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1 Introduction

1.1 Aim of the report

The aim of this report is to describe algorithms for finding least-squares best-fit geometric
elements to data. Such data fitting problems arise in coordinate metrology where it is
required to assess a manufactured workpiece using data gathered by a coordinate measure-
ment system (see, for example, Cox (1985)). We have tried to be concise and reasonably
self-contained, with the emphasis on a straightforward presentation of the computational
steps, rather than the mathematical derivation and numerical analysis of the algorithms. It
is hoped that equipped with this report and access to a small number of well-known linear
algebra modules, the reader will be able to produce practical and reliable best-fit routines
with minimal effort.

The algorithms described in this report closely follow the guidelines drawn up in BS7172,
the British Standard Guide to the Assessment of Geometric Features: Position, Size and
Departure from Nominal Form, (BSI (1989)). Where possible we use the same notation as
BS7172 and the definitions set out in the Guide may be of use here.

As in BS7172, the specific geometries considered in this report are:

Lines in a specified plane
Lines in 3 dimensions
Planes

Circles in a specified plane
Circles in 3 dimensions
Spheres

Cylinders

Cones

We are concerned only with establishing the least-squares best-fit reference element to
cartesian data points (z,y, z). We assume that the data points are reasonably accurate and
are representative of the geometric element concerned. Algorithms for partial geometries
are the subject of research at NPL and elsewhere (Forbes (1989), Anthony, Anthony, Cox
and Forbes (1991)).

1.2 Least-squares best-fit element

In this section we explain what we mean by ‘establishing a least-squares best-fit reference
element to data’, first of all by considering an example of fitting a plane to data points.
We assume that we have a set of m data points (z1,y1,21), ..., (Zi, ¥is 2i)s - - s (Zmy Ymy Zm)
representing measurements from a nominally flat surface. The aim is to find the position
and orientation of the plane which in some sense is closest to the data points. To achieve
this aim, we need i) some way of describing the position and orientation of planes and ii)
some measure of how well a plane fits the data.




The first of these is the problem of parametrization. We know that a plane can be
uniquely specified by a point (zo, ¥o, 20) in the plane and by the direction cosines (a, b, c) of
the normal ((a, b, ¢) points perpendicularly to the plane and is such that a? + 52 + ¢? = 1).
Thus, any plane can be defined by six such parameters (WhiCh are not all independent of
each other).

Now suppose we have a plane, specified by (zg, yo, 20) and (a,b,c) as above, and we
wish to measure how well the plane fits a set of data points. For a single point, (z,y, 2), it
is natural to take the distance d, given by

d = a(z — z0) + b(y — y0) + ¢(z — 20), | (1.1)

of this point from the plane as the error in the fit. If we have many points then it is equally
natural to use some aggregate of the distances from the points to the plane as a measure of
the error. We note that in (1.1) d is either positive or negative according to which side of
the plane the point lies and for this reason a straightforward sum of the distances cannot
usually be used as a measure of closeness. Instead we take the sum of the squares of the
distances as our measure. Thus, for each data point (z;, yi, z;), we calculate the distance

d; = a(z; — zo) + b(yi — yo) + (2 — 20) ,

from the point to the plane and we form the sum

E=Yd}. (1.2)
i=1

This sum depends on the parameters (o, Yo, z0) and (a,b,c) and finding the best-fit plane
amounts to finding the values of the parameters which makes the sum of squares E take on
its minimum value - hence the term least-squares fit.

In general, modelling the problem of finding the least-squares best-fit element to data
follows the stages we have outlined above for the case of a plane: i) choose parameters to
describe the position, orientation, size, and shape of the geometric element and ii) derive
a formula for the distance of a point to the element in terms of these parameters. Given a
set of data points, we can then express the sum of the squares, E, of the distances of the
points to the element in terms of the parameters. To develop an element fitting algorithm,
we have to find a numerical method of determining which values of the parameters make
E minimal. In the next section we discuss some such methods.

1.3 Notes

1. Parametrization in covered in BS7172, section 2, while formulae for distances to geometric
elements are given in appendix A of the Guide. What is meant by establishing a reference is
discussed in section 5.

