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ABSTRACT

This document provides specifications of software units for the evaluation
of measurement uncertainty. It is intended to align with and support es-
tablished guides and extend their functionality in a consistent manner. It
is also intended to complement the best-practice guide to uncertainty and
statistical modelling that has been produced as part of the UK Department
of Industry’s National Measurement System Software Support for Metrology
(SSfM) Programme. The target audience is those who in their work wish to
use software to assist in the evaluation of uncertainty.
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1 Introduction

This document is intended to align with and help support established guides
on uncertainty evaluation [1, 10, 29] and extend their functionality in a
consistent manner. Also, it is complementary to the best-practice guide
[6] on uncertainty and statistical modelling, produced as part of the UK’s
Software Support for Metrology programme. It contains specifications for
software that is relevant to uncertainty evaluation and associated statistical
analyses. The specifications relate to software units that are useful in this
area, rather than packages or systems for uncertainty evaluation. The user
or supplier that is implementing software for uncertainty evaluation would
need to consider software units of the types covered here.

The software specifications are not intended to be mandatory. They typify
constituent parts of uncertainty evaluation. In particular, they indicate the
inputs and outputs of the software units and the purpose of each unit, viz.,
a statement of the computational aim of the unit.

The units are presented in the context of the more complete calculations in
which they would be used.

The specifications generally have a minimal number of input and output
parameters. Computational control parameters, such as those relating to
the convergence criteria of iterative techniques, are indicated only broadly.
Diagnostic parameters, such as those that indicate failure or degree of success
of the computation, are not included.

The scope of the specifications is those that relate to

1. Mainstream GUM, i.e., the “uncertainty budgeting” calculations as
summarised in Clause 8 of the Guide to the Expression of Uncertainty
in Measurement (GUM) [1]

2. More general calculations, consistent with the GUM, based on the use
of Monte Carlo Simulation

3. The validation of (the use of) Mainstream GUM.

It is emphasized that the primary concern is the specification of relevant
software. Algorithms and software per se are not the main consideration:
the provision of such material is the responsibility of the user or supplier
that is implementing software for uncertainty evaluation. However, two
departures from this stance are made:

1. Because of the importance of being able to generate uniform random
numbers that (a) have sound statistical properties in their own right,
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(b) can be used as a basis for the many generators that make use
of a uniform generator for their function, and (c) in certain circum-
stances can be re-generated exactly, a specific uniform generator is
recommended (Section 5.3). In addition, generators for Gaussian,
Student’s-t and multivariate Gaussian distributions are regarded as so
fundamental that algorithmic statements of them are included (also in
Section 5.3).

2. Some numerical considerations accompany the specifications, espe-
cially related to the numerical stability of the underlying algorithms.
Such considerations are regarded as an important adjunct to the speci-
fication: users need to be able to rely on software written in accordance
with the specifications to perform reliably in a numerical way as well
as in a functional manner.1

The number of specifications will be increased in future editions of the
document.

The specifications relate to the following combinations of measurement model
types, there being 2× 2× 2 = 8 model types in all:

• Models with univariate and multivariate measurands, i.e., a single
(scalar) measurand and more than one (vector) measurand

• Explicit and implicit models, i.e., models that define the output quan-
tity directly, viz., as formulae, and models in the form of equations that
need to be solved for the output quantities given the input quantities
(e.g., nonlinear least-squares adjustment)

• Real- and complex-valued models, i.e., models in which all the quan-
tities are real-valued and those in which one or more of the quantities
are complex-valued.

MetroS (the Metrology Software environment) [2] is a system aimed at
providing metrologists with access to software appropriate to their needs. It
is a state-of-the-art solution to the provision of a metrology software library
and is expected to set the model to be followed in the future. Software
based on the specifications provided here will subsequently be incorporated
in MetroS.

The coverage of the software specifications is divided according to whether
they relate to Phase 1 (formulation) or Phase 2 (calculation) of the process
of uncertainty evaluation (Section 1.1), or whether the procedure followed is

1Related aspects are treated in the Software Support for Metrology programme as part
of the software testing project [7].

Page 2 of 46 www.npl.co.uk/ssfm/download/index.html#cmsc10 01



NPL Report CMSC 10/01

in accordance with Mainstream GUM (“uncertainty budgeting”) [1, Clause
8], Monte Carlo Simulation [6] or the validation of Mainstream GUM [6].

Where a vector of values, e.g., the estimates x = (x1, . . . , xn)T of n input
quantities X = (X1, . . . , Xn)T is needed, it is used in the specifications here
as a column vector or a row vector, as appropriate, for consistency with
calculations expressed in linear algebra terms [13]. It is not necessary that
the physical means of data storage adopted in software implementations
accords with these representations.

The bulk of this document is concerned with a coverage probability of
95% and is couched this way. It is generally extensible to other coverage
probabilities.

The report is organised as follows. In the remainder of this section the two
phases of uncertainty evaluation, viz.,

• Formulation, Phase 1, and

• Calculation, Phase 2,

are discussed. In Section 2 the first phase and its outputs are described in
terms of the information required for implementing the Mainstream GUM
procedure and Monte Carlo Simulation. Section 3 covers the numerical
evaluation of the measurement model according to the eight categories in-
dicated earlier. In Sections 4, 5 and 6 specifications of software units are
provided for the three aspects of uncertainty evaluation considered, Main-
stream GUM, Monte Carlo Simulation and the validation of Mainstream
GUM using Monte Carlo Simulation. Conclusions are given in Section 7.

1.1 The two phases of uncertainty evaluation

Uncertainty evaluation consists of two phases, formulation and calculation.
In Phase 1 a measurement model is derived and the model inputs are quan-
tified. Each model input quantity is represented by a probability density
function (pdf). Each such pdf is typically expressed as

1. A continuous distribution (uniform, Gaussian, etc.)

2. A discrete distribution (a sufficient set of values of the input quantity,
regarded as equally probable values of the quantity).

A continuous distribution arises from assigning a particular distributional
form. According to the GUM, pdf’s are obtained from an analysis of series
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of observations [1, Clauses 2.3.2, 3.3.5] or are based on scientific judgement
using all the relevant information available [1, Clauses 2.3.3, 3.3.5], [28].

If an input quantity is determined by a sufficiently large number q, say, of
observations of it, those observations themselves can be used to “define” the
pdf, as in the second category above. The input quantity is regarded as
taking a value equal to any of the observed values with identical probability
1/q.

Also falling into the second category, a pdf may be “defined” by the output
from a previous uncertainty evaluation, as part of a multi-stage uncertainty
evaluation process [6]. Such a pdf would be univariate in the case of a single
output quantity from the previous stage. It would be multivariate in the
case of more than one output from the previous stage. In the latter case
the pdf would almost invariably be joint. A suitable continuous multivariate
distribution (Gaussian, e.g., would be assigned), or the output itself would
serve as a discrete representation of the joint pdf.

For an input quantity that is independent of the other input quantities, the
Mainstream GUM procedure requires for its operation only three parameters
of the pdf for that quantity:

• An estimate (a measure of location)

• The standard uncertainty of the estimate (a measure of dispersion)

• The corresponding degrees of freedom.

If there are dependencies, the procedure will also require the covariances of
the mutually dependent quantities.2

Software can support Phase 1 by providing estimates of location and dis-
persion and degrees of freedom from which a pdf can be constructed after
making appropriate assumptions. In the case of a sufficiently large number of
repeated observations of a set of the input quantities, the data can be used to
define a covariance matrix or to define a multivariate Gaussian distribution,
as appropriate. The specifications below relate to the (arithmetic) mean as
a measure of location, and its standard deviation as a measure of dispersion.
In addition, the determination of a covariance matrix is covered.

The output of Phase 1 is required to be in a form to act as inputs either to
(the Phase 2 computations of)

2The degree of mutual dependence between the estimates xi and xj of the input
quantities Xi and Xj is sometimes characterized by the correlation coefficient r(xi, xj).
The covariance and correlation coefficient are related by u(xi, xj) = r(xi, xj)u(xi)u(xj),
where u(xi) and u(xj) are, respectively, the standard uncertainties associated with the
estimates xi and xj .
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• The Mainstream GUM (“uncertainty budgeting”) calculation proce-
dure, or to

• The Monte Carlo calculation procedure.

For the Mainstream GUM calculation phase, the Phase 2 inputs are the
Phase 1 outputs identified above.

For Monte Carlo Simulation, the Phase 2 inputs are continuous pdf’s, dis-
crete pdf’s or, where appropriate, joint pdf’s for input quantities that are
mutually dependent.

In order to operate Phase 2, therefore, software can assist with the following
aspects.

The basis of Mainstream GUM is to “propagate the uncertainties” through
the model to provide the uncertainties associated with the model output
quantities. For this purpose it is required to

• Determine sensitivity coefficients

• Determine the combined standard uncertainty by propagating the co-
variance matrix of the input quantities through (a linearization of) the
model to yield the covariance matrix of the output quantities

• Apply the Welch-Satterthwaite formula for effective degrees of freedom

• Calculate percentage points of a Gaussian or a Student’s-t distribution
in order to provide a coverage interval for the measurand.

