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ABSTRACTThis report describes methods for generating test data sets and reference results which canbe used to test assessment software employed in coordinate metrology for �nding least-squaresbest-�t curves and surfaces to data. The methods do not rely on the use of reference softwarebut instead exploit known mathematical properties which hold at the solution of the dataapproximation problem. The methods are 
exible, straightforward to implement and shouldbe of value in designing conformance testing procedures. The methods are illustrated for theproblem of �nding the least-squares best-�t circle to data.
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NPL Report DITC 211/921 INTRODUCTIONThis report is concernedwith the generationanduse of referencedatasets for testingassessmentsoftware. Assessment software plays a fundamental part in coordinatemetrology which in turnis a key component of computer-aided inspection in manufacturing. In order to verify that amanufacturedartefact is within tolerance a coordinatemeasuringmachine (CMM)will collect aset of data representing points lying on the surface of the artefact and assessment software willcompare these data points with the design and tolerance speci�cation for the artefact [16]. It isclearly important that such assessment software gives reliable answers and any serious qualitymanagementsystemwill demand that its reliability can be veri�ed in a practicalmanner. Givenan explicit description of its computational aim, software can be tested using the followingapproach [8]:I Determine reference data sets (appropriate for the computational aim)and correspondingreference results;II Apply the software under test to the reference data sets to produce test results;III Compare the test results with reference results.This approach poses two fundamental questions:Q1 How can we determine correct reference results for data sets?Q2 How can we compare test results with reference results in a meaningful way?The viability of the approach depends on satisfactory answers to these questions and no formalsoftware conformance testing will be worthwhile unless these questions have been addressed.Software packages for �nding the least-squares best-�t geometric elements { lines, planes, circle,spheres, cylinders and cones { are among the most commonly used in coordinate metrology. Inthis report, we describe a number of methods which, when taken together, ensure that testingelement-�tting software using data sets can have a �rm foundation. Furthermore, the methodscan be applied to testing more general curve and surface regression software.The remainder of this report is organised as follows. In section 2, we give a mathematicalformulation of the element-�tting problem. In section 3, we show how an analysis of the �ttingproblem leads to methods for simultaneously generating data sets and reference results, and insection 4 we look at other methods for testing software which are also based on mathematicalproperties of the problem. The problemof how to compare test results is discussed in sections 5and 6. We consider the design of test data sets in section 7 and practical conformance testingprocedures in section 8. Much of the discussion is illustrated in the case study presented insection 9. Our concluding remarks are set out in section 10.(0)This document: [abf.tex.swt]swt.ps. 1



NPL Report DITC 211/922 MATHEMATICAL FORMULATIONOF THE LEAST-SQUARES ELE-MENT FITTING PROBLEMGiven a data setX = fxi : i 2 Ig and an element E, the least-squares error of �t D of E at Xis de�ned by D(X;E) =Xi2I d2i ; (1)where di = d(xi; E) is the distance from the point xi to E. The least-squares best-�t element,if it exists, is the element E� which minimises D(X;E) among all instances E of the element.If the element is parametrized by parameters u = (u1; : : :; un) so that to each u we associate aunique element E(u), then the distance d from a point x to E(u) can be written as a functiond(x;u) of x and u. Similarly, given a data setX, the error of �tD can be written as a functionof u (cf. (1)): D(X;u)=Xi2I d2(xi;u); (2)and the element-�tting problem can be posed asminu D(X;u): (3)Methods of parametrizing geometric elements are considered in some detail in [2]. As explainedtherein, no one parametrization can describe all axis directions(1) so that for elements like thecylinder and cone more than one parametrization is required to specify all instances of theelement. It follows that (3) is well-posed only if the optimal E� can be speci�ed by u 7! E(u),i.e., there exists u� such that E� = E(u�). In the following discussion, we assume that this isthe case.An algorithm for �nding a best-�t element to a set X of data points has three ingredients: i)a parametrization u 7! E(u) of the element, ii) a de�nition of an error function E(X;u) to beminimised with respect to u, and iii) a method to produce an estimate û of the point u� atwhich E takes its minimum.Example: Least-squares best-�t circle. A circle in the plane can be parametrized by itscentre coordinates (a; b) and its radius r0. The distance d from a point x = (x;y) to a circlede�ned by parameters u = (a; b; r0) is given byd = d(x;u)= h(x� a)2+ (y� b)2i1=2� r0: (4)Given a set of data points X = fxi : i 2 Ig, the associated least-squares error function D isgiven by (2) and can be minimised by using the Gauss-Newton algorithm, for example; see[12, 17]. 2A comprehensive evaluation of element-�tting software should test all three aspects of theunderlying algorithm: it should �nd the circumstances under which the parametrization u 7!E(u) is inappropriate, investigate to what extent the minimum of the error function E(X;u)coincides with that of D(X;E(u)) and examine the e�ectiveness of the method of �nding theminimum of the error function. However, before we can tackle the problem of how to design asuite of test data setsXq which can be used to analyse thoroughly the behaviour of assessmentsoftware, it is necessary to address the two questions raised in the introduction.(1)The fundamental reason for this is that there is no one-to-one continuous mapping from the planeonto the sphere. 2



NPL Report DITC 211/923 GENERATION OF DATA SET/REFERENCE RESULT PAIRSThe use of test data sets relies on the existence of reference results r for a data set X. Werefer to hX; ri as a reference pair. In this section, we consider the question of how to arrive atreference results r.3.1 REFERENCE SOFTWAREA�rst response toQ1 is to design `reference' softwareR to determine reference results r = R(X)for a given data set X. Before going further, it may be appropriate to indicate what is meantby reference software in this context.We can only speak of reference software if we have a clear, unambiguous statement of thecomputational aim of the software. In most data �tting applications, this aim can normally beexpressed in mathematical notation, for example: Given a data set X = fxi : i 2 Ig and errorfunction E = E(X;u) depending on the data X and parameters u = (u1; : : :; un) �nd the u�which minimises E.Once a computational aim has been established there remains the problemof how to check thata solution output by a piece of software has satis�ed the computational aim. This in generalis a non-trivial problem and is usually only partially solved by deriving conditions which musthold at the solution and examining if these conditions are satis�ed.Given an explicit computational aim and the task of writing software to achieve that aim, therewill be a number of factors to consider, among them:Correctness: will the software produce the required solution?Speed: how long can the computation take?Memory: how much space can the software use?Robustness: should the software work even for metrologically unrepresentative data?Generality: should the software treat the problem in full generality or can it make extraassumptions about the problem?Maintainability.Usability: how expert is the user?For complicated computational tasks there is likely to be con
ict for example between cor-rectness, robustness and generality on the one hand and speed and memory on the other.For reference software, the emphasis is on correctness, robustness and generality. For produc-tion software the emphasis may be on speed and memory. However extreme positions on thespectrum will not in general be acceptable: reference software should not be hopelessly slow,production software should not be wildly inaccurate.If the computational task minuE(X;u) is too di�cult to solve within the practical constraintsthere are a number of optionswhichwill yield approximate solutions. For example, an iterativealgorithm employed to �nd the minimum u� can be stopped after a �xed number of iterationswith output ~u; or the error function E(X;u) can be replaced by one �E(Y;v) whose minimiser3