2. We have assumed for our least-squares fitting model that the errors in the z, y and z coordinates
of the data points have equal, uncorrelated normal distributions. Element fitting to data with more
general error characteristics is considered in Cox and Jones (1989) and Forbes (1990 and 1991).




2 Optimization

We suppose we have some function

m
E(u)= de(u) (2.1)
i=1
which we wish to minimise with respect to the parameters u = (u,...,u,)T. In our

situation d; represents the distance from the ith data point to the geometric element
parametrized by u. We assume that m > n.

2.1 Linear least-squares

The first case to consider is when each function.d; is a linear function of the parameters,
so that there exist constants a;; and b; such that

d; =ajpuy +...+aiuj + ...+ Gintn — by (2.2)

Ideally, we would want to have each d; = 0, for then E will clearly take its minimum value.
This requirement can be expressed as a system of m linear equations in the n unknowns u.
If we let A be the matrix whose (7,)th element is a;; and b the column vector whose ith
element is b;, we can write this system as

Au=b. (2.3)

In general we will have m > n, so we will not be able to satisfy all the equations simulta-
neously; the least-squares solution is the one which minimises E. Fortunately, there exist
reliable and efficient algorithms to solve (2.3) in the least-squares sense and software imple-
mentations of these algorithms are widely available. In fact, we can show that the u that
minimises F is the solution of the square linear system of equations

ATAu = ATb, (2.4)

(the so-called normal equations). However, the favoured algorithms used to determine the
least-squares solution of (2.3) do not solve (2.4) directly but use a different approach that
is more accurate in practice; see Note 2.4.

2.2 Gauss-Newton algorithm

We now consider the case where the functions d; are nonlinear functions of the parameters.
This is the situation for all of the element fitting problems considered here although the
linear least-squares model has applications to circle and sphere fitting in particular. For
the nonlinear problem we can mathematically derive equations for u similar to (2.4) but
which are correspondingly nonlinear, and to solve such a system we require an iterative
type of algorithm. To motivate how such an algorithm works, we first describe the Newton
algorithm for finding the value u* for which a nonlinear function f(u) of one parameter u
is equal to zero. We should say that mathematically this is a non-trivial problem even for
simple functions like polynomials.

The situation is described in Figure 2.1. We suppose that we have some estimate ug of
where the graph of f(u) crosses the u-axis. Then, i) we evaluate f(uo) and f'(uo); ii) we
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Figure 2.1: One iteration of the Newton algorithm for computing a zero of a function.

form the tangent line to the graph at the point (ug, f(uo)): we know from calculus that this
line has slope f’(up) and passes through the point (uo, f(uo)); and iii) we find the point u,
where the tangent line crosses the u-axis:

u; = uo+p, where p=—Ff(uo)/f(uo), (2.5)

and use this as our new estimate of where f crosses the axis. We can now repeat the process
(assuming it is successful) until we are satisfied we are close enough to u*.

The main ingredients of the algorithm in general terms are a) given an approximate
solution, we linearise the problem, perhaps using calculus (this corresponds to replacing
the function by its tangent); b) we solve the linear version of the problem (find where the
tangent crosses the axis); and c) we use the solution of the linear problem to update our
estimate of the solution.

The Gauss-Newton algorithm for finding the minimum of a sum of squares E follows
the scheme outlined above. Suppose we have some estimate u of the solution u*. We solve
a linear least-squares system of the form

Jp=-d, (2.6)

where: J is the m x n Jacobian matrix whose ith row is the gradient of d; with respect to

the parameters u, i.e.,
0d;

Ou;
evaluated at u; and the ith component of d is d;{u). Finally, we update our estimate of
the solution parameters according to

Jij = (2.7)

u:=u+p. (2.8)

These steps are repeated until the estimates have been judged to have converged to the
solution u*. Three criteria are relevant for testing for convergence:

1) the change in the sum of the squares E from iteration to iteration should be small;

2) the size of the update, measured for instance by (pTp)!/2, should be small; and




'3) the parti'a.l derivatives of E with respect to the optimization parameters, measured
for instance by (gTg)'/? where g = J7d, should be small.