These calculations would apply, as appropriate, for each of the model types.

For the Monte Carlo procedure it is necessary to “propagate distributions”
through the model. For this purpose it is required to

• Sample from continuous pdfs or from discrete pdf’s, or both

• Carry out an appropriate number of Monte Carlo trials

• Obtain a discrete representation of the pdf of the output quantity

• Obtain a coverage interval for the measurand from this discrete rep-
resentation.

Again, these calculations would apply, as appropriate, for each of the model
types.
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The remaining software specifications are intended to support a recom-
mended procedure for validating Mainstream GUM [6]. This procedure con-
stitutes operating both Mainstream GUM and the Monte Carlo procedure
for an uncertainty evaluation of concern, and carrying out an appropriate
comparison of the results obtained.

2 Formulation phase

In Phase 1, the formulation phase of uncertainty evaluation, it is necessary
to carry out various assignments of probability density functions (pdf’s)
to the input quantities of the measurement model. For the Mainstream
GUM approach only the means and standard deviations of these pdf’s,
and covariances where appropriate, are used. For Monte Carlo Simulation
the pdf’s themselves are used. The way these assignments are undertaken
depends on the information that is available about the input quantities.
Two cases are considered.

If a set of q independent observations of the input quantity Xi is available,
a statistical analysis of the observations is undertaken to determine an
estimate xi for Xi together with its standard uncertainty ui = u(xi) and
degrees of freedom νi. These are the quantities used in the Mainstream
GUM approach (Section 4). To apply Monte Carlo Simulation a pdf with
these parameters is assigned. The assignment of pdf’s to the input quantities
based on the analysis of repeated observations is described in Section 2.1. In
the GUM the assignment is referred to as “a Type A evaluation of standard
uncertainty”.

If repeated observations are not available a pdf for the input quantity Xi

is assigned on the basis of, for example, prior knowledge, experience or as
the result of a previous uncertainty evaluation. The pdf is used directly
in Monte Carlo Simulation (Section 5). To apply the Mainstream GUM
approach parameters xi, ui and νi are derived from the pdf. The derivation
for a number of common pdf’s is described in Section 2.2, and is referred to
in the GUM as “a Type B evaluation of standard uncertainty”.

A variant of these analyses applies if some or all of the input quantities are
correlated. For the Mainstream GUM approach a covariance matrix would
be assigned to the relevant input quantities. For Monte Carlo Simulation a
joint (multivariate) pdf would be assigned to these input quantities.

In practice both types of assignment will be required, each applying to
a subset of the input quantities. For the Mainstream GUM approach a
covariance matrix would be constructed from those covariance matrices
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arising from the two types of analysis. For Monte Carlo Simulation a joint
pdf would be constructed from those pdf’s arising from the two types of
analysis.

2.1 Formulation based on analysing repeated observations

The statistical analysis of repeated observations can be approached in two
parts.

Given a set of observations for an input quantity Xi, assign an estimate xi

for Xi together with the standard uncertainty ui for that estimate and the
corresponding degrees of freedom νi (Section 2.1.1).

Given a set of observations for a pair of input quantities that are mutually
dependent, assign an estimate of the covariance for these quantities (Section
2.1.2).

These calculations are the basis for assigning a covariance matrix for a
number of input quantities (Section 2.1.3).

2.1.1 Sample mean and its standard deviation

Suppose (xi,1, xi,2, . . . , xi,q)T are q independent observations of the input
quantity Xi. The estimate xi of Xi and its standard uncertainty ui are
determined, respectively, as x̄i, the arithmetic mean of the observations,
and si, the standard deviation of x̄i. The corresponding degrees of freedom
νi is q− 1. Table 1 defines the sample mean of a set of values, the standard
deviation of this mean and the degrees of freedom, and specifies the input
and output parameters associated with their determination. This is the
information required for the Mainstream GUM procedure (Section 4).

Given the estimate xi and its standard uncertainty si so obtained, a pdf for
Xi is assigned as follows [6]:

• If the distribution underlying the observations is unknown, assign a
Gaussian pdf3 with mean xi and standard deviation si

• If the distribution underlying the observations is known to be Gaus-
sian, assign the distribution xi + sit, where t is a Student’s-t pdf with
νi = q − 1 degrees of freedom

3Equivalently, assign the distribution xi + siz, where z is a standardized Gaussian pdf
(with mean zero and unit standard deviation).
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Input parameters
q Number of observations of the ith input quantity
xi Column vector (xi,1, xi,2, . . . , xi,q)T of independent observations of

Xi

Output parameters
x̄i Sample mean, defined by

x̄i =
1
q

q∑
k=1

xi,k

si Standard deviation of the sample mean, defined by

s2
i =

1
q(q − 1)

q∑
k=1

(xi,k − x̄i)2

νi Degrees of freedom, defined by

νi = q − 1

Numerical analysis
It is important to use the above formula for si rather than the
mathematically equivalent formula

s2
i =

1
q − 1

(
1
q

q∑
k=1

x2
i,k − x̄2

i

)
.

For cases in which si is very much smaller than |x̄i| (in which case
the xi,k, k = 1, . . . , q, have a number of leading digits in common)
the latter formula suffers from subtractive cancellation (involving
a mean square less a squared mean). The cancellation effects can
be so severe that the resulting value of si may have too few correct
significant figures for the the uncertainty evaluation to be valid [5]

Table 1: The sample mean, its standard deviation and degrees of freedom
for the ith input quantity.
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• If q is large and the observations show appreciable departure from
Gaussian behaviour4, assign a discrete pdf. The “observations” in this
case may be the result of Monte Carlo Simulation applied to an earlier
stage of a multi-stage model.

This is the information required for Monte Carlo Simulation (Section 5).

2.1.2 Covariance of two sample means

Suppose (xi,k, xj,k)T, k = 1, . . . , q, are q pairs of independent observations
of the input quantities Xi and Xj . An estimate xi of Xi, together with its
standard uncertainty si, may be determined as the mean and its standard
deviation for the set of observations (xi,1, xi,2, . . . , xi,q)T as in Section 2.1.1,
and similarly for Xj . The covariance of Xi and Xj is estimated by the co-
variance ui,j = u(xi, xj) of the sample means xi and xj . Table 2 defines this
covariance in terms of repeated observations of the two input quantities, and
specifies the input and output parameters associated with its determination.

2.1.3 Covariance matrix for input quantities

Suppose observations (xi,1, xi,2, . . . , xi,q)T are available for all input quan-
tities Xi, i = 1, . . . , n, and that these are assembled into the n × q matrix
X. Let X ′ be obtained from X by correcting for the sample means, i.e., the
mean x̄i of the ith row is subtracted from all elements xi,j , j = 1, . . . , q, in
that row. Then, the covariance matrix Vx of covariances ui,j for the input
quantities X = (X1, X2, . . . , Xn)T is estimated by

1
q(q − 1)

X ′(X ′)T.

Table 3 defines the covariance matrix for input quantities X in terms of
repeated observations for X, and specifies the input and output parameters
associated with its determination.

Given the estimates xi (= x̄i), i = 1, . . . , n, for the input quantities X and
their covariance matrix Vx, a multivariate Gaussian distribution is assigned
for the purpose of Monte Carlo Simulation. This multivariate distribution
is discussed in Section 5.3.4.

In practice there may be “simultaneous” observations (xi,1, xi,2, . . . , xi,q)T

for some of the Xi, e.g, for i = 2, 4 and 5. In this case the above covariance
4The departure would be assessed with a normality test or visualization using a

histogram, for example.
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Input parameters
q Number of observations of the ith and of the jth input quantities
xi Column vector (xi,1, xi,2, . . . , xi,q)T of independent observations of

Xi

xj Column vector (xj,1, xj,2, . . . , xj,q)T of independent observations of
Xj paired with those for Xi

Output parameters
ui,j Sample covariance of Xi and Xj , defined by

u(xi, xj) =
1

q(q − 1)

q∑
k=1

(xi,k − x̄i)(xj,k − x̄j),

where x̄i and x̄j are the sample means of the sets of observations
xi and xj , respectively

Numerical analysis
It is important to use the above formula for u(xi, xj) rather than
the mathematically equivalent formula

u(xi, xj) =
1

q − 1

(
1
q

q∑
k=1

xi,kxj,k − x̄ix̄j

)
.

The latter formula can suffer from subtractive cancellation as in the
standard deviation calculation (Table 1) and the resulting value
of u(xi, xj) may have too few correct figures for the uncertainty
evaluation to be valid

Table 2: The covariance of the sample means for the ith and jth input
quantities.