NPL Report DITC 211/92�v� is easier to calculate. Both approaches are common in practice and their validity depends onhow close the approximate solutions so generated are to the true solutionu�. It is oftenpossibleto make theoretical statements under certain assumptions about the dataX, but verifying thatthese assumptions hold in practice may be di�cult.Our working de�nition of reference software is software that addresses the exact computationalaim using numerically stable techniques.Reference software can be used in two ways:Reference software as production software. If it is possible to address correctly thecomputational aim and also satisfy the constraints for production software, then reference soft-ware, if required, can be implemented as production software. In this fashion, the constructionof reference software is a means of directly improving the software used in everyday calcula-tions. For this use the software should be designed in such a fashion so as to be embeddable inother systems. In particular the software should be written in terms of standard computationalmodules where possible.Generation of test data. If reference software does not satisfy the constraints for produc-tion software, then it can be used to test the validity of methods implemented as productionsoftware. This can done by generating test data and using reference software to calculate thecorresponding reference results. In this way, reference software can indirectly improve produc-tion software.Returning to the element-�tting problem, we can employ stable parametrizations [2], optimi-sation algorithms with proven convergence characteristics [12, 17] and reliable linear algebramodules with excellent error behaviour [18, 28] along with an exact mathematical modellingof the element �tting problem [14], to develop reference software in which we can have greatcon�dence. However, there are a number of reasons why it is important to test element-�ttingsoftware in a manner which does not rely on the existence of reference software: �rstly, thereis (at present) no practical guarantee that a software implementation of a reliable algorithmis error-free and will always perform satisfactorilyy;(2) secondly, the development of referencesoftware for non-trivial tasks requires signi�cant resources; thirdly, the problem of testing thereference software has to be resolved.3.2 REFERENCE BASESIn this section we describe a method which generates data sets and reference results simulta-neously in a way that obviates the need for reference software.We have seen that the element-�tting problem is: Given a data set X �nd the minimum u�of the error function D(X;u). The approach to generating reference pairs addresses a `dual'problem: Given u�, �nd a data set X for which D(X;u) takes its minimum value at u�. Wesolve this problem by �rst examining the conditions for u to be a (local) minimum ofD(X;u).(2)However, formal methods for developing (and testing) software, given a formal speci�cation ofrequirements, have this as their goal; see for example [23, 22]. Unfortunately, these methods do notapply to computations involving 
oating point operations and rounding error.4



NPL Report DITC 211/923.2.1 Characterisation of a local minimumSee, for example, [12, 17].Let u 7! E(u) be a parametrization of an element E, and let d(x;u) describe the distance froma point x to E(u) in terms of the parameters u. Given a set of pointsX = fxi : i 2 Ig, let dbe the column vector whose ith component isdi = d(xi;u);and de�ne the Jacobian matrix by Jij = @di@uj :Set Gi to be equal to the matrix of second partial derivatives corresponding to the ith point:Gi(j; k)= @2di@uj@uk :Necessary conditions for u to be a local minimum of the least-squares objective functionD(X;u)=Xi2I d2(xi;u) (5)are that i) JTd = 0; (6)(so that d lies in the null space of JT) and ii) the HessianmatrixH = JTJ +Xi2I diGi (7)is positive semi-de�nite (all eigenvalues non-negative).Su�cient conditions for u to be a local minimum are that (6) holds and that the HessianmatrixH is strictly positive de�nite (all eigenvalues strictly greater than zero).3.2.2 Perturbations normal to the elementSuppose X� = fx�i : i 2 Ig is a set of points lying exactly on the element E(u�) and J� is theassociated Jacobian matrix. Note that for this set d = 0 so that the �rst su�ciency condition(6) holds. The second su�ciency condition will hold if J� is of full rank for then H = J�TJ�will be strictly positive de�nite. The rank of J� depends on the parametrization u 7! E(u)and the number and distribution of the points X�. We assume that the parametrization isnon-singular near u� which means in essence that a change in the parameter values resultsin a change in the position of the element's surface. We also assume that the points in X�are su�cient in number and distributed so that E(u�) is uniquely determined (locally) by thecondition that the element passes through the points in X� (3). Under these assumptions, J�will be of full rank.Given such an X�, we look for a perturbed set X = fxi : xi = x�i + ei; i 2 Ig such thatthe su�ciency conditions remain satis�ed. In general, the Jacobian matrix associated with the(3)For example, four points in general position determine a sphere. However, four points lying on acircle in three dimensions only constrains the sphere centre to lie on a straight line.5



NPL Report DITC 211/92perturbed set X will be di�erent from J�. We now show that perturbations normal to thesurface do not change the Jacobian.Given a point x and an element u 7! E(u) let x� denote the point on E(u) closest to x. If xis su�ciently(4) close to E(u) then x� = x�(u) is (locally) a well-de�ned function of u and thedistance function d can be written asd(x;u)= kx� x�(u)k:Di�erentiating d with respect to a parameter uj gives@d@uj = �@x�@ujT x� x�kx� x�k;= �@x�@ujTn�;wheren� is the outward unit normal to the surface at x�. These derivatives depend only on thedirection of x� x� and not on the magnitude. Thus perturbing a point normal to the surface(changing only the magnitude) does not change the derivatives of the distance function. Thismeans that perturbed setsX� of the formX� = fxi : xi = x�i + �in�i ; i 2 Ig;wheren�i is the outward unit normal at x�i , will also have J� as the associated Jacobianmatrix.Furthermore, the distance from xi = x�i + �in�i to E(u�) is �i. Therefore, the su�ciencyconditions for u� to be a local minimum for the data set X� translate as i)J�T� = 0; (8)and ii) H� = J�TJ�+Xi2I �iG�i (9)is strictly positive de�nite, whereG�i(j;k) = @2@uj@ukdi(x�+ �in�i ;u�):The �rst condition will be satis�ed if � lies in the null space Z� of J�T. Z� can be calculatedfrom the QR decomposition of J�; see, e.g. [18, Chapter 6]. If J� is full rank of dimensionm�n,m> n, then Z� is spanned bym�n column vectors zk, say, k = 1; : : :;m�n, of lengthm. Any vector � satisfying (8) can be written as a linear combination of these vectors,� = m�nXk=1 �kzk;and vice versa.Given Z�, it remains to choose the coe�cients �k so that the resulting Hessian matrix H� isstrictly positive de�nite. If the matrix J� is full rank thenH� will be strictly positive de�niteif the norm of Xi2I �iG�iis su�ciently small compared with the minimum eigenvalue of J�TJ� [18, Chapter 8]. Inpractice, only large perturbations give rise to inde�nite Hessians.(4)The distance fromx to the surface has to be smaller that the radius of curvature of the surface nearx. 6