Various things can go wrong with the algorithm. If the estimate u is poor the subsequent
estimate may be worse and so on - this behaviour is called divergence. If the data is
very inaccurate, then the algorithm may take many iterations (and computation time) to
converge. If the data is unrepresentative, for example data lying nominally on only a small
arc of the circle, convergence can again be slow and, unless we have good starting values,
the algorithm is prone to divergence. In an extreme case, the Jacobian matrix J will
become rank deficient and the system (2.6) will not have a well-defined solution. However,
it is our experience that given good starting values and reasonably accurate data which is
representative of the element to be fitted, convergence to the solution is rapid.

2.3 Eigenvectors and Singular Value Decomposition

Our element fitting algorithms need one further concept. Given a square matrix B, an
eitgenvector u of B is such that
Bu = )u, (2.9)

for some eigenvalue X. There are well established algorithms for finding the eigenvectors
of matrices and software implementations of these algorithms are widely available. We are
often interested in the case where

B=AT4, (2.10)

(cf. (2:4)) for some m X n rectangular matrix A (where m > n). In this situation, we can
arrive numerically more stably at the eigenvectors of A from a singular value decomposition
(SVD) of the matrix A. Without going into too much detail, A can be written as a product

A=USVT, (2.11)

with U and V orthogonal matrices and S a diagonal matrix containing the singular values
of A. If B is as in (2.10), the squares of the diagonal elements of S are the eigenvalues of B
and the columns of V' are the corresponding eigenvectors. Again software implementations
of algorithms to find the SVD of a matrix are widely available. The software generally
calculates the eigenvalues or singular values along with the associated vectors.

2.4 Notes

1. Details of algorithms for linear least-squares and SVD problems can be found for example
in Golub and Van Loan (1983, Chapter 6). Algorithms are available for example in the NAG,
LINPACK and DASL libraries (Ford, Bentley, Du Croz and Hague (1979), Dongarra, Moler, Bunch
and Stewart (1979), Dongarra and Grosse (1987), Anthony and Cox (1987)). The Gauss-Newton
algorithm is described in more detail in Gill, Murray and Wright (1981, section 4.7) and Fletcher
(1980, Chapter 6). Optimization algorithms to solve general nonlinear least-squares problems can
be found for example in the NAG and NOSL libraries (Hodson, Jones and Long (1983)).

2. The most stable algorithms to form the linear least-squares solution of (2.3) are based on a
factorisation of the matrix A. These algorithms construct an orthogonal matrix @, QTQ = I such
that QTA = Ris an upper-triangular matrix. u is then found from the solution of Ru = QTb. In
many implementations of these algorithms the matrix Q@ need not be stored; using a Givens plane
rotation strategy (Cox (1981)), the matrix A can be processed one row at a time and only the
upper-triangular matrix R has to be stored.




8. Various strategies can be used to improve the performance of the Gauss-Newton algorithm for
less favourable optimization problems. One method regards the vector p as a search direction and
a one variable optimization algorithm is applied to the function E(u+tp) to find a value of ¢ which
gives an acceptable decrease in E. The trust region method monitors how well the actual decrease
in F compares with the expected decrease, and if necessary will adjust the update step to produce
an improved reduction.




Element fitting algorithms

In the subsequent sections we present algorithms for finding the parameters of the eight
geometric elements listed in section 1.1. For each case we describe how to parametrize the
element, give the appropriate formula for the distance of a point to the element and then
present an algorithm for computing the best-fit element to data. We have tried to keep the
sections independent of each other at the expense of some duplication of material.

Each algorithm requires a minimum number of data points as given in Table 2.1. For the
best results, the algorithms require that the data is fully representative of the corresponding
geometric element, i.e. an adequate (at least twice the minimum) number of data points
well distributed over the surface of the element. In general, the more data points there are,
the more reliable will be the results of the assessment.

To maintain numerical accuracy, it is important that the mean position (centroid) of
the data points, (Z, 7, Z), is close to the origin (0,0,0). The easiest way to achieve this is
to calculate (Z,7,2) and then translate (a copy of) the data so that the new centroid lies
at the origin:

1™
z = — 1 t o
T m;m eilc
(‘Bi)yi,zi) = (33{,?/1‘,21') - (iig)z)7 1= 1) ce.y,m.