Input parameters
n Number of input quantities
q Number of observations of each of the input quantities
X An n× q matrix containing the observations xi,j , where xi,j is the

jth measurement of the ith input quantity
Output parameters

Vx Covariance matrix for the input quantities X, defined by

1
q(q − 1)

X ′(X ′)T,

where X ′ is X corrected for the sample means

Table 3: The covariance matrix for the input quantities X.
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considerations would apply to this “group”. Any other such groups would
be handled similarly, and the complete n×n covariance matrix constructed
from these groups, together with the variances for those input quantities
that are mutually independent.

2.2 Formulation based on assigning probability distributions

If an input quantity is based on non-statistical information, a pdf such as a
uniform distribution would be assigned. For the Monte Carlo approach this
pdf is used directly. For the Mainstream GUM approach the mean and the
standard uncertainty would be extracted from the pdf and used. Table 4
indicates how the mean xi, the standard uncertainty ui and the degrees of
freedom νi would be obtained from the pdf’s for some common distributions,
viz., Gaussian, uniform (or rectangular), triangular and U-shaped.

Distribution Parameters Probability density function xi ui νi

Gaussian
N(µ, σ2)

Mean µ 1
σ
√

2π
exp

{
− (x−µ)2

2σ2

}
µ σ ∞

Standard
deviation σ

Uniform Limits a
and b


0, x < a,
1

2w , a ≤ x ≤ b,
0, b < x.

h w√
3

∞

Triangular Limits a
and b


0, x < a
x−a
w2 , a ≤ x ≤ h,

b−x
w2 , h ≤ x ≤ b,
0, b < x.

h w√
6

∞

U-shaped
[14]

Limits a
and b


0, x < a

1

π
√

w2−(x−h)2
, a ≤ x ≤ b,

0, b < x.

h w√
2

∞

Table 4: Parameters of common probability density functions, where w
denotes (b− a)/2 and h denotes (b + a)/2.

For example, suppose the input quantity Xi is assigned a uniform dis-
tribution between the limits a and b. Information on how to generate
pseudo-random numbers from this distribution for the purpose of Monte
Carlo Simulation is given in Section 5.3.1. For this distribution

xi =
b + a

2
, ui =

b− a

2
√

3
, νi = ∞

(Table 4), and this is the information required for the Mainstream GUM
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procedure. For other pdf’s assigned to Xi, Table 4 would be used in a
similar way.

3 Numerical evaluation of the model

The classification of models in Section 1 covers eight types of measurement
model. In principle, any model will naturally fall into one, and only one of
these categories. Some models can be converted from one type to another.
Whether doing so is desirable depends on circumstances. For instance, it
may not be numerically stable to do so. A complex-valued model can always
be converted into a real-valued model, by replacing each complex-valued
quantity by two real-valued quantities, its real and imaginary parts. Again,
doing so is not necessarily desirable for purposes of model evaluation (but
see the end of this section regarding uncertainties).

For the categories of explicit models, Y = f(X) (univariate) and Y = f(X)
(multivariate), the calculation of the measurement result y or y requires the
evaluation of the formula f or f . Tables 5 and 6 specify the evaluation of
these models, and the input and output parameters required.

The calculation of the measurement result Y or Y for the corresponding
categories of implicit models, h(Y,X) = 0 and h(Y,X) = 0, requires the
solution of an equation or a system of equations. For a univariate model, it
is necessary to solve a single equation. For a multivariate model, a system
of equations is to be solved. Tables 7 and 8 specify the evaluation of these
models, and the input and output parameters required.

The numerical evaluation of complex-valued models need be no more compli-
cated than for the categories of real-valued models considered above. Many
software packages and languages provide a complex type for complex-valued
variables together with functions for performing complex arithmetic. An
alternative to using such facilities is to store explicitly each complex-valued
variable in terms of its real and imaginary parts, and to undertake all
numerical operations in terms of these two (real-valued) parts.

An issue that requires consideration as part of any implementation for these
categories of complex-valued models is the way the “(standard) uncertainty”
of a complex-valued quantity is stored. If Xi is complex-valued with real
and imaginary parts XR

i and XI
i , the “(standard) uncertainty” is described

by the 2× 2 covariance matrix

Vi =

[
u2(xR

i ) u(xR
i , xI

i )
u(xR

i , xI
i ) u2(xI

i )

]
,

where u2(xR
i ) and u2(xI

i ) are, respectively, the variances of the estimates

Page 12 of 46 www.npl.co.uk/ssfm/download/index.html#cmsc10 01



NPL Report CMSC 10/01

xR
i and xI

i of the real and imaginary parts, and u(xR
i , xI

i ) is the covariance
of these parts. Furthermore, the covariance matrix Vx for the complete set
of input quantities Xi, i = 1, . . . , n, is a 2n × 2n matrix. Consequently,
although the quantities themselves may be regarded as complex-valued, it
is necessary to store the corresponding uncertainty information using real-
valued matrices, and operate on them using real arithmetic.

Input parameters
n Number of input quantities
f Function specifying the model Y = f(X) in terms of the input

quantities X = (X1, . . . , Xn)T

x Column vector (x1, . . . , xn)T of estimates of the input quantities X
Output parameters

y Value obtained by evaluating the formula

y = f(x)

Table 5: Numerical evaluation of the univariate, explicit, real-valued
measurement model Y = f(X).

Input parameters
n Number of input quantities
m Number of output quantities
f Function specifying the model Y = f(X) in terms of the input

quantities X = (X1, . . . , Xn)T

x Column vector (x1, . . . , xn)T of estimates of the input quantities X
Output parameters

y Column vector of values (y1, . . . , ym)T obtained by evaluating the
formula

y = f(x)

Table 6: Numerical evaluation of the multivariate, explicit, real-valued
measurement model Y = f(X).
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Input parameters
n Number of input quantities
h Function specifying the model h(Y,X) = 0 in terms of the input

quantities X = (X1, . . . , Xn)T and the output quantity Y
x Column vector (x1, . . . , xn)T of estimates of the input quantities X
t Computational control parameters such as an initial estimate of y

and technical parameters relating to the equation-solving software
Output parameters

y Value obtained by solving the equation

h(y,x) = 0

Numerical analysis
A zero-finding algorithm [8, 12], such as the bisection algorithm
in cases where suitable lower and upper bounds are known for the
measurement result, can be used to solve the equation

Table 7: Numerical evaluation of the univariate, implicit, real-valued
measurement model h(Y,X) = 0.

Input parameters
n Number of input quantities
m Number of output quantities
h Function specifying the model h(Y,X) = 0 in terms of the

input quantities X = (X1, . . . , Xn)T and the output quantities
Y = (Y1, . . . , Ym)T

x Column vector (x1, . . . , xn)T of estimates of the input quantities X
t Computational control parameters such as an initial estimate of y

and technical parameters relating to the equation-solving software
Output parameters

y Column vector of values (y1, . . . , ym)T obtained by solving the
equations

h(y,x) = 0

Numerical analysis
An iterative algorithm such as Newton’s method [12], starting from
a suitable estimate of the measurement result, can be used to solve
the system of equations

Table 8: Numerical evaluation of the multivariate, implicit, real-valued
measurement model h(Y,X) = 0.
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4 Mainstream GUM: calculation phase

4.1 Procedure

For Mainstream GUM, the outputs of the formulation phase, Phase 1, are
(Section 2):

• Estimates x = (x1, . . . , xn)T of the input quantities X = (X1, . . . , Xn)T

• Standard uncertainties u = (u1, . . . , un)T of these estimates

• Corresponding degrees of freedom ν = (ν1, . . . , νn)T

• Where appropriate, the covariances between input quantities that are
mutually dependent.

This information is conveniently represented using the three quantities x, ν
and Vx, where Vx is a covariance matrix that holds the standard uncertainties
for the estimates x and the covariances of these estimates. Vx is an n × n
matrix, whose (i, j)th element contains the covariance u(xi, xj) of xi and xj ,
with u(xi, xi) = u2

i .

The three quantities x, ν and Vx, together with the measurement model and
the required coverage probability p (e.g., 0.95, or 95%), constitute the inputs
to the calculation phase, Phase 2, for the Mainstream GUM procedure.

For univariate measurement models, the following steps constitute the cal-
culation phase:

1. Form numerically the measurement result by evaluating the model at
the estimates of the input quantities.

See Section 3.

2. Form the partial derivatives of first order of the measurement model
with respect to the input quantities, and determine numerical values
for the sensitivity coefficients by evaluating these partial derivatives
at the estimates of the input quantities.5

See Section 4.2.

3. Determine the combined standard uncertainty, viz., the standard de-
viation of the model output quantity, by combining the values of the

5For an implicit model, the partial derivative of first order of the measurement model
with respect to the output quantity is also required to determine the sensitivity coefficients:
see Section 4.2.
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input standard uncertainties, the input covariances and the sensitivity
coefficients.

See Section 4.3.

4. Use the Welch-Satterthwaite formula to calculate νeff, the effective
degrees of freedom of the output quantity, from the standard uncer-
tainties and degrees of freedom of the input quantities, the sensitivity
coefficients and the combined standard uncertainty.6

See Section 4.4.