NPL Report DITC 211/923.2.3 Summary of data set generationI Given parameter valuesu�, generate pointsX� = fx�i : i 2 Ig lying on the elementE(u�).Calculate the outward unit normalsN� = fn�i : i 2 Ig to E(u�) at X�.II Calculate the Jacobian matrix J� and (a basis for) the null space Z� = [: : :zk : : :] of J�T.Select or compute multipliers �.III Set � = Pk �kzk;X� = fx�i + �in�i ; i 2 Ig: ) (10)IV Calculate H� and check if it is strictly positive de�nite; if not reduce the norm of � byreducing the multipliers e.g., �k = �k=2 and go to step III.Step IV can be made more systematic, but as mentioned above it is not di�cult to generatedata sets which give rise to strictly positive de�nite Hessians.GivenX�, N� and Z�, it is possible (by varying the multipliers �) to generate many data setsX� as in step III and we refer to the triple hX�; N�; Z�i as a reference base for generatingreference pairs hX�; �i.Below is a module written in the Matlab `language' [24] which generates a reference pair froma reference base and a set of multipliers �. Note that this is a completely generic module inthat it applies to all the geometric elements.function [Xd, d] = rb2rp(Xs, Ns, Zs, nu, normd)%% Generate data set Xd from the reference base < Xs, Ns, Zs >.%% Input Xs - m x q array of points on element, q = 2 or 3.% Ns - m x q array of outward unit normals at Xs.% Zs - m x p array of vectors in the null space% of the transpose of the Jacobian matrix% associated with Xs.% nu - p x 1 array of multipliers.% normd - norm of the residual errors.%% Output Xd - m x q array of data points.% d - m x 1 array of residual errors.% d(i) = the distance from Xd(i) to% the element.% Note: norm(d) = normd.%%% Start calculations% ----- ------------%% Check array lengths.% [ mZ, p ] = size(Zs);[ mX, q ] = size(Xs);% if p ~= length(nu) | mX ~= mZ% error('Check array lengths!') 7



NPL Report DITC 211/92% end % if%% Form residuals% d = Zs*nu;% nd = norm(d);% if nd > eps*normdd = d*(normd/nd);end%% Form data points Xd.% Xd = Xs + d(:,ones(1, q)).*Ns;%% ------------% End of rb2rp%Example: Circle in the plane. The null space method can be illustrated for the case ofthe circle in the plane. Given centre coordinates (x0; y0) and radius r0, and a set of angles� = f�i : i 2 Ig, we can generate a set of pointsX� = f(x�i; y�i ) = (x0+ r0 cos�i; y0+ r0 sin�i); i 2 Ig;lying on the circle. The ith row of the Jacobian matrix J� is (cos�i; sin�i; 1) (see for example[14, section 6]). The following Matlab module forms a reference base given an array of angles�i.function [Xs, Ns, Js, Zs] = g_cir2_rb(theta, x0, y0, r0)%% Generate a reference base < Xs, Ns, Zs > for the least-squares% best-fit circle with centre (x0, y0) and radius r0.%%% Input theta - m x 1 array of angles.% m > 3.% x0, y0 - coordinates of the circle centre.% r0 - radius.%% Output Xs - m x 2 array of points on circle.% Ns - m x 2 array of outward unit normals% to circle at Xs.% Js - m x 3 Jacobian matrix.% Zs - m x (m - 3) null space of Js'.%% Start calculations% ----- ------------% m = length(theta);%% Form Jacobian.% c = cos(theta); 8



NPL Report DITC 211/92s = sin(theta);% Js = [ c s ones(m, 1) ];%% Find null space Zs.% Zs = null(Js');%% Form data points xs = x0 + r0 cos theta_i, etc.% Xs = [ (x0 + r0*c) (y0 + r0*s) ];%% Form normals.% Ns = [ c s ];%% ----------------% End of g_cir2_rb%This module can be used in conjunction with rb2rp to generate reference pairs. 23.3 MINIMAL PERTURBATIONS AND FORM ERRORIn this section we consider the following problem:Given a data setX = fxi : i 2 Ig and a set of parameters u� �nd the perturbed set X̂ `closest'to X for which u� de�nes the best-�t element to X̂.If we consider only perturbations normal to E(u�), we can �nd a solution to this problem asfollows. Determine di = d(xi;u�) and the set of of unit outward normals N� = fn�i : i 2 Igsuch that x�i = xi� din�i lies on E(u�). Solvemin� k�� dk (11)subject to the condition JT� = 0; (12)where J is the Jacobian matrix associated with X, and setX̂ = fx̂i : x̂i = xi+ (�i� di)n�i ; i 2 Ig;= fx̂i : x̂i = x�i + �in�i ; i 2 Ig;= X�;in the previous notation.Any � satisfying (12) can be written uniquely as a linear combination � = Pk �kzk of basisvectors for the null space Z� of JT and so that the solution of (11) can be found by solvingmin� kZ�� �dk: (13)We may wish to solve this problem for di�erent norms. If we choose the Euclidean normthen this is a linear least-squares problem which can be accurately solved using an orthogonalfactorisation approach [18, Chapter 6]. If we choose the Chebyshev norm so that (11) becomesminmaxi j�i� dij9



