)

The presence of the Planck function acting as a multiplicative factor forGn(λ;a)
implies that each termTj−1(x) in the polynomial basis, wherex is given by for-
mula (7), is multiplied byL(λ; T̂ ). The uncertainty matrix (35) still applies, except
that the elements ofJ are now given by

Ji,j = L(λi; T̂ )Tj−1(xi), j = 1, . . . , n, i = 1, . . . ,m,

rather than formula (34).

Quantities derived from the Planck-polynomial model depend on the estimatesT̂
and â. In turn the uncertainties associated with these quantities can be obtained
from the uncertaintiesu(T̂ ) (appendix D) andVâ associated witĥT and â. In
particular, suppose a derived quantityh = h(â) dependslinearly on â, viz.,

h(â) = qTâ,

whereq = (q1, . . . , qn)T is a vector of multipliers. Then [9], the standard uncer-
taintyu(h) associated withh is given by

u2(h) = qTVâq.

If h also depends linearly on̂T , q would have one extra element andVâ would
be replaced byV

â;T̂
, viz., Vâ augmented by an additional row and column, the

only further nonzero entry beingu2(T̂ ) in position (n + 1, n + 1). There are
no covariance terms associated withT̂ and the elements of̂a, since as stated̂T is
regarded as defined for the purposes of estimatinga. If h(a) is anonlinearfunction
of a, linearisation ofh abouta = â = (â1, . . . , ân)T is made and, forj = 1, . . . , n,
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qj is taken as the partial derivative of first order ofh with respect toaj , evaluated
ata = â. A statement similar to that above applies ifh also depends on̂T .

An important case is whenh is the value of the modelFn(λ; T̂ , â) at someλ, i.e.,

h = Fn(λ; T̂ , â) = L(λ; T̂ )Gn(λ; â). (36)

Then, withx given by (7), the vectorq is taken as the basis function values

L(λ; T̂ )Tj−1(x), j = 1, . . . , n.

Upon the application of the law of propagation of uncertainty [4], the standard
uncertaintyu(Fn(λ; T̂ , â)) associated withFn(λ; T̂ , â) is given by

u2(Fn(λ; T̂ , â)) = L2(λ; T̂ )φTVâφ +
(

∂L

∂T
(λ;T )

∣∣∣∣
T=T̂

Gn(λ; â)
)2

u2(T̂ ),

where

φ = (T0(x), . . . , Tn−1(x))T.

Using expression (3) and formula (1),

u2(Fn(λ; T̂ , â)) = L2(λ; T̂ )φTVâφ +

(
βFn(λ; T̂ , â)

T̂ 2(1− exp(−β/(λT̂ ))

)2

u2(T̂ ).

When several quantities are to be derived froma, they will generally be mutually
dependent, because each such quantity will depend on all or some of thea. Let the
derived quantities be denoted by

h(a) = (h1(a), h2(a), . . .)T.

Let H denote the matrix of partial derivatives of first order of the elements ofh
with respect to those ofa, evaluated at̂a. The covariance matrix associated withh
is

Vh = HVâH
T.

One use of this covariance matrix is in integration (section 5.7), where sums of the
form

Q = gTh =
∑
r

grhr

are required. For this case,

u2(Q) = gTVhg.

There is an extension, as above, when these quantities also depend onT̂ .
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C Colour temperature determination

In order to estimate the parametersT (anda1) in accordance with the definition of
colour temperature in section 2.4, it is first observed that at a minimum of

S =
m∑

i=1

(
εi

u(Ei)

)2

, εi = Ei − a1L(λi;T ),

the partial derivatives ofS with respect toT anda1 are zero. Thus,

m∑
i=1

εi∂εi/∂T

u2(Ei)
=

m∑
i=1

εi∂εi/∂a1

u2(Ei)
= 0.

Introduce the shorthand notation

Li(T ) = L(λi;T ), L′i(T ) =
∂L

∂T
(λi;T ), L′′i (T ) =

∂2L

∂T 2
(λi;T ).

