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ABSTRACT

The dimensional assessment of a Type A1 surface texture reference artefact
involves estimating the depth of a groove by fitting a pair of nominally par-
allel lines to measurement data and then calculating the separation between
the lines. The evaluation of the uncertainty associated with this estimate
is important and needs to take into account i) the statistical model for
the measurement data including correlation between the measured x and z
values and ii) the algorithm for determining an estimate of the depth. In
this report, we analyse a range of least squares regression algorithms that
can be applied to determining the geometry of these artefacts for a range of
data uncertainty structures. The analysis shows that while for completely
general uncertainty matrices the algorithms can produce markedly different
results, for realistic data and uncertainty models, their behaviour is generally
very similar. As a consequence, we can conclude it is safe to use the more
straightforward approaches, so long as appropriate attention is given to the
uncertainty associated with the fitted parameters. The report describes
a number of analysis techniques and algorithm testing methods that have
quite wide application.

This work has been funded by the National Measurement System Pro-
grammes for Length and Software Support for Metrology.



c© Crown copyright 2003
Reproduced by permission of the Controller of HMSO

ISSN 1471–0005

Extracts from this report may be reproduced provided the source is
acknowledged and the extract is not taken out of context

Authorised by Dr Dave Rayner,
Head of the Centre for Mathematics and Scientific Computing

National Physical Laboratory,
Queens Road, Teddington, Middlesex, United Kingdom TW11 0LW



Contents

1 Introduction 1

2 Mathematical model 3
2.1 Geometry of the artefact . . . . . . . . . . . . . . . . . . . . . 3
2.2 Measurement data . . . . . . . . . . . . . . . . . . . . . . . . 3
2.3 Example system: interferometric transducers . . . . . . . . . 3
2.4 Solution estimates of the model parameters . . . . . . . . . . 4

3 Algorithms generalised Gauss-Markov regression 5
3.1 Nonlinear least squares . . . . . . . . . . . . . . . . . . . . . . 5
3.2 Evaluation of the uncertainty matrix . . . . . . . . . . . . . . 7
3.3 Generalised Gauss-Markov regression with curves . . . . . . . 7
3.4 Ordinary linear regression . . . . . . . . . . . . . . . . . . . . 8
3.5 Ordinary Guass-Markov linear regression . . . . . . . . . . . 9
3.6 Generalised distance regression . . . . . . . . . . . . . . . . . 9
3.7 Example system: interferometric transducers . . . . . . . . . 10

4 Analysis of algorithm behaviour 11
4.1 Monte Carlo simulation data generation . . . . . . . . . . . . 11
4.2 Generation of data uncertainty matrices . . . . . . . . . . . . 12

4.2.1 General covariance structure . . . . . . . . . . . . . . 12
4.2.2 Estimation algorithms for general uncertainty matrices 16
4.2.3 Covariance matrices associated with the interferomet-

ric model . . . . . . . . . . . . . . . . . . . . . . . . . 17
4.2.4 Estimation algorithms for interferometric model data

uncertainty matrices . . . . . . . . . . . . . . . . . . . 18
4.3 Monte Carlo simulation results . . . . . . . . . . . . . . . . . 18

4.3.1 General covariance matrix . . . . . . . . . . . . . . . . 18
4.3.2 Interferometric model . . . . . . . . . . . . . . . . . . 24

4.4 Null-space data generation scheme . . . . . . . . . . . . . . . 28
4.5 Null space simulations . . . . . . . . . . . . . . . . . . . . . . 29

4.5.1 General covariance matrix . . . . . . . . . . . . . . . . 29
4.5.2 Interferometric model . . . . . . . . . . . . . . . . . . 35

5 Analysis of measurement data 39
5.1 Example 1: 30 nm step artefact . . . . . . . . . . . . . . . . 39
5.2 Example 2: 300 nm step artefact . . . . . . . . . . . . . . . . 40
5.3 Example 3: 3000 nm step artefact . . . . . . . . . . . . . . . 42
5.4 Effect of form error on uncertainty evaluation . . . . . . . . . 44
5.5 Valid uncertainty analysis for the linear least squares estimator 46

6 Concluding remarks 49

i



ii



NPL Report CMSC 33/03

1 Introduction

ISO 5436 Part 1 [8] advocates the use of artefacts with specific surface ge-
ometries to calibrate surface texture measuring instruments. These artefacts
can themselves be calibrated using a surface texture measuring instrument
that has traceable metrology in the vertical and horizontal axes [9]. Many
stylus-based instruments are calibrated using magnification standards that
take the form of rectangular grooves in a substrate. These are useful for
checking the vertical magnification factor of an instrument but do not give
metrological information regarding horizontal magnification or the trans-
mission characteristics (frequency response) of an instrument. ISO 5436
Part 1 and BS 1134 [2] refer to these artefacts as Type A1 and describe the
measurement process as follows:

A continuous straight mean line equal in length to three times
the width of the groove is drawn over the groove to represent
the upper level of the surface and another to represent the lower
level, both lines extending symmetrically about the centre of the
groove (see figure 1.1). To avoid the influence of any rounding of
the corners, the upper surface on each side of the groove is to be
ignored for a length equal to one-third of the width of the groove.
The surface at the bottom of the groove is assessed only over the
central third of its width. The portions to be used for assessment
purposes are therefore those at A, B, and C in Figure 1. The
depth d of the groove shall be assessed perpendicularly from
the upper mean line to the mid-point of the lower mean line.
A significant number, not less than five, of evenly distributed
traces shall be taken.

The dimensional assessment of a Type A1 surface texture reference artefact
therefore involves fitting a pair of nominally parallel lines to measurement
data and then calculating their separation. The evaluation of the uncertainty
associated with this estimate of the depth is important and needs to take
into account i) the statistical model for the measurement data including
correlation between the measured x and z values, and ii) the algorithm for
determining an estimate of the separation. In this report, we analyse a range
of least squares regression algorithms that can be applied to determining
the geometry of these artefacts for a range of data uncertainty structures.
The analysis shows that while for completely general uncertainty matrices
the algorithms can produce markedly different results, for realistic data
and uncertainty models, their behaviour is generally very similar. As a
consequence, we can conclude it is safe to use the more straightforward
approaches, so long as appropriate attention is given to the uncertainty
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Figure 1: Measurement strategy for the assessment of a Type A1 artefact
according to ISO 5346 Part 1.

associated with the estimated parameters. The report describes a number
of analysis techniques and algorithm testing methods that have quite wide
application.