NPL Report DITC 211/92then (13) corresponds to a linear Chebyshev approximation problem which can be solved bylinear programmingmethods [5]. If the best-�t element toX is determined by parameters closeto u� then X̂ will be close to X and � will be close to d.To summarise, starting with a data set X, an element E de�ned by parameters u� and corre-sponding distances di = d(xi;u�), this procedure produces a reference base hX�; N�; Z�i anda speci�c reference pair hX�; �i which is in some sense closest to the original (non-reference)pair of X and d. Furthermore, once we have one reference pair we can generate many othersusing null space perturbations as before.One important use of this extra capability is to produce reference pairs which simulate knownform deviations. The following example will illustrate the concept.Example: three-lobed circle data set. Some manufacturing processes produce a lobinge�ect on surfaces of revolution. For this reason, we may wish to synthesise reference pairswhich portray this type of form deviation. A three-lobed `circle' can be described in polarcoordinates by the equation r(�)= r0+ a cos(3�+ �0);If we choose a set of angles � = f�i : i 2 Ig we can generate a data setX = f(xi; yi) : xi = r(�i) cos�i; yi = r(�i) sin�i; i 2 Ig:There is no guarantee that the best-�t circle to this data will be centred at (0;0), but usingthe method outlined above we can �nd a perturbed set for which this is the case; see Figure 1.
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NPL Report DITC 211/923.4 VALIDATION OF NULL SPACEMETHODSAlthough the generation of data sets using the null space methods outlined above is relativelystraightforward, care has to be taken at various stages in order to obtain maximum accuracy.Parametrization. The evaluation of the Jacobian matrix J� depends on the choice of ele-ment parametrization u 7! E(u). A poor parametrization may lead to an inaccurate estimateof J� which,moreover,maybe ill-conditioned giving rise to further error in the subsequentnull-space calculations. Fortunately it is possible to �nd parametrizations of geometric elementswhich lead to good stability properties [2, 7]. Note, however, that from the mathameticalpoint of view the null space Z� is independent of parametrization: given a data setX and twoparametrizations u 7! E(u) and v 7! E(v) with E(u0) = E(v0), then the associated Jacobianmatrices(5) J and K, say, evaluated at u0 and v0, respectively, are related by a non-singularmatrix V such thatK = JV , andKTq = 0 () V TJTq = 0 () JTq = 0:Formul� for distances and their derivatives. It is imperative that the formula for thedistance from a point to an element in terms of its parameters are algebraically correct andevaluated in a numerically stable manner. Such formul� are given in [14, 7, 2] for a numberof parametrizations. It is also essential that the associated Jacobian matrix is calculatedaccurately. Three computational tools can be used to verify that all expressions are correct: i)symbolic algebra packages, e.g. [21], ii) di�erentiation arithmetic packages [19] and iii) �nitedi�erence approximations.Null space calculations. Havingdeterminedan accurate JacobianmatrixJ�, it is necessaryto �nd a basis for the null space Z� of J�T. QR factorisation algorithms using orthogonaltransformations, with their excellent stability properties [18], can be employed to perform thistask.3.5 GENERALISATIONSGeneral curves and surfaces. The null space method for generating reference bases fortesting least-squares element �tting software applies to any orthogonal distance regressionproblem (see e.g. [6, 9]).Other approximation problems. The null spacemethod is based on su�ciency conditionsfor a local minimum to the element-�tting problem. The solutions of other approximationproblems can be analysed in the same way to give corresponding su�ciency conditions fromwhich a data set generation strategy can be developed. In particular, it is possible to generatedata sets for which the Chebyshev best-�t element is known; see for example [13, Chapter 9],[17, Chapter 3] for discussions on optimality conditions. Algorithms for Chebyshev element�tting are described in [4, 20].(5)We assume that both J and K are of full rank.11



NPL Report DITC 211/924 INVARIANCE TESTINGWe now wish to consider methods of testing element-�tting software which do not rely onreference results (whether or not these are generated by null space methods or through theapplication of reference software) but instead exploit various mathematical properties of least-squares �ts. For example, if the points in a data set X are translated, rotated or scaled by atransformation T to form a new data set T (X) then the best-�t element undergoes the sametransformation (in exact arithmetic); in notation:E�T (X)= T (E�X):By comparing the computed solutions for X and T (X) produced by software, it is possibleto learn much about the stability of the underlying algorithms. A particularly simple butpotentially revealing transformation to perform on a data set is to permute the order of thex-, y-, and z-components (corresponding to re
ections and 90o rotations), an operation whichintroduces no rounding error. Another simple observation which can be exploited in thismanner is that the best-�t element is independent of the ordering of the points in the data set.Examples of how these ideas can be used on practice are given in section 9.5 COMPARING BEST-FIT ELEMENT RESULTSIn this section we consider the second question posed in the introduction: how to compare theresults from one algorithm with those from another.5.1 COMPARISON BASED ON PARAMETER VALUESA determination of the `closeness' of two geometric elements E1 and E2 can be made by com-paring parameter values for a parametrization u �! E(u) which can specify both instances.There will be parameter points u1 and u2 such that Ej = E(uj), j = 1; 2, and `closeness' canbe quanti�ed by ku1�u2k for some speci�ed norm k k.This method of comparison depends on the existence of a common speci�cation of both ele-ments. However, there are many ways of specifying geometric elements and it is quite likelythat an element-�tting algorithm will employ a di�erent speci�cation from that specifying thereference solution. For example, to describe the location of a cylinder axis, some give the inter-section of the axis with a �xed planewhile others give the point on the axis nearest the centroidof the data. Thus, a test of software for conformance based on parameter values would seem torequire either i) the testing body transforms the parameters output by the software under testto the referenceparametrization, or ii) the testingbody speci�esa prioriwhichparametrizationshould be used to specify the solution element. In the former situation, the testing body willhave to design bespoke software to perform the parameter transformation, while in the latter,this (non-trivial) burden is placed on each enterprise requiring certi�cation. In both cases, thetesting of the element-�tting software is clouded by the presence of extraneous software.On top of these di�culties lies a more fundamental question as to whether the di�erencein parameters values always gives a meaningful indication of the closeness of solutions. Forexample, in �tting circles to data lying on a small arc two algorithms may generate best-�tarcs which are close to each other but whose centres are signi�cantly distant from each other.The underlying problem is that, in general, no one parametrization is suitable to specify allinstances of a geometric element [2]. Although some parametrizations are more `natural' than12