Since
∂εi

∂T
= −a1L

′
i(T ),

∂εi

∂a1
= −Li(T ),

it follows that at a minimum the estimateŝT andâ1 of T anda1 satisfy

â1

m∑
i=1

(Ei − a1Li(T̂ ))L′i(T̂ )
u2(Ei)

= 0 (37)

and
m∑

i=1

(Ei − â1Li(T̂ ))Li(T̂ )
u2(Ei)

= 0. (38)

From equation (37),̂a1 or the sum is zero. The former possibility can be discounted
because the best approximation would be zero. From equation (38),â1 can be
expressed in terms of̂T , and thus written as

â1(T̂ ) =
∑m

i=1 EiLi(T̂ )/u2
i (Ei)∑m

i=1 L2
i (T̂ )/u2

i (Ei)
. (39)

Then, using equation (37),

F (T̂ ) ≡
m∑

i=1

(Ei − â1(T̂ )Li(T̂ ))L′i(T̂ )
u2(Ei)

(40)

is a function ofT̂ that takes the value zero when̂T equals the required colour
temperature.

So the problem reduces to the solution of the nonlinear algebraic equationF (T̂ ) = 0,
F (T̂ ) being specified by formula (40) witĥa1(T̂ ) given by formula (39).
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The partial derivative with respect toT of L(λ;T ), values of which are required in
function (40), is

∂L

∂T
(λ;T ) =

αβ exp(β/(λT ))
λ6T 2(exp(β/(λT ))− 1)2

.

Approaches to the numerical solution ofF (T ) = 0 include Newton-Raphson and
secant, and safeguarded algorithms derived from these to avoid the possibility of
divergence [5]. A simple but safe procedure, based on bracketing the solution and
then applying bisection is recommended.

Use an initial estimateT0 or, if no estimate is available, takeT0 = 3000 K
(the precise choice is not critical). FormTmin = 0.9T0 and Tmax = 1.1T0.
ShouldF (Tmin)F (Tmax) < 0, [Tmin, Tmax] provides a bracket and bisection can
be applied. Otherwise, useTmin = (0.9)2T0 andTmax = (1.1)2T0, etc.

Because the computation time is minimal compared, e.g., with producing the graph
of s(T ) (below), “pure” bisection can be used and is recommended for its combi-
nation of simplicity and robustness.

It is informative to provide a graph of the root-mean-square residual

s(T ) =

{
1

m− 2

m∑
i=1

(
Ei − â1(T )Li(T )

u(Ei)

)2
}1/2

as a function ofT for T ∈ [Tmin, Tmax] at a large number (say, 1000) uniformly
spaced values ofT . The graph would indicate the sensitivity of the solution with
respect toT .

D Colour temperature uncertainty

The estimateT̂ of the colour temperatureT depends on the spectral irradiance
valuesEi. The law of propagation of uncertainty [4], based on the use of linear
terms in the Taylor-series expansion of the model forT as a function of theEi,
gives

u2(T̂ ) =
m∑

i=1

(
∂T

∂Ei

∣∣∣∣
T=T̂

)2

u2(Ei). (41)

Differentiating formula (40) with respect toEi,

∂F

∂T

∂T

∂Ei
+

∂F

∂Ei
= 0,

giving ∂T/∂Ei and hence formula (41) becomes

u2(T̂ ) =
(

∂F

∂T

)−2
∣∣∣∣∣
T=T̂

m∑
i=1

(
∂F

∂Ei

∣∣∣∣
T=T̂

)2

u2(Ei). (42)
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From formula (40),

∂F

∂T
=

m∑
i=1

(Ei − a1(T )Li(T ))L′′i (T )− (a′1(T )Li(T ) + a1(T )L′i(T ))L′i(T )
u2(Ei)

,

(43)
where, from formula (39),

a′1(T ) =
∑m

i=1 EiL
′
i(T )/u2(Ei)∑m

i=1 L2
i (T )/u2(Ei)

− 2
(∑m

i=1 EiLi(T )/u2(Ei)
) (∑m

i=1 Li(T )L′i(T )/u2(Ei)
)(∑m

i=1 L2
i (T )/u2(Ei)

)2 . (44)

Also, from formula (40),

∂F

∂Ei
= L′i(T )/u2(Ei). (45)

Thus, u(T̂ ) can be formed from formula (42), where∂F/∂T is given by for-
mula (43), witha′1(T ) by formula (44), and∂F/∂Ei is given by formula (45).

