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1 Abstract

We describe the application of a general methodology for testing the numerical accuracy of software to functions
for the calculation of the sample standard deviation. Each stage of the methodology, from the provision of a
specification for the function tested through the definition of performance parameters and measures to the
presentation and interpretation of the test results, is presented. In this way, and by stating any assumptions made
in the application of the methodology, the testing undertaken is made as objective as possible.

2 Introduction

The numerical correctness of scientific software is important to metrology because a poor software
implementation can lead to inaccuracy that could have been avoided, and as a consequence the correctness of
measurement results can be compromised. Although there is some awareness of the potential limitations of
spreadsheets and other software packages arising from the use of inaccurate or unstable numerical algorithms,
relatively little testing and validation is performed on such software. Often, there is a tendency to rely upon well-
established packages and to perform only a small nhumber of checks using aternative methods of calculation. As
part of the first National Measurement System Software Support for Metrology programme, NPL has undertaken
work to develop an infrastructure, comprising supporting information and guidelines, to ensure that the use of
software within metrology, particularly spreadsheets and proprietary software packages, is made as effective as
possible. For example, one output of this work has been a number of reports that describe the objective testing of
the intrinsic and in-built functions included within spreadsheets and other proprietary software packages that are
routinely used in metrology applications.

Here, we describe the application of a general methodology for testing the numerical correctness of software to
the calculation of the sample standard deviation taken from a number of spreadsheet, statistical and scientific
software packages, including Microsoft Excel, MathCAD, S-PLUS, Matlab, and the NAG and IMSL Fortran
libraries. The basis of the approach is the design and use of reference data sets and corresponding results to
undertake black-box testing of the software under investigation. The reference data sets and results are generated
in a manner consistent with the functional specification of the test software, and the results returned by the test
software for the reference data sets are then compared objectively with the reference results using performance
measures. Finally, the performance measures are interpreted in order to decide whether the test software meets
reguirements and is fit for purpose.

3  Sample standard deviation

Consider the calculation of the sample standard deviation s defined, for the sample {x, x,, ..., X}, by
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The calculation of the sample standard deviation is important to metrology because of its role as a statistic for
estimating the standard deviation of the population from which the sample was drawn, and within uncertainty
evaluation as the basis for understanding the repeatability of a measurement process.

where X isthe sample mean,

4  Methodology

A general methodology for evaluating the numerical accuracy of the results produced by scientific software has
been developed [1]. For a user of a proprietary software package, the methodology involves the following six
stages:

1 documenting the specification of the test software,



2. interfacing to the test software,

3. specification of reference data sets,

4. specification of performance measures and testing requirements,

5. generation of reference data sets and corresponding reference results, and
6. presentation and interpretation of performance measures.

Each stage in the general approach, and the manner in which it is applied to testing functions for the calculation
of the sample standard deviation, is given in the following sections.

5  Specification of thetest software

For testing of software to be meaningful, it is necessary to have a full and unambiguous specification of the task
carried out by the software. If the specification is inconsistent with this task, testing in accordance with the
specification might yield the conclusion that the software was deficient, when in fact it might be acceptable.

The particular implementations of the sample standard deviation function tested in this work are those contained
within the following packages: the IMSL Fortran library [3], the NAG Fortran library [4], Matlab [5], Microsoft
Excel [6], SPLUS [7], and MathCAD [8]. Detailed software specifications of the functions tested, including
descriptions of their input and output parameters, are available [2].

6 Interfacingtothetest software

Where possible the testing procedure is executed automatically using for each package its own intrinsic
programming language: VBA (Visua Basic for Applications) for Excel, Fortran for the NAG and IMSL
libraries, MathCAD’s own programming syntax, etc. The test functions for sample standard deviation are called
in such away asto mimic how a user might be expected to access the functions. Each reference data set, with its
corresponding reference result and other information, is read from data files. Values of the performance
parameter are calculated using functions provided by the intrinsic programming language, written to data files,
and displayed using Excel’ s graphing facilities.