NPL Report DITC 211/92others, there is no intrinsic or `characteristic' choice of parametrization which can be used toquantify di�erences in solutions.5.2 COMPARISON BASED ON RESIDUAL ERRORSIn contrast to the problems posed by the use of parameter values, the vector of residual errorsfor the best-�t element of a set of data is intrinsic to the data �tting problem. The residualerrors are independent of parametrization and other algorithmic choices such as coordinatesystem and moreover satisfy mathematical invariance properties with respect to translation,rotation, scaling and order. Two solutions are the same only if their residual error vectors areequal.There are a number of other reasons why the use of residual errors is particularly appropriate.Firstly, residual errors give meaningful information about the position of the element: smallchanges in the position of the element near the data are re
ected in small changes in theresidual values and vice versa. This means that di�erences in residual errors between twosolutions accurately re
ect the di�erences in the position of the element's curve or surfacenear the data. Secondly, null space methods automatically generate reference values for theresidual errors. Thirdly, many calculations such as circularity, cylindricity, etc., in coordinatemetrology involve only the residual errors, and do not refer to parameter values. Lastly, ifparameter values are required for some reason they can be reconstructed from the residualerrors: see section 6.To be able to compare residual errors, element-�tting software must output estimates of thedistances from points to the computed best-�t element. Since the software aims to minimisesuch distances, this information should in principle be readily available. It is also is a rec-ommendation in current Standards [7] for element �tting software, and therefore conformancetesting based on residual error comparison should impose no extra burden on software de-signers. Some algorithms may for convenience compute only approximate distances, and it isdesirable that a software evaluation detect such approximations (see below).6 RESIDUALERRORS,REFERENCESOFTWAREANDPARAMETERDETERMINATIONSuppose that in �tting an element E to a data setX = fxi : i 2 Ig, software S outputs residualerrors d̂ at the computed solution, and that reference software employing a parametrizationu 7! E(u) computes the minimum u� of the error functionD(X;u) =Xi2I d2(xi;u):Consider the related functionF (u) = F (X; d̂;u) =Xi2I(d(xi;u)� d̂i)2 (14)which measures, in terms of the parameters u, the di�erence between the computed residualsd̂ and the distances d(xi;u). We observe that F = 0 if and only if there exists û� such thatd̂i = d(xi; û�); 8i 2 I and, furthermore, this û� (if it exists) can be found by minimisingF (X; d̂;u) with respect to u. We can use this fact in the following manner. Given d̂ we13



NPL Report DITC 211/92determine the minimiser û� of F . If the value of F at the minimum is zero(6), then weknow from above that the distances d̂ calculated by S are the distances to the element E(û�)and it can be inferred that the software S has found the best-�t element speci�ed by û�.Thus, without knowledge of the parametrization employed by S, the computed solution can beexpressed in terms of the parametrization used by the reference software and is thus availablefor comparison with the reference solution u�. If, on the other hand, the value of F at û� issigni�cantly di�erent from zero this indicates that the software S calculates only approximatedistances.It is noted that reference element-�tting software can easily be adapted to provide software tominimise F (X; d̂;u).7 DESIGN OF TEST DATA SETSIn this section, we discuss the desirable properties a suite of data sets should have in order thatthey will lead to a thorough test of element-�tting software.Data sets for testing software should of course be designed to check, where appropriate, thecorrectness of software under test. More importantly, they should also expose weaknesses inthe software [25, 10, 3, 8]. To accomplish this, the data must be as varied as possible andwhere possible test the software to its limits. Data sets should therefore be designed to test thesoftware under `good' conditions, corresponding to accurate data representative of the elementin question, and under `bad' conditions, corresponding to inaccurate or unrepresentative data.Thus, a test suite should ideally incorporate design features to test the following attributes ofassessment software:independence with respect to transformations (rotations and translations) of the data;independence with respect to data ordering;reliability of the results for varying distributions of points;reliability of the results for data representing widely di�ering forms of a particular geom-etry (e.g. cones with a very small or very large apex angle);reliability of the results for data with widely di�ering magnitudes of form error andrandom error;behaviour on a small (minimal or near minimal) number of points;behaviour on a large number of data points, for example with respect to computationtime and memory requirements.To test all these attributes thoroughly for each geometric element would require a very largesuite. A more modest sized suite will necessarily be less comprehensive than the ideal but indesigning such a suite it is fruitful to bear these features in mind.We now consider how well the null space method can match these design aims. The null spacemethod is in fact an extremely 
exible tool for generating data sets. We have seen that givena reference base each choice of multipliers � determines a test data set. By using a random(6)The value of F should be compared with �2kd̂k2 where � is the machine precision.14



NPL Report DITC 211/92number generator to generate these coe�cients, it is possible to provide automatically anynumber of reference pairs.The test set designer also has the freedom to specify the distribution of the points X� lyingon the element. For example, random scatters of points or uniform regular distributions canbe chosen. More importantly, the degree of `representativeness' can be varied so as to give thesoftware under test a range of problem di�culty. For example, it is known [15] that standardcircle-�tting algorithms employing a centre and radius parametrization can perform poorly ifthe data covers only a small arc of the circle. We can generate circle data with a distribution ofpoints limited to 120o, 30o, 5o or 1o arcs. Most importantly, in calculating the correspondingreference base, the associated Jacobian matrices can be evaluated using a parametrizationstable for small arcs [15] in order to ensure that the reference pair is fully accurate. The
exibility in the null space approach allows the test data designer to use the most appropriateparametrization for each data set. By contrast, the software under test will usually employonly one parametrization (7).8 PRACTICAL CONFORMANCE TESTING8.1 BASIC PROCEDUREConformance testing of least-squares element-�tting softwarecan be madevery straightforward.We start with a suite of data setsXq, q = 1; : : :; nQ, and for each data setXq a set of referenceresidual errors dq. These can be distributed by any standard computer readable medium instandard code, for example, ASCII on 5.25in 
oppy disk. The software under test calculates foreach data setXq a set of residual errors d̂q and these results can be again stored and distributedin standard form. The errorsdq and d̂q can then be compared by looking at kdq� d̂qk for somenorm k k. The simplicity of the procedure is apparent and it forms the basis of a proposedStandard for conformance testing of form assessment software [1]. By contrast, implementingconformance testing procedures based on comparison of parameter values requires considerablee�ort; see for example [27, 11] which report on intercomparison exercises for element-�ttingsoftware.A second level of analysis can be introduced relatively painlessly by exploiting the ideas ofsection 6. Given a set of residuals d̂q, an estimate of the corresponding �tted parameters ûcan be obtained by minimising F (Xq; d̂;u) given by (14). The value of F at the minimum alsowill be of interest.8.2 COMPUTER INTENSIVE SOFTWARE TESTING.Givena referencebase hX�; N�; Z�i, each choice of multipliers� yields a referencepair hXq;dqi.By using a random number generator to generate these multipliers, software S can be testedon thousands of data sets as follows:For q = 1 to nQ:I Generate � and determine hXq;dqi as in (10).(7)One major feature of the reference software package LSGE [26] is that the algorithms, when appro-priate, use a family of parametrizations [2, 14] for each element.15