The report is organised as follows. In section 2, we present the mathe-
matical model associated with the measurement of a Type A1 artefact. In
section 2.4, we provide a general scheme for how the model parameters,
including the separation parameter of direct interest, along with the associ-
ated uncertainties, can be determined from measurement data. In section 3,
we show how this general approach can be applied to the regression problem
in hand and adapted to provide effective estimation methods for different
uncertainty structures. The analysis of the various algorithms is presented
in section 4. The analysis is further developed using experimental data in
section 5. Our concluding remarks are given in section 6.
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2 Mathematical model

2.1 Geometry of the artefact

The nomimal geometry of the artefact is described by two parallel lines Lk,

L1 : z = a1 + bx, x ∈ C
L2 : z = a2 + bx, x ∈ A or x ∈ B

}
, (1)

where A, B and C correspond to the regions indicated in Figure 1, so that
A and B define the ranges on the upper line segment, C on the lower. Given
C < A < B < D, we define a more general model function

φ(x,b) =

{
a1 + bx, x ∈ (A,B),
a2 + bx, otherwise,

(2)

where b = (a1, a2, b)T. Of primary interest is the orthogonal separation d
of the two lines:

d =
a2 − a1√

1 + b2
.

2.2 Measurement data

We assume that the measurement data consists of two sets of data points
Xk = {(xi, zi)T, i ∈ Ik} with the kth set representing mk data points
gathered from Lk, k = 1, 2. The measured data is subject to random effects
ε = (. . . , εi, . . .)T, so that[

x
z

]
=

[
x∗

z∗

]
+ ε, z∗i = φ(x∗i ,b), ε ∼ N(0, V ). (3)

With this model we allow for a completely general correlation structure for
the measurement data.

2.3 Example system: interferometric transducers

Suppose the x and z coordinates are measured using interferometric dis-
placement transducers. The coordinates are determined from interferometric
fringe counts which measure the optical displacement corrected for refractive
index effects to provide the geometric displacements. For this measurement

http://www.npl.co.uk/ssfm/download/documents/cmsc33 03.pdf Page 3 of 50
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system, the following model is appropriate:

xi = x∗i + αi + γi + ω,
zi = z∗i + βi + γi + ω,
αi ∼ N(0, ν2

i ),
βi ∼ N(0, σ2

i ),
γi ∼ N(0, ρ2

i ),
ω ∼ N(0, τ2),


(4)

where αi and βi represent random effects particular to measurements xi and
zi, respectively, γi a random effect common to xi and zi and ω a random
effect common to all the measurements.

Let D be the (3m + 1) × (3m + 1) diagonal matrix with νi in the ith
diagonal element, σi in the (m + i)th diagonal element, ρi in the (2m + i)th
diagonal element and τ in the (3m + 1)th diagonal element. Then D2 is the
uncertainty matrix (covariance matrix) associated with α, β, γ and ω. Let
G be the 2m× (3m + 1) matrix

G =

[
Im Im 1m

Im Im 1m

]

where Im is the m×m identity matrix and 1 the m× 1 vector of 1’s. Then
the data uncertainty matrix V associated with the measurements x and z is

V = GD2GT.

The uncertainty matrix Vij associated with the four measurements (xi, zi, xj , zj)
is given by the appropriate (re-ordered) submatrix of V :

Vij =


ν2

i + ρ2
i + τ2 ρ2

i + τ2 τ2 τ2

ρ2
i + τ2 σ2

i + ρ2
i + τ2 τ2 τ2

τ2 τ2 ν2
j + ρ2

j + τ2 ρ2
j + τ2

τ2 τ2 ρ2
j + τ2 σ2

j + ρ2
j + τ2

 .

2.4 Solution estimates of the model parameters

Estimates of the model parameters b associated with the model (3) can be
found by solving the generalised Gauss-Markov problem [5]

min
b,x∗

[
x− x∗

z− z∗

]T

V −1

[
x− x∗

z− z∗

]
.

In the next section we consider algorithms to solve this problem for different
types of structure in the uncertainty matrix V taking into account the simple
form of the function z = φ(x,b) in (2).

Page 4 of 50 http://www.npl.co.uk/ssfm/download/documents/cmsc33 03.pdf
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3 Algorithms generalised Gauss-Markov regression

We consider first the nonlinear Gauss-Markov regression problem [5]. Let
f(a) be m functions fi of n parameters a = (a1, . . . , an)T and V = LLT an
m×m semi-positive definite matrix specified in terms of the factor L. The
matrix V represents the uncertainty matrix associated with the quantities
f . The nonlinear Gauss-Markov regression problem is

min
a,η

ηTη subject to f(a) = Lη. (5)

If L and hence V is invertible the constraints define η as η = L−1f(a) and
(5) is equivalent, mathematically, to

min
a

f(a)TV −1f(a). (6)

3.1 Nonlinear least squares

If V = I, then (5) becomes a straightforward nonlinear least squares prob-
lem

min
a

m∑
i=1

f2
i (a), (7)

and the Gauss-Newton algorithm can be applied: given estimates a of the
solution, we i) calculate f = f(a) and corresponding m× n Jacobian matrix
Jij(a) = ∂fi

∂aj
of partial derivatives, ii) solve

Jp = −f , (8)

in the least squares sense for p, and iii) update a := a + p. These steps are
repeated until the algorithm is judged to have converged. The solution p in
(8) can be found by solving the n× n system of normal equations

JTJp = −JTf .

However, the formation and use of JTJ is likely to worsen any ill-conditioning
in the problem. A better approach is to use a QR factorisation approach
[4, 7] to factor J = QR as the product of an m ×m orthogonal matrix Q
(so that QTQ = QQT = I, the m×m indenty matrix) with an m×n upper
triangular matrix1

R =

[
R1

0

]
.

1Geometrically, we can regard the column vectors of J as vectors in m−dimensional
space. The QR factorisation matrix produces an orthogonal matrix Q (essentially a
product of rotations and reflections) such that when we apply QT to J the first column
vector is transformed to lie along the first co-ordinate axis, the second is transformed to
lie in the plane containing the first and second co-ordinate axes, etc.

http://www.npl.co.uk/ssfm/download/documents/cmsc33 03.pdf Page 5 of 50
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If

−QTf =

[
ĥ1

ĥ2

]
,

the update step is computed by solving the upper triangular system R1p =
ĥ1.

For invertible V , we use the factorisation V = LLT and set

f̃(a) = L−1f(a).

The Gauss-Newton algorithm can now be applied to minimise f̃(a)Tf̃(a) so
that at each iteration we are required to solve, in the least squares sense,

L−1Jp = −L−1f , (9)

where Jij(a) = ∂fi
∂aj

, as before. If L is well-conditioned this approach
represents a satisfactory approach to solving (5). Otherwise, the formation
of L−1 and J̃ = L−1J can lead to numerical instability. (If L is singular
this approach cannot be applied at all.) However, the linear least squares
problem (9) is equivalent to

min
η,p

ηTη subject to Jp + Lη = −f . (10)

This problem can be solved stably using the generalised QR factorisation
(GQR) [1, 5, 10]. This approach also uses the QR factorisation of J and the
RQ factorisation of the m×m matrix QTL so that

QTL = TU,

where

T =

[
T11 T12

T22

]
,

is m × m upper triangular and U is m × m orthogonal. We multiply the
equation −f = Jp + Lη by QT and partition the result as[

ĥ1

ĥ2

]
=

[
R1

0

]
+

[
T11 T12

T22

] [
η̂1

η̂2

]
, (11)

where [
ĥ1

ĥ2

]
= −QTf ,

[
η̂1

η̂2

]
= Uη.