E Slit functions and their analysis

A monochromator is a device that uses a diffraction grating (or prism) to disperse
light according to wavelength. The angle at which light leaves the grating is
a function of wavelength. In a Czerny-Turner monochromator, light enters the
monochromator by a fixed entrance slit and is focused by a fixed mirror onto a
grating. This grating diffracts the light onto another fixed mirror that focuses
the light onto a fixed exit slit. By changing the angle of the grating, different
wavelengths of light reach the exit slit and therefore the detector.

If the slits were infinitely thin, only one wavelength would be passed. Their finite
size means that a range of wavelengths will pass through the exit slit.

A monochromatic source (e.g., a laser, which has a negligibly narrow bandwidth)
illuminating the entrance slit evenly with this wavelength, when the grating is at
the correct angle for that wavelength, will give an image of the entrance slit on the
exit slit. When the grating is rotated slightly, that image will shift and there will be
a lower throughput. As the grating is rotated, the output of the monochromator will
be a triangular function, as the image of the entrance slit is moved across the exit
slit. This triangle is known as the monochromator slit function. In practice, this
function is known inexactly, because mirror aberrations mean the entrance slit is
not perfectly imaged onto the exit slits. Moreover, there may be a small difference
between the sizes of the two slits.
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If the entrance slit is illuminated with white light, as during measurement, light
with the central wavelength is formed into an image that completely overlaps the
exit slit and light with close wavelengths forms images that partially overlap. So
a weighted throughput is obtained. For instance, for a monochromator nominally
at 500 nm, more light is passed within a narrow band centred on this wavelength,
less within such a band centred on 499.9 nm, less still within such a band cen-
tred on 499.8 nm, and so on until below 497.5 nm, say, no light is passed. The
effect is symmetric about 500 nm, and thus no light is passed for wavelength
above 502.5 nm.

Because a typical lamp has an output power that varies with wavelength, the sym-
metric behaviour of the slit is weighted by the spectral irradiance function of
the lamp. In addition, measurements usually involve comparing one source with
another, and if these have different spectral shapes, for example where one is in-
creasing and the other decreasing with wavelength, they will be differently affected
by the slit function.

For sources, measurements are taken with a monochromator having a slit function
of finite width. Rather than the spectral response being provided at a wavelength
valueλ, the value indicated corresponds to the response averaged over a range of
values distributed aboutλ. The averaging is in a weighted sense, according to the
nature of the slit function.

It is essential to quantify the effect of the finite width of the slit function. Does a slit
of width less than, say, 10 nm have a negligible influence in that the value provided
is identical, to within measurement uncertainty, to that which would be provided
by a slit of zero width? What is the maximum slit width that would be acceptable in
this regard? What uncertainty would result from the use of a measurement provided
by a slit of finite width compared with a slit of zero width?

The treatment in appendix G provides answers to these questions in the case of
a triangular slit. The case of a rectangular slit, arguably a practical worst case in
terms of “wavelength spread” (the hypothetically worst case would be a U-shaped
slit, but such a slit is physically unrealistic), introduces a “factor of two” effect
compared with the triangular slit (appendix G).

F Fredholm integral equations of the first kind

A Fredholm integral equation of the first kind is an equation that can be expressed
generally as ∫ b

a
K(t, s)f(s)ds = g(t), a ≤ t ≤ b,
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whereg(t) is a specified function andK(t, s) a specified kernel. Its solution
for f(t) is one of the notoriously difficult problems in mathematical physics. A
solution may not exist and, even if it does, a small change in the functiong(t)
can induce an arbitrarily large change in the solutionf(t). Further, functions can
exist that satisfy the equation closely, yet be far from the “true” solution. It is thus
known as an “ill-posed” problem [13].

Since the functiong(t) is often specified inexactly, being based on measurement,
the above difficulties are exacerbated. For the problem under discussion, the func-
tion(s) corresponding tog(t) is indeed measured.