5. Compute the coverage factor corresponding to νeff and the required
coverage probability p as a percentage point of the (standardized)
Gaussian distribution (νeff = ∞) or a Student’s-t distribution (νeff <
∞). Hence, compute the expanded uncertainty, and thus an interval
having a stipulated coverage probability containing the measurand, by
forming the product of this coverage factor and the combined standard
uncertainty.

See Section 4.5.

The computational flow of the Mainstream GUM calculation phase, indi-
cating the inputs to the phase and the primary output, a coverage interval,
is given in Figure 1. This figure applies in the case of a univariate, explicit,
real-valued model with no covariance effects. Other model types would give
diagrams that constitute a variant of Figure 1.

For multivariate measurement models, Steps 1, 2 and 3 would be performed
as above. However, no information is given here regarding steps 4 and
5 for such models. The extension of steps 4 and 5 to the evaluation of
coverage regions for multivariate measurement results is not straightforward.
Consideration of this matter, which is a topic for research [6], will be given
in future versions of this report.

Implementation of the above procedure would be achieved in terms of soft-
ware “units” as described in Sections 3, 4.2, 4.3, 4.4, and 4.5. For example,
for a univariate, explicit, real-valued measurement model, these units are
specified in Tables 5, 9, 13, 14 and 15.

6Mainstream GUM does not state how νeff is to be calculated when the input quantities
are correlated.
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Figure 1: Phase 2, calculation, of uncertainty evaluation using Mainstream
GUM. The stages shown relate to the case of a univariate, explicit, real-
valued model with mutually independent input quantities.
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4.2 Sensitivity coefficients

The Mainstream GUM procedure covers the univariate, explicit, real-valued
model of measurement Y = f(X). The sensitivity coefficients used by
that procedure are denoted here by the (row) vector7 C = (c1, . . . , cn),
whose jth element cj is the partial derivative ∂f/∂Xj of f(X) evaluated
at X = x. Table 9 specifies the evaluation of sensitivity coefficients for
this category of measurement model, and indicates the input and output
parameters necessary for their determination.

Input parameters
n Number of input quantities
f Function specifying the model Y = f(X) in terms of the input

quantities X = (X1, . . . , Xn)T

x Column vector (x1, . . . , xn)T of estimates of the input quantities X
Output parameters

C A 1 × n vector of sensitivity coefficients, whose jth element is the
partial derivative ∂f/∂Xj of f(X) evaluated at X = x

Table 9: Sensitivity coefficients for a univariate, explicit, real-valued
measurement model Y = f(X).

Table 10 specifies the counterpart for a multivariate, explicit, real-valued
model Y = f(X). In this case C takes the form of a matrix of sensitivity
coefficients, whose (i, j)th element is the partial derivative of the ith output
quantity with respect to the jth input quantity evaluated at X = x.

Input parameters
n Number of input quantities
m Number of output quantities
f Function specifying the model Y = f(X) in terms of the input

quantities X = (X1, . . . , Xn)T

x Column vector (x1, . . . , xn)T of estimates of the input quantities X
Output parameters

C An m × n matrix of sensitivity coefficients, whose (i, j)th element
is the partial derivative ∂fi/∂Xj of f(X) evaluated at X = x

Table 10: Sensitivity coefficients for a multivariate, explicit, real-valued
measurement model Y = f(X).

7The symbol C rather than the “more natural” c for this vector is used to denote this
set of coefficients. The reason for this choice is that for multivariate models C is used
to hold an array (matrix) of sensitivity coefficients, and that it is appropriate to use the
same symbol throughout.
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The univariate, implicit, real-valued model of measurement is h(Y,X) = 0.
The sensitivity coefficients C = (c1, . . . , cn) are determined from the partial
derivatives of h with respect to both the input quantities X and the output
quantity Y . The jth sensitivity coefficient cj is given by

−
(

∂h

∂Y

)−1
(

∂h

∂Xj

)
,

where the partial derivatives are evaluated at X = x and Y = y, with
y satisfying h(y,x) = 0. Table 11 specifies the evaluation of sensitivity
coefficients for this category of measurement model, and indicates the input
and output parameters necessary for their determination.

The multivariate, implicit, real-valued model of measurement is h(Y,X) =
0. The matrix C of sensitivity coefficients is determined as the solution to
the linear system of equations

HyC = Hx,

where the matrices Hx and Hy contain, respectively, the partial derivatives
of the components hi of h with respect to the input quantities Xj and
output quantities Yj , evaluated at X = x and Y = y, with y satisfying
h(y,x) = 0. Table 12 specifies the evaluation of sensitivity coefficients for
this category of measurement model, and indicates the input and output
parameters necessary for their determination.

Counterparts would apply for complex-valued models. It is necessary to
form partial derivatives of the real and imaginary parts of the (components
of the) measurement model with respect to the real and imaginary parts of
the input quantities (and the output quantities for implicit models).

The sensitivity coefficients can be formed

1. Manually, by the algebraic differentiation of, e.g., f(X) with respect
to each component Xi, i = 1, . . . , n, of X, followed by the substitution
of the values of x for X

2. As 1, except by the use of a computer package for algebraic differen-
tiation or a symbolic-algebra package that provides this capability

3. By the use of finite-difference formulae.

The manner in which the partial derivatives required in forming the sen-
sitivity coefficients C in Tables 9–12 requires careful consideration. These
derivatives and hence the sensitivity coefficients can be difficult to determine
by hand for models that are complicated. The above options of using a
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Input parameters
n Number of input quantities
h Function specifying the model h(Y,X) = 0 in terms of the input

quantities X = (X1, . . . , Xn)T and the output quantity Y
x Column vector (x1, . . . , xn)T of estimates of the input quantities X
y Estimate of the output quantity Y that satisfies h(y,x) = 0

Output parameters
C A 1× n vector of sensitivity coefficients, whose jth element is

−
(

∂h

∂Y

)−1
(

∂h

∂Xj

)
,

where the partial derivatives are evaluated at X = x and Y = y

Table 11: Sensitivity coefficients for a univariate, implicit, real-valued
measurement model h(Y,X) = 0.

Input parameters
n Number of input quantities
m Number of output quantities
h Function specifying the model h(Y,X) = 0 in terms of the

input quantities X = (X1, . . . , Xn)T and the output quantities
Y = (Y1, . . . , Ym)T

x Column vector (x1, . . . , xn)T of estimates of the input quantities X
y Column vector (y1, . . . , ym)T of estimates of the output quantities

Y that satisfy h(y,x) = 0
Output parameters

C An m× n matrix of sensitivity coefficients that solves

HyC = Hx,

where the matrices Hx and Hy contain, respectively, the partial
derivatives of the components hi of h with respect to the input
quantities Xj and output quantities Yj , evaluated at X = x and
Y = y.

Numerical analysis
It is important to solve the above system of equations using a
numerically stable procedure, such as Gaussian elimination with
a pivoting strategy [13]

Table 12: Sensitivity coefficients for a multivariate, implicit, real-valued
measurement model h(Y,X) = 0.
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symbolic-algebra package or finite-difference formulae can be attractive in
such circumstances. There are learning overheads associated with the use
of a symbolic-algebra package: its use can be justified if the user needs
to address a sufficient number of complicated models. Finite-difference
formulae may provide inadequate accuracy if used inappropriately. These
alternatives to the manual determination of sensitivity coefficients are ad-
dressed in Appendices A and B.

4.3 Combined standard uncertainty

For a univariate, explicit, real-valued measurement model, the combined
standard uncertainty uc(y) for the measurement result is obtained from the
formula (cf. [1])

u2
c(y) =

n∑
i=1

n∑
j=1

cicju(xi, xj),

where ci is the sensitivity coefficient for the ith input quantity, and u(xi, xj)
the covariance of xi and xj , with u(xi, xi) = u2

i , the variance (squared
standard uncertainty) of the ith estimate. A compact way of representing
the above expression is

Vy = CVxCT, (1)

where Vy = u2
c(y), the variance of the output quantity, C = (c1, . . . , cn), the

row vector of sensitivity coefficients, and Vx is the n× n covariance matrix
for the input quantities.

Using this notation, Formula (1) for Vy applies for all categories of measure-
ment model. For univariate, real-valued models, Vy estimates the variance
of the output quantity; for other measurement models, it estimates the
covariance matrix for the output quantities. Table 13 specifies the evalua-
tion of combined standard uncertainty, and indicates the input and output
parameters necessary for its determination.

4.4 Effective degrees of freedom

Table 14 specifies the Welch-Satterthwaite formula for evaluating the effec-
tive degrees of freedom νeff for a univariate, real-valued output quantity Y
in the case that the input quantities X are mutually independent.
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Input parameters
n Number of input quantities
m Number of output quantities
Vx An n× n covariance matrix for the input quantities
C An m× n matrix of sensitivity coefficients

Output parameters
Vy An m×m covariance matrix for the output quantities obtained by

evaluating
Vy = CVxCT

Table 13: Combined standard uncertainty for a univariate (m = 1) or a
multivariate (general m) model.