The bottom set of equations in (11) defines η̂2 as the solution of

T22η̂2 = ĥ2,

Page 6 of 50 http://www.npl.co.uk/ssfm/download/documents/cmsc33 03.pdf
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but we are free to assign η̂1. We minimise ηTη = η̂Tη̂ by setting η̂1 = 0.
The update step p therefore solves

R1p = ĥ1 − T12η̂2, T22η̂2 = ĥ2.

The solution η is given by

η = UT

[
0
η̂2

]
.

A modified Gauss-Newton algorithm can therefore be applied to solve (5)
which at each iteration solves (10) to determine the update step p. This
algorithm can be also be applied in the case where L is not full rank.

3.2 Evaluation of the uncertainty matrix

For a nonlinear least squares problem (7), the uncertainty matrix Va asso-
ciated with the fitted parameters a is given by

Va = (JTJ)−1,

where J is the Jacobian matrix of partial derivatives evaluated at the solu-
tion.

If J = QR, then Va = (RTR)−1. If a generalised QR factorisation approach
is used to solve (6), then

Va = KKT,

where K solves R1K = T11 [5]. If the input uncertainty matrix V is known
only approximately, we can set

Va = σ̂2(JTJ)−1,

where is σ̂ is an estimate of the standard deviation of the residuals. One
such estimate is given by

σ̂2 = fTf/(m− n). (12)

The quantity σ̂ can be regarded as a scale correction to input uncertainty
arrived at following the least squares analysis of the data ([3]). We refer to
σ̂ as a posterior estimate of the the standard deviation.

3.3 Generalised Gauss-Markov regression with curves

We now consider Gauss-Markov regression in the context of curve fitting of
which (3) is a particular example. Let z = φ(x,b) be a curve specified by

http://www.npl.co.uk/ssfm/download/documents/cmsc33 03.pdf Page 7 of 50
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parameters b and suppose we have data X = {(xi, zi)}m
i=1 nominally lying on

such a curve but subject to random effects with general uncertainty matrix
V = LLT. The generalised Gauss-Markov regression problem is

min
η,x∗,b

ηTη subject to

[
x
z

]
=

[
x∗

z∗

]
+ Lη, (13)

where
z∗i = φ(x∗i ,b), i = 1, . . . ,m.

We use the qualification generalised to emphasise the fact that we allow for
the possibility of measurements of x as well as those of z being subject to
random effects. Setting

a =

[
x∗

b

]
, f(a) =

[
x− x∗

z− z∗

]
,

the problem of finding the best-fit curve is formulated as a nonlinear Gauss-
Markov regression problem (5). The Jacobian matrix associated with f(a)
is the 2m× (m + n) matrix J with

− J =

[
I 0
Jx J∗

b

]
, (14)

where J∗
b is the m × n matrix with J∗

b(i, j) = ∂φ(x∗i ,b)/∂bj and Jx is the
diagonal matrix with Jx(i, i) = ∂φ(x∗i ,b)/∂x.

We now consider how different types of structure in the uncertainty matrix
V lead to generally simpler estimation methods.

3.4 Ordinary linear regression

In this case, the measurements zi of the heights are subject to uncorrelated
random effects but the locations xi are assumed to be known accurately. In
this situation,

V =

[
0 0
0 V22

]
,

where V22 is the diagonal matrix with σ2
i > 0 in the ith diagonal element.

The corresponding optimisation problem is

min
b

m∑
i=1

w2
i (zi − φ(xi,b))2,

with wi = 1/σi and this problem can be solved directly using a QR factori-
sation approach.

Page 8 of 50 http://www.npl.co.uk/ssfm/download/documents/cmsc33 03.pdf
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3.5 Ordinary Guass-Markov linear regression

In this case, the heights zi are subject to correlated random effects with
covariance matrix V22 = L22L

T
22 but the locations xi are assumed to be

known accurately. In this situation,

V =

[
0 0
0 V22

]
,

and the corresponding optimisation problem is

min
b,η

ηTη subject to z = z∗ + L22η.

If φ(x,b) is linear in b so that z∗ = z0 +Ab, then this optimisation problem
can be solved directly using a GQR factorisation approach.

3.6 Generalised distance regression

In this case, the heights zi and locations xi are subject to correlated random
effects, but the ith set of measurements are independent of the jth, i 6= j.
In this situation, the observations can be ordered such that V is composed
of diagonal 2 × 2 blocks Vi = LiL

T
i and the regression problem can be

formulated as

min
a,{ηi}

m∑
i=1

ηT
i ηi

subject to the constraints[
xi − x∗i

zi − φ(x∗i ,b)

]
= Liηi, i = 1, . . . ,m.

This problem can be solved efficiently using a separation of variables ap-
proach in which the x∗i are determined from the solutions of the correspond-
ing footpoint problems:

min
ηi,x

∗
i

ηT
i ηi

subject to the constraints[
xi − x∗i

zi − φ(x∗i ,b)

]
= Liηi.

For the case of model (2), for fixed b the constraints are linear in the
parameter x∗i and so the footpoint problem can be solved directly using the

http://www.npl.co.uk/ssfm/download/documents/cmsc33 03.pdf Page 9 of 50
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GQR algorithm. Setting ni = (−φ̇i, 1)T/(1 + φ̇2
i )

1/2, φ̇i = ∂φ/∂x evaluated
at x∗i , and si = ‖LT

i ni‖, then

di(b) =
1
si

nT
i

[
xi − x∗i
zi − z∗i

]
, (15)

and
∂di

∂bj
=

1
si

nT
i

[
0

− ∂φ
∂bj

(x∗i )

]
. (16)

The best-fit curve is found from solving

min
b

m∑
i=1

d2
i (b)

using the Gauss-Newton algorithm with di and its derivatives calculated
according to (15) and (16). We note that at no point in the calculation is
L−1

i required. In fact, this approach can be used effectively even if Li is
rank deficient.

3.7 Example system: interferometric transducers

We refer back to the model for interferometric transducers described in
section 2.3. If ν = ρ = τ = 0, only the zi measurements are subject to
random effects and the resulting fitting problem is an ordinary linear least
squares regression problem. If τ = 0, the fitting problem is a generalised
distance regression problem. If τ > 0, the problem is a generalised Gauss-
Markov regression problem.
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4 Analysis of algorithm behaviour

In this section, we look at the behaviour of different parameter estimation
methods for simulated data. Given an uncertainty matrix V for the measure-
ment data, we know that the generalised Gauss Markov (GGM) estimator
has optimal behaviour in the sense that it uses the input uncertainty matrix
V to ‘weight’ the input information in the most appropriate way. However
its implementation, even for the simple models considered here, requires
optimisation components considerably more involved than those used for
ordinarly least squares regression. We are therefore interested in comparing
the behaviour of different estimation algorithms relative to the generalised
Gauss Markov approach.