Because two Fredholm integral equations of the first kind are to be solved in the
current application (section (3)), there would seemingly be even greater potential
for numerical difficulties. However, as shown in appendix G, the fact that the kernel
has compact support, in the form of a rectangular or symmetric triangular function,
avoids this difficulty. The so-called “compact Fredholm” procedure considered
there is therefore recommended for spectral problems involving measurements
with instruments having narrow slit functions.

G The solution of Fredholm integral equations of the first
kind with a rectangular or triangular kernel

Let V (λ) denote a spectral response characteristic to be measured.V might be
voltage, for example. Then, ifS(λ0, λ) denotes the spectral characteristic of the
monochromator slit function when used atλ = λ0, the indicated value, in the
absence of measurement error and other effects, is

Ṽ (λ) =
∫∞
0 S(λ, `)V (`)d`∫∞

0 S(λ, `)d`
.

The denominator term constitutes a normalisation constant equal to the area under
the slit function. By scaling the slit function to have unit area,

Ṽ (λ) =
∫ ∞

0
S(λ, `)V (`)d`,

the form used herewith.

Two types of slit function are analysed, a rectangular slit function and a triangular
slit function. Other types can also be handled.

Consider first a rectangular slit function. Although such a form of slit function
might be unrealistic in practice, an analysis based on it is not only simpler than for,
say, a triangular slit function (below), but it also gives some insight into the nature
and effects of a slit function.
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A rectangular slit function (figure 24) of bandwidth2∆λ and unit area centred onλ
can be expressed as

S(λ, `) =

{
1/(2∆λ), λ−∆λ < ` < λ + ∆λ,
0, otherwise.

-

6

Wavelength̀

S(λ, `)

λλ−∆λ λ + ∆λ

Figure 24:A rectangular slit functionS(λ, `) in the variablè , centred oǹ = λ, with
semi-width∆λ.

In the absence of measurement error and other effects, an instrument characterised
by a such a slit function would indicate atλ the measurement

Ṽ (λ) =
∫ ∞

0
S(λ, `)V (`)d` =

∫ λ+∆λ

λ−∆λ

1
2∆λ

V (`)d`. (46)

Of particular interest is the departure

e(λ) = Ṽ (λ)− V (λ)

of Ṽ (λ) from V (λ). To obtaine(λ), first differentiate expression (46) with respect
to λ:

Ṽ ′(λ) =
V (λ + ∆λ)− V (λ−∆λ)

2∆λ
. (47)

Define the operator

D ≡ ∆λ
d

dλ
.

The Taylor expansion of the right-hand side of expression (47) gives

Ṽ ′(λ) =
1

∆λ
D

{
1 +

1
6
D2 +

1
120

D4 + O(D6)
}

V (λ).

Applying D−1 to each side of this expression,

Ṽ (λ) =
{

1 +
1
6
D2 +

1
120

D4 + O(D6)
}

V (λ).

Formal inversion gives

V (λ) =
{

1− 1
6
D2 +

7
360

D4 + · · ·
}

Ṽ (λ)

≡ Ṽ (λ)− 1
6
(∆λ)2Ṽ ′′(λ) +

7
360

(∆λ)4Ṽ iv(λ) + · · · .
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This expression permits therequiredcharacteristicV (λ) to be recovered from the
indicatedcharacteristic̃V (λ) and the derivatives of this indicated characteristic.

It follows that if the indicated characteristic̃V (λ) can be satisfactorily modelled
by a mathematical function,V (λ) can be determined from this function and its
derivatives. The construction of such a function is a main purpose of this work.

Now consider a symmetric triangular slit function (figure 25) of bandwidth2∆λ
and unit area centred onλ:

S(λ, `) =


(`− (λ−∆λ))/(∆λ)2, λ−∆λ < ` < λ,
((λ + ∆λ)− `)/(∆λ)2, λ < ` < λ + ∆λ,
0, otherwise.