Input parameters
n Number of input quantities
u Column vector (u1, . . . , un)T ≡ (u(x1), . . . , u(xn))T of standard

uncertainties of the estimates x = (x1, . . . , xn)T of the input
quantities

C A 1 × n (row) vector of sensitivity coefficients, whose jth element
is the partial derivative ∂f/∂Xj of f(X) evaluated at X = x

ν Column vector (ν1, . . . , νn)T of degrees of freedom. If xi is
estimated as the mean of a set of q repeated observations, νi is
taken as q − 1. If xi is estimated as the mean (mid-point) of a
uniform distribution with accurately-known endpoints, νi is taken
as infinite (∞). (Since ∞ cannot be represented as such as an input
quantity, a convention may be adopted. For instance such a value
can be “coded” as 0 (zero), and the procedure would be designed
to interpret this value, which cannot occur otherwise, as infinite.)
These are two important cases. There are other possibilities [1]
associated with assigning the degrees of freedom to estimates of
the input quantities. Each case has to be treated on its own merits

uc(y) Combined standard uncertainty for measurement result
Output parameters

νeff Effective degrees of freedom determined from the Welch-
Satterthwaite formula

u4
c(y)
νeff

=
n∑

i=1

c4
i u

4(xi)
νi

Table 14: Effective degrees of freedom according to the Welch-Satterthwaite
formula.
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4.5 Expanded uncertainty

Table 15 specifies the calculation of expanded uncertainty U(y) for a uni-
variate, real-valued output quantity Y in the case that the input quantities
X are mutually independent. The expanded uncertainty is evaluated as the
product of the combined standard uncertainty uc(y) (Section 4.3) and a
coverage factor kp that depends on the required coverage probability p and
the effective degrees of freedom νeff (Section 4.4).

The calculation of expanded uncertainty depends on knowledge of the dis-
tribution of the output quantity. In the Mainstream GUM approach, a
Student’s-t distribution with νeff degrees of freedom is assigned to the
random variable

t =
y − Y

uc(y)
.

It follows that kp is the percentage point tp(νeff) of the Student’s-t distri-
bution such that the probability that |t| is no greater than tp(νeff) is equal
to p. Values of kp for various choices of coverage probability p and degrees
of freedom νeff may be obtained from statistical tables and implemented
as a “look-up” table. Many mathematical and statistical software libraries
provide an implementation and can be used. For νeff ≥ 473, kp = 1.96,
correct to two decimal places, the corresponding value for the standardized
Gaussian distribution N(0, 1).

Input parameters
uc(y) Combined standard uncertainty for measurement result y
νeff Effective degrees of freedom determined from the Welch-

Satterthwaite formula
p Coverage probability (typically 0.95 or 95%)

Output parameters
U(y) Expanded uncertainty, defined by

U(y) = kpuc(y),

where uc(y) is the combined standard uncertainty for the estimate
y of Y of the output quantity, and kp is a coverage factor, depending
on the stipulated coverage probability p, that is obtained from
tables of percentage points of the Gaussian distribution (νeff = ∞)
or the Students’-t distribution (νeff < ∞)

Table 15: Expanded uncertainty.
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5 Monte Carlo Simulation: calculation phase

5.1 Procedure

For Monte Carlo Simulation, the outputs of the formulation phase, Phase
1, are (Section 2) the pdf’s g(X) = (g1(X1), . . . , gn(Xn))T of the input
quantities X = (X1, . . . , Xn)T.8

The pdf’s, together with the measurement model and the required coverage
probability p (e.g., 0.95, or 95%), constitute the inputs to the calculation
phase, Phase 2, for the Monte Carlo Simulation procedure.

For univariate measurement models, the following steps constitute the cal-
culation phase:

1. Select the number M of Monte Carlo trials to be made.

See Section 5.2.

2. Generate M samples of the input quantities.

See Section 5.3.

3. For each sample, evaluate the model to give the corresponding value
of the output quantity.

See Section 5.4.

4. Form the measurement result and its standard uncertainty from this
set of model values.

See Section 5.5.

5. Sort the values of the output quantity into non-decreasing order, and
use the sorted values to provide an estimate of the distribution function
of the output quantity.

See Section 5.6

6. Form the 0.025-and 0.975-fractiles of this distribution function, taking
these fractiles as a 95% coverage interval for the measurand.

See Section 5.7

Figure 2 shows the procedure diagrammatically.

The modifications required for other types of univariate model are straight-
forward. Multivariate models are considered in Section 5.8.

8A joint (multivariate) pdf for (a subset of) the input quantities is also possible (Section
2.1.3).
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Figure 2: Phase 2, calculation, of uncertainty evaluation using Monte Carlo
Simulation. The stages shown relate to the case of a univariate, explicit,
real-valued model.

www.npl.co.uk/ssfm/download/index.html#cmsc10 01 Page 25 of 46



NPL Report CMSC 10/01

5.2 The number of Monte Carlo trials

A value of M , the number of Monte Carlo trials to be made, needs to be
selected. It can be made a priori, in which case there will be no direct control
over the accuracy delivered by the Monte Carlo procedure. The reason is
that the number needed to provide a prescribed accuracy will depend on
the “shape” of the pdf of the output quantity and the level of probability
required. Also, the calculations are stochastic in nature, being based on
random sampling. However, in the experience of the authors a value of
the order of 50,000 is often appropriate to deliver two-figure accuracy in
providing a 95% coverage interval.

Because there is no guarantee that this or any specific number will suffice, it
is recommended to use instead a process that selects M adaptively, i.e., as
the trials progress. Some guidance in this regard is available [3, 6]. The main
advantage of such a process is that it provides a sensible compromise between
achieving the required number of correct figures and taking a number of trials
that it economical consistent with this requirement [6].

The procedure above and Figure 2 would require modification for an adap-
tive choice of M .

5.3 Sampling from the probability density functions

In an implementation of the Monte Carlo process M samples xi, i = 1, . . . ,M ,
are obtained of the input quantities X from the probability density functions
assigned to these input quantities.

In general, some of these pdf’s will be continuous (uniform, Gaussian, etc.)
and some will be discrete (based on large numbers of repeated observations
or on Monte Carlo results from a previous uncertainty evaluation in a multi-
stage process). A joint (multivariate) Gaussian pdf would be assigned when
appropriate (Section 2.1.3).

Recommendations concerning the manner in which this sampling should be
carried out are given here for the commonest distributions, viz., the uniform,
the Gaussian, the Student’s-t and the multivariate Gaussian. It is possible
to prepare software for sampling from almost any distribution, and indeed
to develop a general framework for doing so [6]. Such considerations will be
covered in a future edition of this document.

The manner in which sampling can be carried out from a discrete distribu-
tion is also indicated. As part of this process it is required to sample at
random from the integers 1 to q, for arbitrary positive q.
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Tests of randomness of the numbers produced by a generator are indicated.

5.3.1 Uniform distribution

The ability to generate pseudo-random numbers from a (continuous) uni-
form distribution is fundamental in its own right, and also as the basis
for generating numbers from any distribution (as indicated below) using
an appropriate algorithm or formula. In the latter regard, the quality of
the numbers generated from a non-uniform distribution depends on that
of the uniform generator and on the properties of the algorithm employed.
The quality of the non-uniform generator can therefore be expected to be
correlated with that of the uniform generator. A good uniform generator and
a good algorithm can be expected to provide a good non-uniform generator.
A poor uniform generator and a good or bad algorithm can be expected to
provide a poor non-uniform generator. It is thus especially important that
the underlying uniform generator is sound (cf. [18]). Unless the user is sure
of the pedigree of a uniform generator it should not be used until adequate
testing has been carried out. Invalid results can otherwise be obtained.
Some of the “tests for randomness” that should be undertaken are indicated
below. A recommended uniform generator, that has been shown to perform
well in these tests and that is straightforward to implement, is given in this
section.

Table 16 defines relevant aspects of the functioning of a procedure for gener-
ating uniform pseudo-random numbers in the interval [0, 1], specifying the
input, input-output and output parameters associated with their determi-
nation.

A uniform pseudo-random number x in the interval [a, b] can be formed by
determining a + (b − a)z, where z is a uniform pseudo-random number in
the interval [0, 1].