7  Specification of reference data sets

Performance parameters are used to capture the properties of data sets that would be encountered in practice and
to describe the range of admissible inputs to the test software. Sequences of data sets may be generated by
varying an individual performance parameter. A sequence forms a graded sequence in a case where the
performance parameter relates directly to the condition or “degree of difficulty” of the problem represented by
the data. The degree of difficulty measures the change in the result relative to a small change in the data (for a
perfect implementation). By investigating the performance of the test software for such graded sequences, it is
possible to identify cases where the test software is based upon a poor choice of mathematical algorithm.

Performance parameters for the sample standard deviation include the reference sample mean X, the reference
sample standard deviation s, and the number m of pointsin the sample.

8  Specification of perfor mance measures

Performance measures are used to quantify the performance of the test software for the reference data sets to
which the test software is applied. Furthermore, by relating the values of these metrics to the requirements of the
user, it is possible to assess objectively whether the test software meets these requirements and is therefore fit for
purpose.

A performance measure is used that accounts for (@) the error in the computed test result relative to the reference
result, (b) the “degree of difficulty” of the problem represented by the data, and (c) the precision of the
arithmetic used to compute the test result. The performance measure P(s) used to measure the departure of the
cgmputed sample standard deviation s returned by the test software from the reference sample standard deviation
s isgiven by



- 1 ‘S—S
P(s) =log;o 31+ KON

where k(s) measures the problem degree of difficulty,

K(s) = max%,lg

and 77 is the machine precision [1]. The performance measure P(s) indicates the number of figures of accuracy
lost by the test software over and above what software based on an optimally stable agorithm would produce
using machine precision n.

9  Generation of reference data sets and corresponding reference results

In the general methodology, a reference pair, i.e., a reference data set and corresponding reference results, may
be produced either using reference software or a data generator [1]. Reference software is software written to an
extremely high standard to solve the problem given in the specification of the test software. Alternatively, data
generators are used to construct reference data sets with known solutions, i.e., solutions specified a priori, and
are based on methods, such as null-space methods [1], that use a solution characterisation to construct families or
classes of data sets possessing nominally the same solution. For the testing of functions for calculating the
sample standard deviation a data generator, implementing the null-space method, was used [2].

10 Presentation and interpretation of results

Figure 1 illustrates the performance of each sample standard deviation function tested for a graded sequence of
reference data sets obtained by setting the reference sample standard deviation to unity, the sample size to 100,
and allowing the sample mean (the performance parameter) to take the values 105 k = 0, ..., 16. It shows, for
each test function, the performance measure P(s) plotted against the sample mean of each reference data set
within this sequence.

The graph indicates that the IMSL, NAG, Matlab, S-PLUS and MahCAD functions give results that are
accurate for the sequence of reference data sets considered, never losing more than two digits of accuracy than
would a reference implementation. However, the results for the Excel function show that this function loses up
to eight additional figures of accuracy. A clear trend in the performance of the test software as a function of the
reference sample mean (and hence the degree of difficulty) is apparent for this function.

A detailed analysis of the results obtained from testing functions for calculating sample standard deviation using
a number of sequences of reference data sets is available [2]. The results indicate that the IMSL, NAG, Matlab,
S-PLUS and MathCAD packages provide reliable software for the calculation of the sample standard deviation.
However, thisis not the case for the Excel spreadsheet package, which appears to implement an al gorithm whose
performance degrades as a function of the problem degree of difficulty. For general use of Excel’s standard
deviation function, users are recommended to pre-process the data (using mean-centring of the data) prior to
application of the Excel function.

11 Conclusions

A general methodology for testing the numerical accuracy of scientific software has been applied to functions for
the calculation of sample standard deviation taken from a range of software packages. The calculation of sample
standard deviation was chosen as it is one of the most commonly-used functions within scientific applications
and especially metrology. At first sight its implementation might be thought to be straightforward. However this
has been shown not to be the case, and the need for rigorous testing has been demonstrated.

The rigorous testing of software used in metrology is particularly important because metrology computations
frequently require statistics of specially structured data, e.g., the sample mean and standard deviation of a set of
nearly identical numbers (such as arise in a series of replicate weighings). For such circumstances, unstable
algorithms are likely to deliver unreliable results, and thus considerations of this type need to be taken into
account in developing special methods of test for spreadsheets used in metrology.
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Figure 1 Performance of each sample standard deviation function for a graded sequence of reference data sets for
which the performance parameter is the sample mean. The performance measure is the number of significant
figureslost by the function compared with a reference implementation.
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