4.1 Monte Carlo simulation data generation

We generate test data according to the model (13) as follows.

Suppose the 2m×2m data uncertainty matrix V = LLT has been specified.

i Fix end points C < A < B < D, parameters b] and abscissae x] =
(x]

1, . . . , x
]
m)T, C ≤ x]

i ≤ D.

ii Generate heights z] corresponding to the nominal geometry so that
z]
i = φ(x]

i,b
]), i = 1, . . . ,m.

iii Evaluate the 2m× (m + 3) Jacobian matrix J for parameters x] and
b] and form the generalised QR factorisation for the pair [J, L]:

J = Q

[
R1

0

]
, QTL =

[
T11 T12

T22

]
Z.

iv Evaluate the (m + 3)× (m + 3) matrix

V ]
a = KKT, R1K = T11.

V ]
a is the uncertainty matrix associated with the fitted parameters x]

and b] for the GGM estimator and the lower right 3× 3 submatrix of
V ]
a is the uncertainty matrix V ]

b associated with the parameters b.

v Generate a 2m×1 vector η whose elements are drawn from a standard
normal distribution, i.e., ηi ∼ N(0, 1) and set ε = Lη. Then ε ∼
N(0, V ).

vi Set [
x
z

]
=

[
x]

z]

]
+ ε.

http://www.npl.co.uk/ssfm/download/documents/cmsc33 03.pdf Page 11 of 50
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Steps v and vi can be repeated N times to generate data sets Xq = {(xi,q, zi,q)},
q = 1, . . . , N , such that the GGM estimates aq of the parameters associated
with Xq are approximately distributed as

aq ∼ N(0, V ]
a ), bq ∼ N(0, V ]

b).

4.2 Generation of data uncertainty matrices

4.2.1 General covariance structure

We first consider the case in which the measurement errors have a completely
general covariance structure. We assume that we have m data points so that
V is (2m)×(2m). Any covariance matrix V has an eigenvalue decomposition
of the form

V = US2UT,

where S is a diagonal matrix with sii ≥ 0 and U is an orthogonal matrix.
The eigenvalues of V are the squares of the diagonal elements of S and the
eigenvectors are the columns of U . The jth eigenvalue is the variance of the
linear combination of the random variables specified by the jth eigenvector.
A zero eigenvalue corresponds to perfect correlation in a such a linear
combination. By choosing an orthogonal matrix at random and eigenvalues
in a specified range, we can generate covariance matrices with a range of
properties. In the experiments reported on here, we set

sii = e−c(i−1)/(2m), i = 1, . . . , 2m,

where c ≥ 0 is an input parameter that controls the amount of correlation:
the larger the value of c, the more correlation. We note that such a V can
be decomposed as V = LLT where L = US.

Figures 2–4 graph the square roots of the diagonal elements of the data
uncertainty matrix V generated with correlation parameters c = 2, 4 and
6, respectively, while Figures 5–7 provide histograms of the off-diagonal
elements of the associated correlation matrices. For this dataset, m = 75.
Each colour corresponds to a different column of the correlation matrix. As
c increases, the correlation coefficients tend to become larger in absolute
value.
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Figure 2: Square root of the diagonal elements of data uncertainty matrix
V generated with c = 2. The units in the vertical axis are arbitrary.

Figure 3: As Figure 2 but generated with c = 4.
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Figure 4: As Figure 2 but generated with c = 6.

Figure 5: Histogram of the off-diagonal elements of the correlation matrix
associated with the data uncertainty matrix V generated with c = 2. Each
colour corresponds to a different column of the correlation matrix. The
vertical axis gives is the number of elements in each column that fall into
the range specified on the horizontal axis. (Each column has 2m = 150
elements.)
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Figure 6: As Figure 5 but with c = 4.

Figure 7: As Figure 5 but with c = 6.
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4.2.2 Estimation algorithms for general uncertainty matrices

We apply the following algorithms to data generated for general V .

LLS linear least squares, in which we solve

min
b

∑
i

(zi − φ(xi,b))2.

WLS weighted linear least squares, in which we solve

min
b

∑
i

w2
i (zi − φ(xi,b))2,

with wi = 1/σi where σi is the standard uncertainty associated with
zi, i.e., σ2

i = Vm+i,m+i.

ODR orthogonal distance regression, in which we solve

min
x∗,b

∑
i

{(xi − x∗i )
2 + (zi − φ(x∗i ,b))2}.

WDR weighted distance regression, in which we solve

min
x∗,b

∑
i

{v2
i (xi − x∗i )

2 + w2
i (zi − φ(x∗i ,b))2}.

with wi as above and vi = 1/νi where νi is the standard uncertainty
associated with xi, i.e., ν2

i = Vii.

GDR general distance regression, in which we solve

min
a,{ηi}

m∑
i=1

ηT
i ηi

subject to the constraints[
xi − x∗i

zi − φ(x∗i ,b)

]
= Liηi, i = 1, . . . ,m,

where Vi = LiL
T
i is the uncertainty matrix associated with the mea-

surements xi and zi, i.e.,

Vi =

[
Vi,i Vi,m+i

Vm+i,i Vm+i,m+i

]
.
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GM Gauss-Markov regression in which we solve

min
η,b

ηTη subject to z = Ab + L22η,

where the ith row of the m× 3 matrix A is

A(i, 1 : 3) =

{
(1, 0, xi), xi ∈ (A,B),
(0, 1, xi), xi /∈ (A,B),

(17)

and L22 is an m×m matrix such that V22 = L22L
T
22. Here, V22 is the

covariance matrix associated with z, i.e.,

V22 = V (m + 1 : 2m,m + 1 : 2m).

GGM generalised Gauss-Markov regression in which we solve

min
η,x∗,b

ηTη subject to

[
x
z

]
=

[
x∗

z∗

]
+ Lη,

where z∗i = φ(x∗i ,b). We note that z∗ = A∗b where A∗ is the m × 3
matrix

A∗(i, 1 : 3) =

{
(1, 0, x∗i ), x∗i ∈ (A,B),
(0, 1, x∗i ), x∗i /∈ (A,B).

Of these algorithms, GGM is expected to perform best as it reflects accu-
rately the covariance structure in the data.

All these algorithms are forms of least squares regression and the evaluation
of the uncertainty matrix associated with the fitted parameters can be
performed following the general approach outlined in section 3.2.

4.2.3 Covariance matrices associated with the interferometric model

The covariance matrix associated with the interferometric model (4) is de-
termined by the three m-vectors ν, σ and ρ and the scalar τ that specify the
diagonal matrix D in V = GD2GT. In the simulations reported on below,
we first set three scalars ν0, σ0 and ρ0, and then set

νi = ν0(1 + δν
i ), σi = σ0(1 + δσ

i ), ρi = ν0(1 + δρ
i ), (18)

where δν
i , δσ

i , δρ
i ∈ [0, 1] are drawn from a rectangular (uniform) distribu-

tion.