Randomness tests A review [21] has been carried out on the use of
random numbers in solving problems using Monte Carlo Simulation. It
draws conclusions concerning, in particular, the best methods to employ for
generating uniform pseudo-random numbers. The so-called “combination
generators” are recommended and are reported as being favoured by experts
as fulfilling the requirements of possessing the longest periods9 and passing

9A pseudo-random number generator of necessity provides a sequence of numbers. The
period of the sequence is the number of consecutive values in the sequence before they are
repeated.
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Input parameters
q Number of uniform pseudo-random numbers to be generated

Input-output parameters
t Column vector of parameters required as input quantities and that

may be changed as part of the computation. The subsequent values
of these quantities are not usually of immediate concern to the
user. The parameters are needed to help control the process by
which the pseudo-random numbers are produced. The parameters
may be realised as global variables and thus not explitly appear
as parameters of the procedure. One or more of these parameters
may be a seed, used to initiate the sequence of random numbers
produced by successive calls of the procedure. By setting the
seeds to values previously used, the same sequence of random
numbers can be produced. Doing so is important as part of software
regression testing, used to verify the consistency of results produced
using the software with those from previous versions

Output parameters
z q “draws” from a variable uniformly distributed between zero and

one

Table 16: Uniform pseudo-random number generation.

a set of statistical tests for randomness.10

A combination generator simultaneously uses more than one generator. Each
such generator is typically a member of the class of congruential generators
or the class of shift register generators, both of which are widely discussed
in the literature (see, e.g., [11, 17, 22, 24]) and are not covered here.

The KISS11 generator [20] is a combination of a congruential generator and
two shift register generators. A version in the C programming language is
available [23, p42] and in Fortran [20].

The Hill-Wichmann generator [15] is a combination of three congruential
generators. Both this and the KISS generator satisfy all the above standard
and Die Hard tests [21] [23, p41] and are recommended. The authors of
this document have favourable experience of applying the Hill-Wichmann
generator.

10The tests include the so-called standard tests [17], viz., the χ2 test, the Kolmogorov-
Smirnov test, the frequency test, the serial test, the gap test, the poker test, the coupon
collector’s test and the more stringent Die Hard tests [19], that include the overlapping
M-tuple test, the overlapping permutation test, the parking lot and lattice test and the
birthday-spacing test.

11Keep It Simple, Stupid!
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A recommended uniform random number generator Table 17 de-
fines the Hill-Wichmann generator for generating uniform pseudo-random
numbers in the interval [0, 1].

Input parameters
None

Input-output parameters
iA, iB, iC Integer parameters required as input quantities and that are

changed by the procedure. Set to integer values between
1 and 30000 before the first call. Do not disturb between
calls. Subsequent values of these quantities are not usually
of immediate concern to the user. The parameters provide
the basis by which the pseudo-random numbers are produced.
They may be realised as global variables and thus not explitly
appear as parameters of the procedure

Output parameters
Z Uniform random number between zero and one

Computation
1. Form iA = 171iA mod 30269

2. Form iB = 172iB mod 30307

3. Form iC = 170iC mod 30323

4. Form Z = (iA/30269 + iB/30307 + iC/30323) mod 1

Table 17: The Hill-Wichmann uniform pseudo-random number generator.

5.3.2 Gaussian distribution

The procedure in Table 18 provides a straightforwardly implementable ap-
proach [4] to generate values from the standardized Gaussian distribution
N(0, 1) using the Box-Muller transform.

To sample from the Gaussian distribution N(µ, σ2), take X = µ+σZ, where
Z is a standardized Gaussian variable.

5.3.3 Student’s-t distribution

The procedure in Table 19 provides an approach [16], [23, p63] to generate
values from the Student’s-t distribution with ν degrees of freedom, that is
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Input parameters
None

Output parameters
Z1, Z2 Two draws from a Gaussian variable with zero mean and unit

standard deviation
Computation

1. Generate uniform random variates V1 and V2 between zero
and one

2. Form Z1 =
√
−2 log V1 cos 2πV2 and Z2 =

√
−2 log V1 sin 2πV2

3. Take Z1 and Z2 as two standardized Gaussian variates

Table 18: The Box-Muller Gaussian pseudo-random number generator.

also straightforward to implement. No derivation is given here; full details
are available [16].

Input parameters
ν Degrees of freedom

Output parameters
Z Draw from a Student’s-t distribution with ν degrees of freedom

Computation

1. Generate uniform random variates V1 and V2 between zero
and one

2. If V1 < 1/2, set Z = 1/(4V1 − 1) and V = V2/Z
2; otherwise

set Z = 4V1 − 3 and V = V2

3. If V < 1 − |Z|/2 or V < (1 + Z2/ν)−(ν+1)/2, accept Z as a
Gaussian variate; otherwise repeat from Step 1

Table 19: A Student’s-t pseudo-random number generator.

For a mean µ and standard deviation σ and ν degrees of freedom, take
X = µ + σZ, where Z is a Student’s-t variable with ν degrees of freedom.

Sampling from the Student’s-t distribution can be used in Monte Carlo
Simulation when synthesising pdf’s assigned to input quantities represented
by repeated observations that can be regarded as drawn from a Gaussian
distribution (Section 2.1.1). This use has been criticized in some quarters in
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Figure 3: Points sampled from a bivariate Gaussian distribution with
positive correlation.

that coverage intervals determined for the measurand can be pessimistically
long. Conversely, were a Gaussian distribution to be assigned, i.e., with no
account taken of the degrees of freedom that the Student’s-t distribution
is intended to accommodate, the resulting coverage intervals could be opti-
mistically short. This matter remains a discussion topic by researchers. It
is recommended that a decision is agreed and recorded with the details of
the uncertainty evaluation in any one instance. In particular, despite the
statement in the GUM that uncertainty evaluations should be realistic, if
in doubt it might be wiser and certainly cautious to use the Student’s-t dis-
tribution, accompanying the results of uncertainty evaluation by a suitable
qualifying statement.

5.3.4 Multivariate Gaussian distribution

The most important multivariate distribution is the multivariate Gaussian
distribution. An n×1 vector of means µ and a covariance matrix V of order
n define the parameters of the n-dimensional Gaussian distribution.

Values can be sampled from this multivariate (or joint) Gaussian distribution
[25, 27] using the procedure in Table 20.

Figure 3 shows 200 points generated from a bivariate Gaussian distribu-
tion, using the MULTNORM generator [25], with mean µ = (2, 3)T and
covariance

V =

[
2.0 1.9
1.9 2.0

]
.

Similar generators are available elsewhere [9].

Note that in this figure the points “span” an elongated angled ellipse. Were
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Input parameters
n Dimension of the multivariate Gaussian distribution
µ n× 1 vector of means
V Covariance matrix of order n× n
q Number of multivariate Gaussian pseudo-random numbers to be

generated
Output parameters

X An n × q matrix, the jth column of which is a draw from the
multivariate Gaussian distribution

Computation
1. Form the Cholesky factor R of V , i.e., the upper triangular

matrix satisfying V = RTR. (To generate q pseudo-random
numbers it is necessary to perform this matrix factorization
only once.)

2. Form q samples from the n-dimensional standardized
Gaussian distribution N(0, 1)× . . .×N(0, 1). Here, N(µ, σ2)
denotes the Gaussian pdf with mean µ and standard deviation
σ. Doing so simply means generating an n × q array Z of
standard Gaussian variates

3. Provide the required sample (the Cholesky factor acts as a
transformation from the uncorrelated standardized space to
that required):

X = µ1T + RTZ,

where 1 denotes a vector of q ones

Table 20: A multivariate Gaussian random number generator.
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the off-diagonal elements of V to be replaced by zero, the points would span
a circle. Were the diagonal elements made unequal, and the off-diagonal
elements kept at zero, the points would span an ellipse whose axes were
parallel to the axes of the graph.

5.3.5 Sampling from discrete probability density functions

Discrete probability density functions arise when large numbers of repeated
observations are to be used in their own right as a “definition” of their
underlying distribution. They also arise in the form of Monte Carlo results
from a previous uncertainty evaluation in a multi-stage process.

Suppose the ith input quantity is represented by a discrete probability
density function in the form of values xi,k, k = 1, . . . , q. A Monte Carlo
sample is given simply by selecting one of these values at random, with
equal probability.

This process is often known as re-sampling.

Now suppose the n input quantities X are represented by a discrete proba-
bility density function in the form of values xi,k, k = 1, . . . , q, i = 1, . . . , n.
If the input quantities are mutually independent, a Monte Carlo sample is
obtained by sampling independently from the n sets of values {xi,k : k =
1, . . . , q} as above. The Monte Carlo sample is of the form (x1,k1 , . . . , xn,kn)T

where k1, . . . , kn are integers drawn at random from {1, . . . , q}. If the
input quantities are mutually dependent, however, the n sets of values can-
not be sampled independently. The Monte Carlo sample is of the form
(x1,k, . . . , xn,k)T where k is an integer drawn at random from {1, . . . , q}.

The following paragraph indicates how a random integer can be chosen.