The line and plane fitting problems reduce to finding the eigenvectors of matrices,
while all the other fitting problems can be solved using the Gauss-Newton algorithm. We
also describe circle and sphere fitting models that can be presented as linear least-squares
problems. The algorithm for finding the best-fit circle in 3 dimensions is a little complicated
and we have postponed it until after the cylinder case.

Lelement ] min. no. ]

line
plane
circle
sphere
cylinder
cone

Sy O WW N

Table 2.1: The minimum number of data points required by each element fitting algorithm.




3 Lines in a specified plane

We assume that we wish to fit a line to m points (z;,y;) in the zy-plane, where m > 2; the
case of a line in an arbitrary plane can be reduced to this case by rotating and translating
the data points; how this can be achieved is discussed in section 8.

3.1 Parametrization .

We specify a line in the plane by
i) a point (zo, o) on the line and
ii) the direction cosines (a,b) where a? + b% = 1.

We note that any point (z,y) on the line satisfies

(z,9) = (z0,%0) + t(a,b)

for some value of t.

3.2 Distance from a point to a line in the plane

Given a line specified by zo, yo, a and b as above, the signed! distance from point (z;, v:)
to the line is found from

d; = b(z; — z0) — a(¥i — ¥o) - (3.1)
3.3 Algorithm description

The best-fit line, L, passes through the centroid (Z,¥) of the data and this determines a
point on L; we also have to find the direction cosines of L. For this we can show that (a,b)
is the eigenvector associated with the largest eigenvalue of

B=AT4,

where A is the m x 2 matrix whose ith row is (z; — Z,y; — §). Alternatively, (a,b) is the
singular vector associated with the largest singular value of A. Thus, an algorithm to find
the best-fit line to data in the plane follows the steps below:

I calculate the centroid (Z, §);
II form the matrix A;

IIT find the SVD of A and choose the singular vector (a,b) corresponding to the largest
singular value.

The best-fit line is specified by Z, ¢, a and b.

1See section 3.4.




3.4 Notes

1. If we write (a,b) as (cos6,sinf) for some angle 6, then the optimal a and b can alternatively
be found from B _ :
tan 26 = 2 E(zi__z 2)(% - y—) z

2w —9)? — (2 — %)

However this method can suffer from loss of numerical accuracy and is not recommended.

2. If we replace the direction cosines (a,b) by (—a, —b) we specify the same line but change the
sign of d; given by (3.1); similar remarks apply to fitting planes. The algorithms here do not assume
or depend on a particular sign convention; see Anthony et al. (1991) for a further discussion on the
parametrization of lines and planes.

4 Lines in 3 dimensions

We assume that we wish to fit a line to m points (z;, ¥, 2;), where m > 2.

4.1 Parametrization
We specify a line in the plane by
i) a point (2o, Yo, 20) on the line and
ii) the direction cosines (a,b,c) where a2 + 5% + ¢? = 1.

We note that any point (z,y, 2) on the line satisfies
(z,y,z) = (m07 '_l/o,Zo) + t(d,b, C) ‘ : (41)
for some value of t.

4.2 Distance from a point to a line in 3 dimensions

Given a line specified by zo, yo, 20, a, b and ¢ as above, the distance from point (z;, Yiy %)
to the line is found from

d; = /[u? + v + v}, (4.2)
where
v = (¥ — %) - b(z — 20),
vi = a{z —2) — ¢(zi — o),
w; = b(m,' - mo) - a(?/i - yo)-

The reader may note that (u;, v;, w;) is the vector cross-product of [(z;, ¥, z;) — (2o, Yo, 20)]
with (a,b,c).




4.3 Algorithm description

The best-fit line, L, passes through the centroid (Z,%,2) of the data and this specifies a
point on L; we also have to find the direction cosines of L. For this we can show that
(a,b,c) is the eigenvector associated with the largest eigenvalue of

B = ATA,

where A is the m X 3 matrix whose ith row is (z; — &,y — §, 2z, — Z). Alternatively, (a,b,¢)
is the singular vector associated with the largest singular value of A. Thus, an algorithm
to find the best-fit line to data in 3 dimensions follows the steps below:

I calculate the centroid (Z, ¥, 2);
IT form the matrix A;

III find the SVD of A and choose the singular vector (a, b, ¢) corresponding to the largest
singular value.