If the (3m+1)×2m matrix DGT has QR factorisation DGT = QR, and R1

is the submatrix of R comprising the first 2m rows, then V = LLT where
L = RT

1 .
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4.2.4 Estimation algorithms for interferometric model data un-
certainty matrices

In order to analyse the algorithm behaviour for uncertainty matrices that
arise in practice, we apply the same set of algorithms to data generated for
a data uncertainty matrix V associated with the interferometric model as
those described in section 4.2.3, but with the following modifications:

WLS weighted linear least squares, defined in terms of weights wi = 1/σi

where σi is as in (18).

WDR weighted distance regression, defined in terms of weights vi and wi

with wi as above and vi = 1/νi where νi is defined in (18).

GDR general distance regression, using the ith covariance matrix

Vi =

[
ν2

i + ρ2
i ρ2

i

ρi σ2
i + ρ2

i

]
.

with νi, σi and ρi defined by (18).

These three algorithms differ from their general covariance counterparts in
that they correspond to the assumptions that νi = ρi = τ = 0, ρi = τ = 0,
and τ = 0, respectively. For the general covariance matrix case they were
defined in terms of the corresponding elements of V .

4.3 Monte Carlo simulation results

The following graphs record the normalised estimates (d− d])/uGGM where

d = (a2 − a1)/(1 + b2)1/2,

is the estimated depth, d] is the depth determined by b] and uGGM is the
standard uncertainty associated with d for the estimate determined by the
GGM algorithm. We therefore expect approximately 57% of the results
associated with GGM to fall within ±1. Each simulation run involved 100
data sets (N = 100).

4.3.1 General covariance matrix

Nine simulation runs were made on data generated as described in sec-
tion 4.2.1 with b] = (0, 2, 1)T, (0, 2,−1)T and (0, 2, 0.001)T and c = 2, 4 and
6. Graphs 8–16 show:
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Figure 8: Normalised estimates (d − d])/uGGM calculated by 1) LLS, 2)
WLS, 3) ODR, 4) WDR, 5) GDR, 6) GM and 7) GGM algorithms for
100 simulated data sets with b] = (0, 2, 1)T and c = 2. The units on the
vertical axis have been normalised so that the standard uncertainty (k = 1)
associated with the GGM estimate of the separation d is 1.

1. The behaviour of algorithms LLS, WLS, ODR, WDR and GDR are
similar with respect to variation in their estimates of the separation
parameter d.

2. The behaviour of algorithm GM depends on the value of the slope
parameter b. For b small, it gives similar estimates to that supplied
by the GGM algorithm. For b = ±1, its estimates show the largest
variation.

3. As c increases, corresponding to a greater degree of correlation, the
performance of the GGM algorithm becomes better relative to the
others.
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Figure 9: As Figure 8 but with b] = (0, 2,−1)T.

Figure 10: As Figure 8 but with b] = (0, 2, 0.001)T.
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Figure 11: As Figure 8 but with b] = (0, 2, 1)T and c = 4.

Figure 12: As Figure 8 but with b] = (0, 2,−1)T and c = 4.
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Figure 13: As Figure 8 but with b] = (0, 2, 0.001)T and c = 4.

Figure 14: As Figure 8 but with b] = (0, 2, 1)T and c = 6.
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Figure 15: As Figure 8 but with b] = (0, 2,−1)T and c = 6.

Figure 16: As Figure 8 but with b] = (0, 2, 0.001)T and c = 6.
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Figure 17: Normalised estimates (d − d])/uGGM calculated by 1) LLS,
2) WLS, 3) ODR, 4) WDR, 5) GDR, 6) GM and 7) GGM algorithms
for 100 simulated data sets with b] = (0, 2, 1)T and (ν0, σ0, ρ0, τ) =
(0.001, 0.001, 0.001, 0.001). The units on the vertical axis have been
normalised so that the standard uncertainty (k = 1) associated with the
GGM estimate of the separation d is 1.

4.3.2 Interferometric model

Six simulation runs were made for data generated as described in sec-
tion 4.2.3 with b] = (0, 2, 1)T, (0, 2,−1)T and (0, 2, 0.001)T (as above) and

(ν0, σ0, ρ0, τ) = (0.001, 0.001, 0.001, 0.001)

and
(ν0, σ0, ρ0, τ) = (0.002, 0.001, 0.005, 0.003).

Graphs 17–22 show that all the algorithms have a similar behaviour for this
type of data, at least in terms of their estimates of the separation parameter
d.
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Figure 18: As Figure 17 but with b = (0, 2,−1)T.

Figure 19: As Figure 17 but with b = (0, 2, 0.001)T.
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Figure 20: As Figure 17 but with (ν0, σ0, ρ0, τ) = (0.002, 0.001, 0.005, 0.003).

Figure 21: As Figure 17 but with b = (0, 2,−1)T and (ν0, σ0, ρ0, τ) =
(0.002, 0.001, 0.005, 0.003).
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Figure 22: As Figure 17 but with b = (0, 2, 0.001)T and (ν0, σ0, ρ0, τ) =
(0.002, 0.001, 0.005, 0.003).
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4.4 Null-space data generation scheme

In order to compare more directly the approximate algorithms with the
GGM algorithm we can apply the approximate algorithms on data for which
the GGM solution is known.

We wish to generate test data for the problem of generalised Gauss-Markov
regression with curves (13). We assume that the uncertainty matrix V is
full rank. A first order condition for b and x∗ to define a local minimum is
that

JTV −1

[
x− x∗

z− z∗

]
= 0,

where, as before, z∗i = φ(x∗i ,b) and J is the Jacobian matrix defined in (14).
Therefore, if

JTδ = 0,

and [
x
z

]
=

[
x∗

z∗

]
+ V δ,

then these optimality conditions are satisfied. Below we describe a data
generation scheme based on the analysis above that uses the generalised QR
factorisation to improve the efficiency and numerical stability.

Suppose 2m × 2m uncertainty matrix V = LLT has been specified. The
simulation data is generated according to the following scheme.

i Fix end points C < A < B < D, parameters b] and abscissae x] =
(x]

1, . . . , x
]
m)T, C ≤ x]

i ≤ D.

ii Generate heights z] corresponding to the nominal geometry so that
z]
i = φ(x]

i,b
]), i = 1, . . . ,m.

iii Evaluate 2m × (m + 3) Jacobian matrix J for parameters x] and b]

and form the generalised QR factorisation for the pair [J, L]:

J = Q

[
R1

0

]
, QTL =

[
T11 T12

T22

]
U.

iv Evaluate the (m + 3)× (m + 3) matrix

V ]
a = KKT, R1K = T11.

v Generate at random a m− 3 vector ζ and normalise it so that ζTζ =
m− 3. Set

ε = Q

[
T12

T22

]
ζ, η = UT

[
0
ζ

]
.
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vi Set [
x
z

]
=

[
x]

z]

]
+ ε.