NPL Report DITC 211/92II Run S on Xq to calculate residual errors d̂q.III Record �q = kdq� d̂qk and �q = �q=kdqk.IV Calculate ûq = minuF (Xq; d̂q;u) and record ûq, Fq = F (Xq; d̂q; û) and �q =Fq=kdqk.Next q;Any systematic bias can be detected from the information gathered at step IV. More elaboratetesting regimes are also possible in which the software is tested for a range of data distributionsand element position and orientations.Example: circle data sets. The following Matlab module g cir2 th generates at randomdi�erent distributions of points (speci�ed by angles) around a circle. This module can be usedwith g cir2 rb and rb2rp to generate reference pairs for circles with random distribution ofpoints, centre coordinates and radii.function [ theta ] = g_cir2_th(m)%% Generate a random set of angles.%% Input% m - number of angles.%% Output% theta - m x 1 array of angles.%% Start calculations.% -------------------% rand('uniform')%% Select a length of arc and initial angle.% l = 2*pi*rand(1,1);% theta0 = 2*pi*rand(1,1);% theta = theta0 + l*rand(m,1);%% End of g_cir2_th.% -----------------% 29 CASE STUDY: CIRCLE ALGORITHMSWe illustrate some of the ideas described in the sections above for the case of �nding theleast-squares best-�t circle to data in the xy-plane.We test �ve algorithms A, B, C, D and E on four data sets X1, X2, X3 and X4 pictured inFigure 2 and listed in Appendix 1. The data sets were generated using the null space method16



NPL Report DITC 211/92so that the best-�t circle to each data sets is centred at the origin and has radius 100. The �rstthree data sets correspond to randomly placed points along arcs subtending angles of 360o,120o and 45o, respectively. The fourth data set represents the form deviation of a three-lobedcircle and was generated using the minimal perturbation technique described in section 3.3. Toeach data setXk we also have a set dk of reference residuals errors (also listed in Appendix 1)with kdkk = 1, k = 1; 2;3;4.The algorithms have been implemented in Matlab. The tests were performed on a DEC VAXrunning VMS with machine precision � = 1:3878e� 17.
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Figure 2. Four data sets Xk, k = 1; 2;3;4, of points lying close to a circle. Threedata sets correspond to random error while the fourth (lower right) synthesizes alobing form error. The residual errors have been exaggerated.9.1 TEST RESULTS ON DATA SETS X1, X2, X3 AND X4Table 1 shows the di�erence between the centre coordinates determined by the �ve algorithmsand the reference values of (0;0). Only Algorithm A gives excellent agreement. Algorithms B,D and E give approximately the same values for the centre coordinates while algorithmC givesdi�erent values but comparable in error. Note that for data set X3, the error in the centrecoordinates corresponding to algorithms B, C, D and E is of the order of 0:1 which is quitelarge considering that the root-mean-square error is approximately 0:05.The di�erences between the radii of the best-�t circles and the reference value of 100are given inTable 2. These results are entirely consistent with the results of Table 1. Note that algorithmsB, D and E underestimate the radii for data sets X2 and X3 while algorithm C overestimatesthem. 17



NPL Report DITC 211/92Table 1. Centre coordinates of the best-�t circles determined by the �ve algorithmsA, B, C, D and E on the four data sets X1, X2, X3 and X4. These values shouldbe compared with the reference values of (0;0).A B C D E-------------------------------------------------------------------X1 1.1102e-16 -4.4251e-05 -1.4901e-04 -4.4251e-05 -4.4251e-054.4409e-16 -6.0049e-04 -2.0743e-04 -6.0049e-04 -6.0049e-04X2 0 8.3359e-03 -8.6282e-03 8.3359e-03 8.3359e-03-1.7764e-15 1.5442e-02 -1.8370e-02 1.5442e-02 1.5442e-02X3 -8.8818e-15 8.7815e-01 -9.0407e-01 8.7815e-01 8.7815e-01-2.6645e-15 3.9484e-01 -4.0698e-01 3.9484e-01 3.9484e-01X4 0 -9.1469e-04 -2.0803e-03 -9.1469e-04 -9.1469e-04-2.2204e-16 -2.6568e-03 -1.0497e-04 -2.6568e-03 -2.6568e-03Table 2. Di�erence between the radii of the best-�t circle determined by the �vealgorithms A, B, C, D and E on the four data sets X1, X2, X3 and X4 and thereference value of 100.A B C D E-------------------------------------------------------------------X1 0 1.6636e-04 1.2249e-03 1.6636e-04 1.6636e-04X2 0 -1.4454e-02 1.8370e-02 -1.4454e-02 -1.4454e-02X3 8.8818e-15 -9.3738e-01 9.6723e-01 -9.3738e-01 -9.3738e-01X4 0 1.8894e-03 1.1077e-02 1.8894e-03 1.8894e-03Table 3 compares the norm of the di�erence between the residual errors calculated by the �vealgorithms with the reference residuals. Again only algorithm A gives good agreement. Notethat algorithm E gives di�erent results from algorithms B and D. This is at variance with theresults displayed in Tables 1 and 2.Table 3. The Euclidean norm kd̂k�dkk of the di�erence between the residual errorsd̂k calculated by the �ve algorithms A, B, C, D and E on the four data sets X1,X2, X3 and X4 and the reference residual errors dk, k = 1; 2;3;4.A B C D E-------------------------------------------------------------------X1 4.5996e-15 2.0017e-03 5.6353e-03 2.0017e-03 2.2687e-03X2 7.8732e-15 1.1774e-02 1.4724e-02 1.1774e-02 1.2104e-02X3 4.6419e-15 9.7122e-02 9.8286e-02 9.7122e-02 9.7242e-02X4 6.4921e-15 1.5874e-02 6.1332e-02 1.5874e-02 1.2512e-029.2 TRANSLATION INVARIANCE TESTINGIn section 4, we described how invariance properties of the solution can be used to test softwareagainst itself.We illustrate how this can be done by comparing the residual errors d̂ calculated for a dataset X = f(xi; yi) : i 2 Ig with the residual errors d̂T calculated for a translated set T (X) =fxi+ x0; yi+ y0g. Mathematically, these two sets of residual errors should be equal but due18