The best-fit line is specified by Z, 7, Z, a, b and c.

4.4 Notes

1. Asin the case of lines in the plane, the direction cosines are determined only up to sign. However
in this case there is no comparable notion of a signed distance from a point to a line in 3 dimensions
and d; formed as in (4.2) is always non-negative. The parametrization of lines in 3 dimensions is
discussed further in section 8, and also in Anthony et al. (1991).

5 Planes

We assume that we wish to fit a plane to m points (z;, 3, z), where m > 3.

5.1 Parametrization
We specify a plane by
i) a point (o, yo, 20) on the plane and
i) the direction cosines (a,b, c) of the normal to the plane, where a? + b2 + ¢ = 1.

We note that any point (z,y, 2) on the plane satisfies

a(z — z0) + b(y — yo) + ¢(z — z0) = 0.

10




5.2 Distance from a point to a plane

Given a plane specified by zo, ¥o, 20, @, b and ¢ as above, the signed® distance from point
(i, ¥i, zi) to the plane is found from '

d; = a(z; — zo) + b(yi — o) + c(z — 20). (5.1)

5.3 Algorithm description

The best-fit plane, P, passes through the centroid (Z, ¥, Z) of the data and this specifies
a point on P; we also have to find the direction cosines of P. For this we can show that
(a,b,c) is the eigenvector associated with the smallest eigenvalue of

B = AT A,

where A is the m X 3 matrix whose ith row is (z; — Z,y; — §, 2; — Z). Alternatively, (a,b,¢c)
is the singular vector associated with the smallest singular value of A. Thus, an algorithm
to find the best-fit line to data in 3 dimensions follows the steps below:

I calculate the centroid (Z, 7, z);
IT form the matrix A;

IIT find the SVD of A and choose the singular vector (a, b, ¢) corresponding to the smallest
singular value.

The best-fit plane is specified by %, ¥, Z, a, b and c.

5.4 Notes

1. There is a close relationship between the best-fit line and plane to points in 3 dimensions
stemming from the fact that, given a line specified by (zo, yo, 20) and (a, b, ¢) and a point (z;, %, z),
we have

| (2 — 20)” + (% ~ wo)* + (2 — 20)* = €] + f7,

where e; is the distance from (z;, 31, 2;) to the line and f; is the distance from (z;, 3, z;) to the plane
specified by (2o, Yo, 20) and (a, b, c). This equation can be used to show why the best-fit plane and
line correspond respectively to the eigenvectors associated with the smallest and largest eigenvalues

of A.

2. The formulation of the plane and line fitting problems as eigenvalue problems is necessitated
by the requirement on the direction cosines that a? + b2 + ¢ = 1. For cylinder and cone fitting it
proves to be advantageous to impose a different constraint on (a, b, ¢); see section 8.

2See section 3.4.
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6 Circles in a specified plane

We assume that we wish to fit a circle to m points (z;,y) in the zy-plane, where m > 3;
the case of the circle in an arbitrary plane can be reduced to this case by rotating and
translating the data: see sections 8 and 10.4.
6.1 Parametrization
We specify a circle in the plane by

i) its centre (zo,¥o) and

ii) its radius .
We note that any point (z,y) on the circle satisfies

(2 —20)*+(y—w)* =r2.

6.2 Distance from a point to a circle in the plane

Given a circle specified by zo, yo, and 7 as above, the distance from a point (z;,y;) to the
circle is found from
di=r;—r, (6.1)
where
ri = V(i — 0)? + (% — %0)?.

The elements of the Jacobian matrix J are found from the partial derivatives of d; with
respect to the parameters zo, yo and r given by

ad; L .
Boc —(zi — zo)/ i,
6di — PR .
ayo = _(yt yo)/Tu (62)
od;
ar -l

6.3 Algorithm description

The algorithm to find the best-fit circle is based on the Gauss-Newton algorithm described
in section 2.2. We assume that we have estimates (zq, o) and = for the circle centre and
radius. In section 6.4, we show how we can find good estimates of these parameters. One
iteration of the Gauss-Newton algorithm follows the steps below:

I form the right hand side vector d and Jacobian matrix J according to (6.1) and (6.2);

II solve the linear least-squares system
Pz,

J Py, = _d;
Pr

12




III update the parameter estimates according to

Ty = Zo+ Pug,
Yo = Yo+ Py
r o= r4+pr.