Then b] is the GGM estimate associated with the data x and z and V ]
a is

the uncertainty matrix associated with the fitted parameters x] and b] for
the GGM estimator. The lower right 3× 3 submatrix of V ]

a is the required
uncertainty matrix V ] associated with the parameters b. From b] and V ]

a

we can calculate the separation d] and its associated uncertainty u].

Steps v and vi can be repeated any number of times if required.

With this data generation scheme we can compare approximate estimate
methods with the GGM estimator to see if their performance is acceptable.

4.5 Null space simulations

4.5.1 General covariance matrix

Nine simulation runs were made on null-space data for covariance ma-
trices generated as in section 4.2.1 with b] = (0, 2, 1)T, (0, 2,−1)T and
(0, 2, 0.001)T and c = 2, 4 and 6. Graphs 23–31 show:

1. As for the Monte Carlo simulation data, as c increases the variations
in the parameter estimates by the approximate algorithms increase.

2. For slope b = 0.001, the GM estimate is close to the GGM solution d],
relative to the uncertainty in d].

We can explain the last property as follows. Suppose b and x∗ solve the
GGM problem for data x and z and uncertainty matrix V . Then there is a
δ such that[

I bI
0 (A∗)T

] [
δ1

δ2

]
= 0,

[
x− x∗

z− z∗

]
=

[
V11δ1 + V12δ2

V21δ1 + V22δ2

]
, (19)

where A∗ is the observation matrix associated with x∗. Similarly, for b to
be a solution of the GM problem for data x and uncertainty matrix V22, we
must have

ATV −1
22 (z− z∗) = 0,

where A is the observation matrix associated with x. We write A = A∗ + ∆
where ‖∆‖ = O(‖x− x∗‖) = O(‖δ‖), i.e., the difference between A and A∗
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Figure 23: Normalised estimates (d − d])/uGGM calculated by 1) LLS, 2)
WLS, 3) ODR, 4) WDR, 5) GDR and 6) GM algorithms for 100 simulated
data sets with b] = (0, 2, 1)T and c = 2. The units on the vertical axis have
been normalised so that the standard uncertainty (k = 1) associated with
the GGM estimate of the separation d is 1.

is of the same order of magnitude as that of x − x∗ and δ. We have from
(19) that δ1 = −bδ2 (and is zero if b is zero) and

z− z∗ = V22δ2 − bV21δ2,

so that

ATV −1
22 (z− z∗) = AT(δ2 − bV −1

22 V12δ2),
= ∆T(δ2 − bV −1

22 V12δ2)− b(A∗)TV −1
22 V12δ2.

The first term is O(‖δ‖2) while the second term is O(b‖δ‖). From this, we
expect that the difference between the GM and GGM to vary linearly with
the size of the noise in the data for slopes significantly different from zero,
but quadratically if b = 0.
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Figure 24: As Figure 23 but with b = (0, 2, 1)T.

Figure 25: As Figure 23 but with b = (0, 2, 0.001)T. The results for the GM
algorithm are essentially identical to those for the GGM algorithm.
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Figure 26: As Figure 23 but with c = 4.

Figure 27: As Figure 23 but with b = (0, 2,−1)T and c = 4.
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Figure 28: As Figure 23 but with b = (0, 2, 0.001)T and c = 4. The
results for the GM algorithm are essentially identical to those for the GGM
algorithm.

Figure 29: As Figure 23 but with c = 6.
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Figure 30: As Figure 23 but with b = (0, 2,−1)T and c = 6.

Figure 31: As Figure 23 but with b = (0, 2, 0.001)T and c = 6. The
results for the GM algorithm are essentially identical to those for the GGM
algorithm.
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4.5.2 Interferometric model

Six simulation runs were made for null space data corresponding to covari-
ance matrices generated as described in section 4.2.3 with b] = (0, 2, 1)T,
(0, 2,−1)T and (0, 2, 0.001)T (as above) and

(ν0, σ0, ρ0, τ) = (0.001, 0.001, 0.001, 0.001)

and
(ν0, σ0, ρ0, τ) = (0.002, 0.001, 0.005, 0.003).

Graphs 32–37 show:

1. The GDR estimator provides accurate estimates relative to the GGM
estimator for all the data sets.

2. The WDR estimator provides accurate estimates relative to the GGM
estimator for slope b = 1.

3. The GM estimator provides accurate estimates relative to the GGM
estimator for slope b = 0.001.

The third observation has already been explained above. To explain the first,
we note that the GDR estimator is solving the generalised Gauss-Markov
problem for the data x and z but uncertainty matrix VGDR = V − τ2eeT

where e is the 2m × 1 vector with 1 in each element. For this type of
uncertainty matrix, we can rewrite (19) as[

I bI
0 (A∗)T

] [
δ1

δ2

]
= 0,

[
x− x∗

z− z∗

]
= (VGDR + τ2eeT)δ. (20)

From the definition of A∗ if n is a vector such (A∗)Tn = 0, then necessarily∑
i ni = 0. In particular the elements of δ2 must sum to zero. Since δ1 =

−bδ2, the elements of δ1 must also sum to zero so that eTδ = 0. Applying
this to (20), we see that a solution of the GGM problem for uncertainty
matrix

V = VGDR + τ2eeT

must also be a solution for uncertainty matrix VGDR.

To explain the second point, we note that if b = 1 then δ1 = −δ2 and[
ν2

i + ρ2
i ρ2

i

ρ2
i σ2

i + ρi

] [
δi

−δi

]
=

[
δiν

2
i

−δiσ
2
i

]
=

[
ν2

i

σ2
i

] [
δi

−δi

]
.

If VWDR is the diagonal matrix with ν2
i in the ith diagonal element and σ2

i

in the (m + i)th, and δ is in the nullspace of the Jacobian matrix J then
V δ = VGRDδ = VWDRδ. This means that for the case b = 1 the WDR,
GDR and GGM solutions coincide.
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Figure 32: Normalised estimates (d − d])/uGGM calculated by 1) LLS,
2) WLS, 3) ODR, 4) WDR, 5) GDR and 6) GM algorithms for 100
simulated nullspace data sets with b] = (0, 2, 1)T and (ν0, σ0, ρ0, τ) =
(0.001, 0.001, 0.001, 0.001). The units on the vertical axis have been
normalised so that the standard uncertainty (k = 1) associated with the
GGM estimate of the separation d is 1.

Figure 33: As Figure 32 but with b] = (0, 2,−1)T.
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Figure 34: As Figure 32 but with b] = (0, 2, 0.001)T.

Figure 35: As Figure 32 but with (ν0, σ0, ρ0, τ) = (0.002, 0.001, 0.005, 0.003).
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Figure 36: As Figure 32 but with b] = (0, 2,−1)T and (ν0, σ0, ρ0, τ) =
(0.002, 0.001, 0.005, 0.003).