NPL Report DITC 211/92to rounding error they will be di�erent. How di�erent will depend on the numerical stabilityand the invariance properties enjoyed by the algorithm implemented. An important point isthat while the stated computational aim of softwaremay have an invariant property, the actualcomputational aim of the algorithm implemented might not.Table 4 gives the norms of the di�erence of the computed residual error vectors for data setsX2 and six translations ofX2 with translation constantsx0 = y0 = 10p, p = 1; : : :; 6. Note thatthese comparisons involve only the computed residual errors and do not refer to the referenceresidual errors. The results for algorithms A and B show that these di�erences are comparablewith the loss of precision incurred in forming the translated sets. Algorithm C is seen to besensitive to translation while algorithms D and particularly E exhibit numerical instability.Table 4. The Euclidean norm kd̂T� d̂k of the di�erence between the residual errorsd̂T calculated by the �ve algorithms A, B, C, D and E on the four data sets X1,X2, X3 and X4 translated by (10p; 10p), p = 1; : : :; 6, and the residual errors d̂calculated for the original data sets.A B C D E---------------------------------------------------------------------10^1 0 6.4047e-15 4.6544e-03 1.0950e-14 7.0111e-1510^2 1.1916e-14 6.6465e-15 9.1300e-02 1.0204e-14 3.4058e-1310^3 3.8918e-14 3.9201e-14 2.7745e-02 2.1823e-12 3.2977e-1010^4 2.8758e-13 2.8994e-13 2.5821e-02 4.3403e-11 1.1933e-0710^5 1.9592e-12 1.9616e-12 2.5641e-02 3.4682e-08 2.7444e-0410^6 1.8351e-11 1.8352e-11 2.5623e-02 2.8082e-06 4.1007e-019.3 RECOVERYOF PARAMETER VALUES FROM RESIDUAL ERRORSSection 6 showed how �tted parameter values could be estimated from the computed residualerrors by minimising the function F (X; d̂;u) given by (14). Applying this to these resultsfor data set X1, we can compare the actual centre coordinates calculated by algorithms B, C,D and E with the ones estimated by minimising the appropriate F . The di�erence in thesecoordinates is given in the �rst column of Table 5 and shows that for algorithm B, C and D,Table 5. The �rst (numerical) column gives the di�erence between the centre co-ordinates calculated by the four algorithms B, C, D and E and those calculated byminimising the function F (X; d̂;u) for the data set X1. The second column givesthe square root of the minimum of F for the four data sets.centres sqrt(F)-----------------------------B 0 00C 6.9860e-16 2.5121e-15-1.9947e-16D 7.8957e-17 0-3.3457e-16E -3.2264e-05 1.8759e-03-1.3502e-04 19



NPL Report DITC 211/92the method successfully determines the actual computed parameters. Its failure to do so foralgorithm E is explained by the second column which gives the minima of F obtained for thefour algorithms. The fact that the minimum for E is signi�cantly di�erent from zero indicatesthat algorithm E calculates only approximate residual errors.9.4 DISCUSSIONThe limited testing of the �ve algorithms carried out above has produceda considerable amountof information and it is interesting to view the results in light of the algorithm descriptionswhich we now give.Algorithm A uses the Gauss-Newton algorithm to minimise the (nonlinear) sum of squaresDde�ned by (4) and (2) (see [14, Section 6]) and is a module in NPL's reference software packageLSGE [26]. Algorithms B, C, D and E minimise an error function of the formminu Xi2I(u1(x2i + y2i )+ u2xi+ u3yi + u4)2;with u1 = 1 in the case of algorithms B, D and E and u3 = 1 in the case of algorithm C (see[15]). These latter four formulations give rise to linear least-squares optimisation problemswhich can be solved using an orthogonal factorisation approach or by solving the associatednormal equations. Algorithms A and B also perform an initial translation of the data so thatthe mean of the transformed data points lies at the origin. AlgorithmE estimates the distanceof point x to a circle with centre (a; b) and radius r0 byr2� r202r0 = (r� r0)r+ r02r0 :where r = [(x� a)2+ (y� b)2]1=2. This information is summarised in Table 6.Table 6. Summary of characteristics of the �ve algorithms under test. OF =orthogonal factorisation, NE = normal equations, CR = correct residuals, AR =approximate residuals.A Gauss Newton OF centering CRB linear least squares u1 = 1 OF centering CRC linear least squares u3 = 1 OF no centering CRD linear least squares u1 = 1 NE centering CRE linear least squares u1 = 1 NE no centering ARThe results re
ect the good numerical properties which result from centering and the use oforthogonal factorisations. The lack of invariance in the constraint u3 = 1 (algorithm C) isshown up in Table 4. The presence of approximate residuals is detected in Table 5.It would be reassuring to think that the poorly-performing algorithms C and E are a far cryfrom the algorithms that are implemented as assessment software in coordinate measuringmachines but in fact the use of linear approximations and normal equations is widespread;see, for example, the reports of intercomparisons of assessment software [11, 27]. Incidentally,algorithm C is a useful module in �tting circles to small arcs of data [15].20
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NPL Report DITC 211/92APPENDIX 1 Four reference pairs for circle �tting.In this appendix we list the x- and y-coordinates of the data points in the four data sets X1,k = 1; 2;3;4 used in the case study (section 9) along with the corresponding reference residualerrors dk (in the third column).hX1;d1i1.93549821172177e+01 9.79769093068946e+01 -1.29633573871044e-019.57528923715935e+01 2.91577954272579e+01 9.39230508215555e-02-4.33356847217196e+01 -9.04133093118751e+01 2.62396096567960e-01-4.29884560948020e+01 -9.03165712036788e+01 2.54487188330082e-029.15345224486746e+01 -3.98203998677955e+01 -1.78994968303186e-01-7.41497962918795e+01 6.66225575320223e+01 -3.16714228337892e-01-9.94497519199023e+01 -1.21930887133134e+01 1.94433823944775e-014.87315570437628e+01 -8.73826849675412e+01 5.24776507112007e-029.77860516034130e+01 2.15819031539315e+01 1.39355060490767e-019.45018584784810e+01 3.29944735214684e+01 9.61364831116955e-02-9.84314413289023e+01 -1.85847038210405e+01 1.70553847929484e-01-4.76108778017298e+01 -8.81051105833550e+01 1.46423780165259e-019.95188466141078e+01 4.81739754863515e+00 -3.64624000589427e-01-7.43505941282206e+01 6.68759760099370e+01 2.03505179810227e-039.15764739467267e+01 4.08935801462314e+01 2.92250337160959e-01-8.69549595730067e+01 4.96083897868236e+01 1.10725357399386e-01-3.84488695434761e+01 -9.16371167565909e+01 -6.23560455043900e-01-8.47042346683035e+01 -5.29940423857317e+01 -8.41559154717372e-029.05590036961778e+01 -4.23108619982937e+01 -4.42988445231115e-025.69017475744348e+01 -8.24219627838287e+01 1.55822727206146e-01hX2;d2i4.50162818869036e+01 8.92387847647143e+01 -4.98807344174504e-029.84465228699529e+01 1.91998862180572e+01 3.01313530633792e-011.99683606494525e+01 9.78876613209570e+01 -9.63981334357767e-026.43146401245176e+01 7.64300140890310e+01 -1.10461068259547e-011.02008068363258e+01 9.94387993244683e+01 -3.93513866386228e-02-3.30604855400386e+01 9.47317765049505e+01 3.34964912173043e-01-2.55861148869710e+00 1.00129302566103e+02 1.61987425990308e-018.53686206566653e+01 5.23023980828201e+01 1.16643162040792e-019.93754547715486e+01 9.91152970467919e+00 -1.31489286468092e-012.91280310593691e+00 9.98962181840977e+01 -6.13246564734123e-027.73421922912906e+01 6.35027118985898e+01 7.20197003052144e-022.42931334024033e+01 9.68339500066733e+01 -1.65285574596489e-01-1.34082573443752e+00 9.98611754989661e+01 -1.29823342073563e-01-4.83835075797298e+01 8.75581102718304e+01 3.69255829654708e-027.24240132142278e+01 6.95508114996576e+01 4.11916973612010e-018.64330421493972e+01 4.91899669373060e+01 -5.49893803512039e-01-4.66447194307465e+01 8.80741131252224e+01 -3.36670467179735e-015.73632992173228e+00 1.00071027806156e+02 2.35303596843894e-01-7.03523470864651e-01 1.00094964242082e+02 9.74365900430903e-022.04599083938669e+01 9.77845342325703e+01 -9.79330215528872e-0223