-

6

Wavelength̀

S(λ, `)

�
�

�
�

�
�

Z
Z

Z
Z

Z
Z

λλ−∆λ λ + ∆λ

Figure 25: A triangular slit functionS(λ, `) in the variablè , centred oǹ = λ, with
semi-width∆λ.

The counterpart of the above rectangular-slit analysis is as follows. Now,

Ṽ (λ) =
∫ ∞

0
S(λ, `)V (`)d` = I(λ, ∆λ) + I(λ,−∆λ),

where

I(λ, ∆λ) =
1

(∆λ)2

∫ λ+∆λ

λ
((λ + ∆λ)− `)V (`)d`.

Since
∂

∂λ
I(λ, ∆λ) =

1
(∆λ)2

∫ λ+∆λ

λ
V (`)d`− 1

∆λ
V (λ),

it follows that

Ṽ ′(λ) =
1

(∆λ)2

∫ λ+∆λ

λ
V (`)d`− 1

∆λ
V (λ)

+
1

(∆λ)2

∫ λ−∆λ

λ
V (`)d` +

1
∆λ

V (λ)

=
1

(∆λ)2

∫ λ+∆λ

λ
V (`)d`− 1

(∆λ)2

∫ λ

λ−∆λ
V (`)d`,
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and thus

Ṽ ′′(λ) =
V (λ + ∆λ)− 2V (λ) + V (λ + ∆λ)

(∆λ)2
.

Hence, by analogy with the case of the rectangular slit,

Ṽ (λ) =
{

1 +
1
12

D2 +
1

360
D4 + O(D6)

}
V (λ),

giving

V (λ) =
{

1− 1
12

D2 +
1

240
D4 + · · ·

}
Ṽ (λ)

≡ Ṽ (λ)− 1
12

(∆λ)2Ṽ ′′(λ) +
1

240
(∆λ)4Ṽ iv(λ) + · · · (48)

and hence

e(λ) =
1
12

(∆λ)2Ṽ ′′(λ)− 1
240

(∆λ)4Ṽ iv(λ) + · · · .

The leading term in this expression fore(λ) is half that for the rectangular slit.
It would indeed be expected that it would have a smaller magnitude because the
triangular slit function gives a greater emphasis to values near its centre, whereas
the rectangular slit function carries the same weight throughout its range.

If Ṽ (λ) has been modelled mathematically, the use of expression (48) will provide
a mathematical form forV (λ).

If the mathematical representation ofṼ (λ) is available, as it would be from mod-
elling, the higher-order terms in the series representation ofe(λ) can be determined
to check whether they make a non-negligible contribution.

There are (at least) three ways in which the result (48) can be used:

1. As an estimate of the approximation error committed by usingṼ (λ) in place
of V (λ). For this purpose a model of the data can be used to provideṼ ′′(λ)
required in expression (48). If, for each value ofλ at which a measurement
is made,|e(λ)| is negligible compared with the provided uncertainty, the
effects of the slit function can be ignored and the indicated value regarded as
a valid estimate of a point measurement atλ.

2. TocorrectṼ (λ) to estimateV (λ):

V (λ) ≈ Ṽ (λ)− 1
12

(∆λ)2Ṽ ′′(λ).

Such a correction would be appropriate were|e(λ)| not regarded as negligi-
ble.
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3. As an input to instrument design. If a slit of a sufficiently small semi-
width ∆λ were designed such that|e(λ)| is negligible throughout the rel-
evant spectral range, the slit function effects could be ignored.

Summary of procedure to obtain a corrected response (equivalent to one for a
slit of zero bandwidth) from a measured response

1. Model the provided data (which constitutes measurements ofṼ (λ)) using
the approach in section 2.1.

2. Use the model to obtain the error

e(λ) =
1
12

(∆λ)2Ṽ ′′(λ)

in the indicated response.

Note. Higher-order terms may be included if it is thought they are significant
or it is not known whether they are significant.

3. If |e(λ)| is negligible throughout the required spectral region compared with
the uncertainty in the measurements ofṼ (λ), no correction is necessary.
Take

V (λ) = Ṽ (λ)

and the procedure is finished.

4. Form the corrected response

V (λ) = Ṽ (λ)− e(λ).
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