Figure 37: As Figure 32 but with b] = (0, 2, 0.001)T and (ν0, σ0, ρ0, τ) =
(0.002, 0.001, 0.005, 0.003).
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Figure 38: Data measured from an artefact with a nominal step of 30 nm.
The vertical axis is height and the horizontal axis represents location along
x axis. The units are in nanometres.

5 Analysis of measurement data

In this section we apply the algorithms to real measurement data. We
look at three data sets arising from measurements of a 30 nm, 300 nm and
3000 nm step reference artefacts. The approximate slopes corresponding to
these data sets are 7.5× 10−4, −2.1× 10−5 and 8.0× 10−4.

5.1 Example 1: 30 nm step artefact

Figure 38 graphs a section of the measurement trace. The data points
selected for the assessment of the artefact are shown in red.

We have applied the seven algorithms already considered assuming an inter-
ferometric error structure with a) νi = 1, σi = 1, ρi = 1 and τ = 1 and b)
νi = 2, σi = 1, ρi = 5 and τ = 3. (The units are in nanometres.) Figure 39
graphs the residuals associated with a fit of the model to the data using the
GGM algorithm. The estimates for the separation d produced by the seven
algorithms for the two uncertainty matrices are given in Table 1. For case a),
the standard uncertainty associated with the estimate of the depth, based on
the input data uncertainty matrix, is approximately 0.13 nm for the first four
algorithms and 0.18 nm for the last three. If we calculate the uncertainty
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Figure 39: Residuals associated with the 30 nm step artefact data. The
units for the vertical axis are nanometres.

based on the posterior estimate of σ as in (12) all seven algorithms give the
same value of 0.10 nm. For case b) the corresponding numbers are 0.12,
0.64 and 0.10. Relative to the uncertainty in d, the estimates of d agree to
1 part in 107. In terms of the estimate of the depth the algorithms have
essentially the same behaviour. It therefore follows that the estimates of
the uncertainty associated with the depth should be essentially the same.
While the uncertainty estimates based on the input uncertainty matrices
differ significantly, those using the posterior estimate σ̂ agree. The effect of
an inappropriate combination of uncertainty matrix and solution algorithm
is compensated for by the use of the posterior estimate.

5.2 Example 2: 300 nm step artefact

Figure 40 graphs a section of the measurement trace. The data points
selected for the assessment of the artefact are shown in red.

We have applied a similar analysis to this data set. Figure 41 graphs
the residuals associated with a GGM fit of the model to the data. The
estimates for the separation d produced by the seven algorithms for the
two uncertainty matrices are given in Table 2. For case a), the standard
uncertainty associated with estimate of the depth, based on the input data
uncertainty matrix, is approximately 0.26 nm for the first four algorithms
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a) b)
LLS 19.53334409194924 19.53334409194924
WLS 19.53334409194924 19.53334409194924
ODR 19.53334409198467 19.53334409198467
WDR 19.53334409198467 19.53334409209101
GDR 19.53334406827659 19.53334404636478
GM 19.53334409194921 19.53334409194921
GGM 19.53334406827659 19.53334404636478

Table 1: Estimates of the separation parameter for a 30 nm step
reference artefact associated with an interferometric error structure with
a) (νi, σi, ρi, τ) = (1, 1, 1, 1) and b) (νi, σi, ρi, τ) = (2, 1, 5, 3).

Figure 40: Data measured from an artefact with a nominal step of 300 nm.
The vertical axis is height and the horizontal axis represents location along
x axis. The units are in nanometres.
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Figure 41: Residuals associated with the 300 nm step artefact data. The
units for the vertical axis are nanometres.

and 0.37 nm for the last three. If we calculate the uncertainty based on
the posterior estimate of σ all seven algorithms give the same estimate of
0.90 nm. For case b) the corresponding numbers are 0.26, 1.35 and 0.90.
Relative to the uncertainty in d, the estimates of d agree to 1 part in 105.

5.3 Example 3: 3000 nm step artefact

Figure 42 graphs a section of the measurement trace. The data points
selected for the assessment of the artefact are shown in red.

a) b)
LLS 335.458216718040 335.458216718040
WLS 335.458216718040 335.458216718040
ODR 335.458216718098 335.458216718098
WDR 335.458216718098 335.458216718272
GDR 335.458218082135 335.458219341201
GM 335.458216718040 335.458216718040
GGM 335.458218082135 335.458219341201

Table 2: Estimates of the separation parameter for a 300 nm step
reference artefact associated with an interferometric error structure with
a) (νi, σi, ρi, τ) = (1, 1, 1, 1) and b) (νi, σi, ρi, τ) = (2, 1, 5, 3).
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Figure 42: Data measured from an artefact with a nominal step of 3000 nm.
The vertical axis is height and the horizontal axis represents location along
x axis. The units are in nanometres.

Figure 43: Residuals associated with the 3000 nm step artefact data. The
units for the vertical axis are nanometres.
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a) b)
LLS 3012.17406014788 3012.17406014788
WLS 3012.17406014788 3012.17406014788
ODR 3012.17406008297 3012.17406008297
WDR 3012.17406008297 3012.17406008297
GDR 3012.17410040646 3012.17410040646
GM 3012.17406014788 3012.17406014788
GGM 3012.17410040646 3012.17410040646

Table 3: Estimates of the separation parameter for a 3000 nm step
reference artefact associated with an interferometric error structure with
a) (νi, σi, ρi, τ) = (1, 1, 1, 1) and b) (νi, σi, ρi, τ) = (2, 1, 5, 3).

We have applied a similar analysis to this data set as the previous two.
Figure 43 graphs the residuals associated with a GGM fit of the model to the
data. The estimates for the separation d produced by the seven algorithms
for the two uncertainty matrices are given in Table 3. For case a), the
standard uncertainty associated with the depth, based on the input data
uncertainty matrix, is approximately 0.14 nm for the first four algorithms
and 0.20 nm for the last three. If we calculate the uncertainty based on
the posterior estimate of σ all seven algorithms give the same estimate of
0.83 nm. For case b) the corresponding numbers are 0.14, 0.72 and 0.83.
Relative to the uncertainty in d, the estimates of d agree to 1 part in 104.

5.4 Effect of form error on uncertainty evaluation

From the results for all three data sets we see that all seven algorithms
have a similar behaviour in terms of the estimate of the separation. In fact
there is no practical difference between them. In terms of the value of the
standard uncertainty associated with the separation, the estimates based on
the posterior estimate of the standard deviation of the residual errors are
very close to each other for all seven algorithms, while those that depend on
the input uncertainty matrix can differ significantly, as expected.