NPL Report DITC 211/92hX3;d3i9.96891292996286e+01 5.69717942747770e+00 -1.48208058408193e-018.81697562716082e+01 4.77200791809109e+01 2.55233669007023e-017.67860713968863e+01 6.40025861953083e+01 -3.78481611385748e-029.77997836390940e+01 2.12736484806364e+01 8.67913339781028e-029.38971942130368e+01 3.35064228838823e+01 -3.03643719771246e-018.21947438863170e+01 5.64745460678640e+01 -2.73622967097930e-019.31456174493418e+01 3.66871460906623e+01 1.10202968012847e-019.86738268410277e+01 1.86443447242552e+01 4.19797319303386e-019.78659654835885e+01 2.14649608099385e+01 1.92273866836330e-019.58765066570363e+01 2.77946905152846e+01 -1.75907970083863e-019.93417719548240e+01 1.30659349409542e+01 1.97336845873841e-019.27278032885847e+01 3.72637094981778e+01 -6.48733012708647e-027.60215951152839e+01 6.46869417612409e+01 -1.81748370879912e-017.54976124112452e+01 6.54312210657152e+01 -9.43736822139865e-029.95738974467773e+01 4.74001820328752e+00 -3.13346804555493e-017.57872644517343e+01 6.52089420559330e+01 -2.04242000840549e-029.24284367118346e+01 3.86703442510910e+01 1.91873111003890e-019.16020071943372e+01 3.93233985428742e+01 -3.14206654141939e-019.69559912197837e+01 2.48155874204510e+01 8.13549690091400e-027.17296531160392e+01 7.02401561884686e+01 3.93339806621495e-01hX4;d4i8.38562691821900e+01 5.37600680958143e+01 -3.90669097606640e-019.51493699226887e+01 -3.24005126970891e+01 5.14654751030644e-018.94065693698522e+01 4.46732812738261e+01 -5.38309575770686e-02-9.91041338903626e+01 -4.40303496224103e-01 -8.94888016168885e-01-7.50089943756386e+01 6.68513076072833e+01 4.76099476682509e-01-1.69743686451250e+01 9.87907081128944e+01 2.38381872153628e-018.56666971228509e+01 -5.15261000439241e+01 -3.13950198626307e-02-9.75740075949552e+01 -1.84527835941789e+01 -6.96464410807706e-01-9.67929375864453e+01 2.19899329612640e+01 -7.40592797184291e-019.35903103721402e+01 -3.63900472188946e+01 4.16043201009066e-019.54529529191280e+01 3.10702407438932e+01 3.82399258359793e-017.23006971468979e+00 -9.97626276437781e+01 2.42759657394214e-021.26431122536336e+01 -9.90565427543471e+01 -1.39863058867336e-014.65786124809338e+01 -8.75491739319100e+01 -8.31330568526640e-016.98483557326398e+01 7.01697991396945e+01 -9.91952297510380e-011.00300699712769e+02 1.00332159684970e+01 8.01268769503155e-01-3.81620398811578e+01 -9.37184610893863e+01 1.19037126552055e+006.71808214170653e+01 -7.31380598488546e+01 -6.90188980512821e-01-6.93656666953292e+01 -7.34435692615056e+01 1.02253996983577e+00-8.68907802573278e+00 -1.00138363868779e+02 5.14635726610647e-01-1.54970740996509e+01 -9.95112240797290e+01 7.10689718103463e-011.00871352635049e+02 -3.43594046338378e-01 8.71937818666841e-017.61410283583710e+01 -6.41485103161131e+01 -4.38523638674741e-011.04765285994161e+01 9.88502232451412e+01 -5.96155571785715e-01-3.48813969981801e+01 9.44189108101853e+01 6.56060796786503e-01-5.97625774559531e+01 8.11622921878426e+01 7.91286018998287e-01-9.88117122094460e+01 -8.26016931845083e+00 -8.43634259156860e-01-8.43694402462738e+01 -5.43742481792253e+01 3.73110505381653e-015.62436063288928e+01 -8.16718994397296e+01 -8.35276378276654e-01-8.51566669033422e+01 5.24931173171742e+01 3.59199675865786e-025.39221823629581e+01 -8.32113580966188e+01 -8.44910029450134e-0124