Generating a random integer When re-sampling it is necessary to
“draw” a value at random from a set of q values v = (v1, . . . , vq)T, say,
each having equal probability 1/q. This task is accomplished by selecting
v`, where ` is an integer drawn at random from the integers {1, . . . , q}. Such
an ` can be produced using

` = bqz + 1c,

where z is a “draw” from the uniform distribution over [0, 1] and bwc denotes
the largest integer that is no greater than w.
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5.4 Evaluation of the model

The model is evaluated for each of the M samples from each of the n input
pdf’s. Specifically, denote the M samples by x1, . . . ,xM , where the ith
sample xi contains values xi,1, . . . , xi,n, with xi,j a “draw” from the pdf for
Xi. Then, for a univariate, explicit, real-valued model, the model values are

yi = f(xi), i = 1, . . . ,M.

For a univariate, implicit, real-valued model, the ith model value yi is
determined as the solution to the equation

h(yi,xi) = 0.

The case of a univariate, explicit, real-valued measurement model is covered
below, although the presentation would apply similarly for the corresponding
implicit model. Multivariate models are considered in Section 5.8.

The information in Section 3 provides advice on model evaluation.

Note that in Monte Carlo Simulation the model is evaluated for each sample
of the input quantities and hence for a range of values (that may be a
number of “standard deviations” away from the estimates of the input
quantities). This is in contrast to the Mainstream GUM procedure in which
the measurement model is evaluated only at the estimates of the input
quantities. For this reason some issues may arise regarding the numerical
procedure used to evaluate the model, e.g., ensuring its convergence (where
iterative schemes are used) and numerical stability.

5.5 Measurement result and its standard uncertainty

The mean of the M values y1, . . . , yM of the output quantity is taken as the
measurement result y. The standard deviation of these values is taken as the
combined standard uncertainty uc(y) of this measurement result. Table 21
specifies the evaluation of the measurement result and its (combined) stan-
dard uncertainty, and indicates the input and output parameters necessary
for their determination.

The value y so obtained has the smallest standard deviation over all possible
choices of measurement result. However, the value will not in general
agree with the model evaluated at the estimates of the input quantities.
Agreement (in a practical sense) will be achieved for a large value of M
when the model is linear in the input quantities.

Whether this general lack of agreement is important depends on the appli-
cation.

Page 34 of 46 www.npl.co.uk/ssfm/download/index.html#cmsc10 01



NPL Report CMSC 10/01

Input parameters
M Number of samples (equal to the number of Monte Carlo trials)
y Model values (y1, . . . , yM )T obtained by evaluating the measure-

ment model for each of the M samples xi from each of the n input
pdf’s, i.e., yi = f(xi)

Output parameters
y Measurement result: the arithmetic mean of the model values,

defined by

y =
1
M

M∑
k=1

yi

uc(y) Combined standard uncertainty: the standard deviation of the
model values, defined by

u2
c(u) =

1
M − 1

M∑
k=1

(yi − y)2

Numerical analysis
It is important to use the above formula for uc(y) rather than the
mathematically equivalent formula

u2
c(y) =

M

M − 1

(
1
M

M∑
k=1

y2
i − y2

)
.

For cases in which uc(y) is very much smaller than |y| (in which case
the yi, k = 1, . . . ,M , have a number of leading digits in common)
the latter formula suffers from subtractive cancellation (involving a
mean square less a squared mean). The cancellation effects can be
so severe that the resulting value of uc(y) may have too few correct
significant figures for the uncertainty evaluation to be valid [5]

Table 21: The measurement result and its standard uncertainty.
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5.6 Distribution function of the output quantity

An estimate of the distribution function of the output quantity is obtained
simply as follows. Order the values yi of the output quantity provided
by the Monte Carlo trials and assign probabilities to the ordered values
that are uniformly spaced between zero and one [6]. Table 22 specifies the
evaluation of an empirical estimate of the distribution function of the output
quantity, and indicates the input and output parameters necessary for its
determination.

Input parameters
M Number of samples (equal to the number of Monte Carlo trials)
y Model values (y1, . . . , yM )T obtained by evaluating the measure-

ment model for each of the M samples xi from each of the n input
pdf’s, i.e., yi = f(xi)

Output parameters
ỹ Model values (y(1), . . . , y(M))T sorted into non-decreasing order
p Probabilities (p1, . . . , pM )T, defined by

pi = (i− 1/2)/M.

The function p = G(y) determined as the join of the points
(y(i), pi), i = 1, . . . ,M , provides an empirical estimate of the
distribution function of Y . (G(y) is defined only for values of y
corresponding to values of probability p in the interval M/2 ≤ p ≤
1−M/2. Indeed, it should not be used near the endpoints of this
interval, because it is less reliable there.)

Numerical analysis
It is recommended that a sorting algorithm that takes a number of
operations proportional to M log M be used (e.g., [26]). A naive
algorithm would take a time proportional to M2 and may make the
computation time unacceptable

Table 22: The distribution of the output quantity.

5.7 Coverage interval

Once the distribution function G(y) has been estimated, almost any statis-
tical information associated with the measurand can be determined.

In particular, a 95% coverage interval (ylow, yhigh) for the measurand is
given by the 0.025- and 0.975-fractiles of G(y), i.e., the values of y given by
G−1(0.025) and G−1(0.975).
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For practical purposes, (y(b0.025Mc), y(d0.975Me)), where bvc is the largest
integer no greater than v and dve is the smallest integer no smaller than
v, can equivalently be taken as this interval.

5.8 Multivariate Monte Carlo

The above treatment applies to univariate real-valued models. It can straight-
forwardly be adapted to apply Monte Carlo Simulation to multivariate or
complex-valued models. There is not, however, a ready counterpart of a
coverage interval.

The multivariate model is
Y = f(X).

M samples xi of the inputs X are taken as before. For each xi, evaluate
the model as previously, except now the output values yi = f(xi) are m× 1
vectors.

Assemble these output vectors into an m×M matrix12:

Υ = (y1, . . . ,yM ).

From this matrix the covariance matrix Vy is estimated from

Vy =
1

M − 1
Υ′(Υ′)T,

where Υ′ is Υ corrected for the sample means over all M trials, i.e., with
the mean of the jth row subtracted from all elements in that row, for
j = 1, . . . ,M . Table 23 specifies the evaluation of the covariance matrix
Vy in terms of the output vectors yi, and indicates the input and output
parameters necessary for its determination.

This covariance matrix contains (generally a more reliable estimate of) the
information that would be delivered by a linear analysis such as Mainstream
GUM. (In fact, it provides more than Mainstream GUM, since that proce-
dure does not in general cover multivariate models.) The matrix Υ provides
much richer information, however, in the following sense. Any column of Υ
corresponds to the values of the outputs for one choice (sample) of the inputs.
Any derived quantity can be determined from this single set of output values.
This quantity can be calculated for all columns, the resulting 1 × M row
vector providing an empirical sampling distribution for that quantity. In
particular, fractiles of the values in that vector can be used, as above, to

12The symbol Υ is (reluctantly) used to denote the matrix of y-vectors, since Y is used
to denote a scalar output and Y a vector output.
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Input parameters
m Number of output quantities
M Number of samples (equal to the number of Monte Carlo trials)
Υ An m×M matrix containing the model output values yi, i.e.,

Υ = (y1, . . . ,yM ).

Output parameters
Vy Covariance matrix for the output quantities Y, defined by

1
M − 1

Υ′(Υ′)T,

where Υ′ is Υ corrected for the sample means

Table 23: The covariance matrix for the output quantities Y.

provide a coverage interval for the derived quantity. Another quantity could
be so introduced and the two row vectors used to compute any statistics
required (mean, median, etc.) and the pair of vectors used to estimate
correlation effects. Thus, the matrix Υ is a very valuable array, being the
basis of almost unlimited statistical information.

6 Validation of Mainstream GUM

Mainstream GUM has some limitations [1, 6]. Although the procedure can
be expected to work well in many circumstances, it is difficult to quantify
the effects of the approximations involved, viz., linearization, the Welch-
Satterthwaite formula and the assumption that the output quantity is Gaus-
sian (i.e., that the Central Limit Theorem is applicable). Therefore, it is
important to be able to validate any cases of doubt. In such instances it is
recommended that both Mainstream GUM and the Monte Carlo approach
are applied and the results compared. If the comparison is favourable,
Mainstream GUM can be used for sufficiently similar problems in the fu-
ture. Otherwise, consideration can be given to using instead Monte Carlo
Simulation or some other approach that is free from the above limitations.

Specifically, the two steps below should be carried out, followed by the
comparison process of Section 6.1.

1. Apply Mainstream GUM to yield a 95% coverage interval y±U(y) for
the measurand.
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2. Apply Monte Carlo Simulation to yield a standard uncertainty u(y)
for the measurement result and the endpoints ylow and yhigh of a 95%
coverage interval for the measurand.

6.1 Comparison of results

A recommended comparison procedure is based on the following objective:
determine whether the coverage intervals for Mainstream GUM and Monte
Carlo Simulation agree to a specific absolute accuracy. This accuracy is
assessed in terms of the endpoints of the coverage intervals and corresponds
to that given by rounding the standard uncertainty of the measurement
result to two (say) significant decimal digits.