The posterior estimate of the standard deviation is based on the assump-
tion that the residuals are drawn, approximately at least, from a normal
distribution. In practice, there is a very significant contribution to the
residuals due to the fact that the artefacts do not have perfect geometry.
Imperfect geometry introduces two complications. The first is that use
of the posterior estimate could well lead to a significant overestimate of
the measurement uncertainty. Repeating a measurement run, executing
the same measurement strategy, will lead to variation in the separation
significantly less than that estimated from the standard deviation of the
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Figure 44: Estimated separations calculated by the 1) LLS, 2) WLS, 3)
ODR, 4) WDR and 5) GDR algorithms for random subsets of the 3000 nm
step artefact data, each with approximately half the number of data points.
The solid, black horizontal lines are ±σp, where σp is the prior estimate of
the standard deviation of the residuals, and the dashed, blue lines are ±σP ,
where σP is the posterior estimate of the standard deviation of the residuals.
The units for the vertical axis are nanometres.

residuals. The second complication is that the estimate of the separation
depends significantly on the measurement strategy.

To investigate this latter behaviour we have repeated the analysis of the
3000 nm step data by defining 100 subsets Xq of the orginal data set, each
with approximately half the number of data points selected at random from
the complete data set. We applied the LLS, WLS, ODR, WDR and GDR
algorithms to these data sets and compared the estimated separations with
values of the uncertainty based on the prior or posterior estimate of the
standard deviation of the residuals. The results are shown in Figure 44.
They show that the prior estimate significantly underestimates the variation
in the separation, while the posterior estimate is in line with the observed
variation.
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5.5 Valid uncertainty analysis for the linear least squares
estimator

The results from the analysis of the step data suggest that the estimate of
the separation provided by the LLS algorithm is fit for purpose but that
the usual value of the uncertainty based on prior information is likely to
be invalid. The posterior estimate is also invalid since it is contaminated
by form error effects. However, we know that for small slopes, the GM
and GGM estimators have very similar behaviour and that the uncertainty
associated with the z measurements can be safely ignored. We propose
therefore a model of the form

zi = φ(xi,b) + εi, i = 1, . . . ,m, ε ∼ N(0, V22).

If A is the matrix defined in (17), the LLS estimate of the parameters is
given by

bLLS = A†z,

where A† is the 3×m Moore-Penrose inverse of A:

A† = (ATA)−1AT.

We note that if A has QR factorisation,

A = [Q1 Q2]

[
R1

0

]
,

then A† = R−1
1 QT

1 . The uncertainty matrix associated with bLLS is therefore

VbLLS
= A†V22

(
A†

)T
,

and we can use this matrix to evaluate the uncertainty associated with the
separation obtained from the LLS algorithm. We note that if V22 = L22L

T
22

and

QTV22 =

[
T11 T12

T22

]
U

completes the generalised QR factorisation of the pair [A, L22], then

VbLLS
= KLLSKT

LLS , R1KLLS = [T11 T12].

We can compare this with the uncertainty matrix VbGM
associated the GM

estimate:
VbGM

= KGMKT
GM , R1KGM = T11.

Comparing these two uncertainty matrices we see that any increased uncer-
tainty in the LLS estimate over the GM estimate is due to T12.
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We have run a number of Monte Carlo simulations, using exactly the same
data generation scheme as described in sections 4.1 and 4.2.1, to compare the
estimate V of covariance matrix associated with the fitted parameters bLLS ,
with the sample covariance VMC of the parameters bq associated with the
data sets Xq. Each data set corresponded to parameters b = (0, 2, 0.001)T,
and three runs, each of 5000 trials, were made with c = 2, 4 and 6. We
also compare the estimated uncertainty u associated with the separation
parameter with the standard deviation uMC of the sampled deviations.
These results are given in the Tables 4–6 and show good agreement.

We use the same approach to evaluating the uncertainty uLLS associated
with the LLS estimate of the separation for the experimental data sets.
Since we have found the LLS estimate of the separation to be very close to
the GGM estimate, we expect the uncertainties to be close. Table 7 below
provides a comparison of these uncertainties for each of the three artefacts
and assuming an interferometric error structure with a) νi = 1, σi = 1,
ρi = 1 and τ = 1 and b) νi = 2, σi = 1, ρi = 5 and τ = 3. In all cases the
differences are smaller that 1 part in 103.
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c = 2 V
3.8549 -0.2312 -0.0179

-0.2312 1.7121 0.0161
-0.0179 0.0161 0.0167

VMC

3.9048 -0.1588 -0.0214
-0.1588 1.7024 0.0162
-0.0214 0.0162 0.0166

u 2.4555e-004
uMC 2.4341e-004

Table 4: Estimates of the covariance matrix V and standard uncertainty u
of the fitted parameters b and their counterparts VMC and uMC determined
from 5000 Monte Carlo simulations. Data generated for the case c = 2.

c = 4 V
3.5343 -0.3381 -0.0214

-0.3381 1.4253 0.0186
-0.0214 0.0186 0.0151

VMC

3.6851 -0.2655 -0.0239
-0.2655 1.4161 0.0181
-0.0239 0.0181 0.0153

u 2.3740e-004
uMC 2.3732e-004

Table 5: As Table 4 but with c = 4.

c = 6 V
3.2855 -0.3823 -0.0213

-0.3823 1.2632 0.0178
-0.0213 0.0178 0.0132

VMC

3.3718 -0.3303 -0.0224
-0.3303 1.2468 0.0171
-0.0224 0.0171 0.0135

u 2.3050e-004
uMC 2.2976e-004

Table 6: As Table 4 but with c = 6.
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a) uGGM uLLS

30 nm 0.1783 0.1784
300 nm 0.3732 0.3732

3000 nm 0.2015 0.2016
b) uGGM uLLS

30 nm 0.6427 0.6431
300 nm 1.3457 1.3456

3000 nm 0.7262 0.7268

Table 7: Estimates uGGM and uLLS of uncertainty in the separation
parameter determined by the LLS and GGM algorithms on simulated data
associated with an interferometric error structure with a) (νi, σi, ρi, τ) =
(1, 1, 1, 1) and b) (νi, σi, ρi, τ) = (2, 1, 5, 3).

6 Concluding remarks

In this report, we have been concerned with algorithms for assessing the ge-
ometry of Type A1 reference artefacts for a range of uncertainty structures in
the measurement data. In particular, we have included the most general case
in which there is general correlation between all the measurement data. We
have examined the behaviour of a range of algorithms on simulated data with
the different algorithms incorporating different degrees of approximation in
the uncertainty structure. The generalised Gauss-Markov algorithm (GGM)
is seen to perform best. This is to be expected since it uses all the uncertainty
information appropriately. The behaviour of the other algorithms depends
on the degree of approximation and, for the nonlinear algorithms, the values
of the parameters. In particular, for measurements of artefacts for which
the slope of the fitted geometry is small, say, less than 0.005 in absolute
value, the uncertainty in the x measurements can be safely ignored, leading
to simpler estimation algorithms.

Applied to real measurement data, we have seen that the behaviour of all the
algorithms was very similar in terms of the estimation of the separation pa-
rameters. However, the evaluation of the uncertainty matrix associated with
the fitted parameters has to be based on the true data uncertainty matrix
rather than the approximate uncertainty matrix implicitly associated with
the algorithm. The use of the posterior estimate of the standard deviation
of the residuals is likely to give invalid results if the form error is significant
relative to the uncertainty associated with the height measurements.
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