The procedure is as follows:

1. Determine r to be the number of figures after the decimal point in
u(y), after this value has been rounded to two, say, significant decimal
digits. Let

δ =
1
2
10−r.

2. Compare the coverage intervals obtained by Mainstream GUM and
Monte Carlo Simulation to determine whether the required number
of correct digits in the Mainstream GUM coverage interval has been
obtained. Specifically, determine the quantities

|y − U(y)− ylow|

|y + U(y)− yhigh|,

viz., the absolute values of the differences of the respective endpoints
of the two coverage intervals. Then, if both these quantities are no
larger than δ the comparison is successful and Mainstream GUM has
been validated in this instance.

Example. The measurement result for a nominally 100 g standard of mass [1,
Clause 7.2.2] is y = 100.021 47 g and the standard uncertainty of y, rounded
to two significant figures, is u(y) = 0.000 35 g, The number of digits in u(y)
after the decimal point is r = 5. Thus, the value δ = 5 × 10−6 should be
used in the comparison.
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7 Conclusions

Software specifications have been proposed for three aspects of uncertainty
evaluation, viz.,

1. The Mainstream GUM (“uncertainty budgeting”) procedure of the
Guide to the Expression of Uncertainty in Measurement [1],

2. A general approach based on Monte Carlo Simulation, that will form
the basis of a supplement to the Guide to the Expression of Uncertainty
in Measurement [6], and

3. Mainstream GUM validation, the use of Monte Carlo Simulation to
validate Mainstream GUM in circumstances where there is doubt con-
cerning its applicability [6].

The specifications are not intended to be mandatory but indicative of the
software units that are required for implementation of the above aspects.

This document will be revised and extended as part of the ongoing Software
Support for Metrology programme.
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A Use of symbolic-algebra packages

This appendix is concerned with the use of a symbolic-algebra package to
provide partial derivatives of a model, from which sensitivity coefficients can
be determined (Section 4.2).

Table 24 specifies for a univariate, explicit, real-valued model, the use of
a symbolic-algebra package to obtain sensitivity coefficients and indicates
the input and output parameters associated with their determination. The
input parameter f is used to specify the measurement model.

Counterparts would apply for the other categories of measurement model.

Input parameters
n Number of input quantities
f Function specifying the model Y = f(X) in terms of the input

quantities X = (X1, . . . , Xn)T

x Column vector (x1, . . . , xn)T of estimates of the input quantities X.
Some packages may not be able to make use of this information in
that they return algebraic expressions for (∂f/∂X1, . . . , ∂f/∂Xn)
rather than these expressions evaluated at X = x

Output parameters
f ′ Functions (f ′

1, . . . , f
′
n) representing algebraic expressions for

(∂f/∂X1, . . . , ∂f/∂Xn), the partial derivatives of first order of the
function f

C A 1 × n vector of sensitivity coefficients, whose jth element is the
partial derivative ∂f/∂Xj of f(X) evaluated at X = x. Some
symbolic-algebra packages may produce just f ′ and it will be the
user’s responsibility to evaluate f ′ at X = x

Table 24: Sensitivity coefficients obtained using a symbolic-algebra package.

When a symbolic-algebra package system is used, care needs to be taken
that the mathematical expressions generated are stable with respect to their
evaluation at the estimates of the input quantities. For instance, suppose
that (part of) a model is

Y = (X1 −K0)4,

where K0 is a specified constant. An automatic system might involve
expansions such as Taylor series to generate the partial derivative of Y in
the form

∂Y

∂X1
= 4X3

1 − 12X2
1K0 + 12X1K

2
0 − 4K3

0 , (2)

and perhaps not contain a facility to generate directly or simplify this
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expression to the mathematically equivalent form

∂Y

∂X1
= 4(X1 −K0)3, (3)

that would typically be obtained manually.

Suppose the estimate of X1 is x1 = 10.1 and K0 = 9.9. The value c1

of the resulting sensitivity coefficient is 4(x1 − K0)3 = 0.032, correct to
two significant figures. Both formulae (2) and (3) deliver this value to this
number of figures. The second, more compact, form is, however, much to be
preferred. The reason is that Formula (3) suffers negligible loss of numerical
precision when it is used to evaluate c1, whereas, in contrast, Formula (2)
loses figures in forming this value. To see why this the case, consider the
contributions to the expression, evaluated and displayed here to a constant
number of decimal places (corresponding to seven significant figures in the
contribution of greatest magnitude):

4x3
1 = 4121.204,

−12x2
1K0 = −12118.79,

12x1K
2
0 = 11878.81,

−4K3
0 = −3881.196.

The sum of these values constitutes the value of c1. To the numerical
accuracy held, this value is 0.028, compared with the correct value of 0.032.
The important point is that a value of order 10−2 has been obtained by the
sum of positive and negative values of magnitude up to order 104. Almost
inevitably, a loss of some six figures of numerical precision has resulted, as
a consequence of subtractive cancellation.

For different values of x1 and K0 or in other situations the loss of figures
could be greater or less. The concerning matter is that this loss has resulted
from such a simple model. The effects in the case of a sophisticated model
or a multi-stage model [6] could well be compounded, with the consequence
that there are dangers that the sensitivity coefficients formed in this way will
be insufficiently accurate. Therefore, care must be taken in using sensitivity
coefficients that are evaluated from the expressions provided by some soft-
ware for algebraic differentiation. Such a system, if used, should evidently
be chosen with care. One criterion in making a choice is whether the system
offers comprehensive facilities for carrying out algebraic simplification, thus
ameliorating the danger of loss of figures. Even then, some form of validation
should be applied to the numerical values so obtained.13

Some systems operate in a different way. They “differentiate code” rather
13Numerical analysis issues such as that discussed here will be addressed as part of

SSfM-2.
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than differentiate a formula. Acceptable results can be produced by the user
by carefully constructing the code that defines the function.

B Use of finite-difference formulae

This appendix is concerned with the use of a finite-difference formula to
provide partial derivatives of a model, from which sensitivity coefficients
can be determined (Section 4.2).

Numerical approximations to the values of derivatives can be obtained using
finite-differences techniques. Given a value i (1 ≤ i ≤ n), set all X` = x`,
apart from Xi, i.e., assign the estimated values of the inputs to the input
quantities, apart from the ith. Denote the resulting function of Xi by fi(Xi).

A typical finite difference approximation to ∂Y/∂Xi evaluated at x is

∂Y

∂Xi

∣∣∣∣
X=x

≈ fi(xi + δi)− fi(xi)
δi

,

where δi is a “suitably small” increment in xi (see below). Note that fi(xi) ≡
f(x) will already have been formed in evaluating the model at the estimates
x of the input quantities.

The approximation can be perceived as follows. Consider the graph of
fi(Xi). The formula gives the gradient of the chord joining the points
(xi, fi(xi)) and (xi+δi, fi(xi+δi)). This gradient approximates the gradient
of the tangent at (xi, fi(xi)) to the graph of the function, which is of course
the required derivative.

The choice of δi is important. If it is too great, the formula gives a large
approximation error, i.e., the tangent and the chord point in appreciably
different directions. If it is too small, the formula gives a large subtractive
cancellation error, since the values of fi(xi) and fi(xi + δi) will have many
common leading figures.

A generally more accurate form, requiring an additional function evaluation,
is

∂Y

∂Xi

∣∣∣∣
X=x

≈ fi(xi + δi)− fi(xi − δi)
2δi

.

For a given value of δi, the magnitude of the approximation error is generally
reduced using this form. Thus the value of δi can be larger, affording a better
balance between approximation and cancellation errors.

The GUM, in Clause 5.1.3, suggests the use of the second formula with
δi = u(xi). This choice can generally be expected to be acceptable, although
there may be exceptional circumstances.
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Table 25 specifies, for a univariate, explicit, real-valued model, the use of
a finite-difference formula to obtain sensitivity coefficients, and indicates
the input and output parameters associated with their determination. The
input parameter f is used to provide information about the measurement
model, and may take the form of a function for evaluating the model as in
Section 3, Table 5.

Counterparts would apply for the other categories of measurement model.

Input parameters
n Number of input quantities
f Function specifying the model Y = f(X) in terms of the input

quantities X = (X1, . . . , Xn)T

x Column vector (x1, . . . , xn)T of estimates of the input quantities X
u Column vector (u1, . . . , un)T ≡ (u(x1), . . . , u(xn)T of standard

uncertainties of the estimates of the input quantities. This
parameter would be used if the GUM recommendation for
estimating the sensitivity coefficients were adopted. It would not
be used if a finite-difference formula were used that attempted to
provide a sensible compromise between the loss of accuracy due
to trancation (approximation) error and that due to subtractive
cancellation

Output parameters
C A 1 × n vector of sensitivity coefficients, whose jth element is an

estimate obtained using finite differences of the partial derivative
∂f/∂Xj of f(X) evaluated at X = x

Table 25: Sensitivity coefficients obtained using a finite-difference formula.
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