These steps are repeated until the algorithm has converged.

6.4 Linear least-squares circle

In this section we outline a circle fitting model that can be solved as a linear least-squares
problem. For accurate data, this model should give a best-fit circle which agrees very closely
with the best-fit circle found according to the full nonlinear model described above; for less
accurate data, the approximate model can be used to furnish good initial estimates of the
centre and radius parameters.

In the approximate model we minimise

F=3 71,
=1

where

fi=ri-r2

By a change of parameters, we can make f into a linear function

fi = (zi—20)® + (% — )% - 7%,
= —2z;T0 — 2yiyo + (2 + ¥& — %) + (2 + ¥?), (6.3)

of 2o, yo and p = 2 + y2 — r? . To minimise F, therefore, we solve the linear least-squares
system

where the elements of the ith row of A are the coefficients (2z;, 2y;, —1) and the ith element
of b is £ + y?. We recover an estimate of r from

r= [z + % - ol

6.5 Notes

1. Circle fitting is discussed in Anthony and Cox (1986), wherein algorithms to find the least-
squares, linear least-squares, maximum inscribed, minimum circumscribed and minimum zone best-
fit circles are described. Finding best-fit circles to partial arcs is considered in Forbes (1989).

13




7 Spheres

We assume that we wish to fit a sphere to m points (z;, ¥i, %), where m > 4. We should
point out that this section is just the three dimensional version of section 6.
7.1 Parametrization
We specify a sphere by
i) its centre (g, ¥o, 20) and
ii) its radius r.
We note that any point (z,y, z) on the sphere satisfies

(2—20)*+ (y—v0)* + (2 — )’ =1r?.

7.2 Distance from a point to a sphere

Given a sphere specified by zo, yo, 20 and r as above, the distance from a point (z;, v, )
to the sphere is found from

di=7r;—r, (7.1)
where
ri = y/[(zi — 20)? + (¥ — %)% + (2 — 20)?].

The elements of the Jacobian matrix J are found from the partial derivatives of d; with
respect to the parameters zo, yo, 20 and r given by

2= (sl

o2 = —(w- (7.2
== m-wn

A

7.3 Algorithm description

The algorithm to find the best-fit sphere is based on the Gauss-Newton algorithm described
in section 2.2. We assume that we have estimates (o, ¥o, 20) and r for the sphere centre
and radius. In section 7.4, we show how we can find good estimates of these parameters.
One iteration of the Gauss-Newton algorithm follows the steps below:

I form the right hand side vector d and Jacobian matrix J according to (7.1) and (7.2);
IT solve the linear least-squares system '

Pz,

J| P | =g
Pz

Pr
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III update the parameter estimates according to

To = Zo+t Pxos

Yo = Yo+ Py
20 = 20t Pz,
r = T+ D

These steps are repeated until the algorithm has converged.

7.4 Linear least-squares sphere

In this section we outline a sphere fitting model that can be solved as a linear least-squares
problem. For accurate data, this model should give a best-fit sphere which agrees very
closely with the best-fit sphere found according to the full nonlinear model described above;
for less accurate data, the approximate model can be used to furnish good initial estimates
of the centre and radius parameters.

In the approximate model we minimise

F = ifzz
1=1

where
fi= rf s

By a change of parameters, we can make f into a linear function

fi = (mi—zo)®+ (% — %)+ (z — 20)? — 12,
= 20500 - 2iyo — 220 + (3 tyg + 23 —r )+ (2l +ul +2D),  (7.3)
of zg, Y0, 20 and p = 2% + y2 + 22 ~ r2. To minimise F, therefore, we solve the linear

least-squares system
Zo

A Yo =b ,
20

P

where the elements of the ith row of A are the coefficients (2z;,2yi,22;,—1) and the ith
element of b is z? + y? 4 z2. We recover an estimate of r from

r=[z3+ 95+ 2 — ol

7.5 Notes

1. Sphere fitting is discussed in Boffey, Cox, Delves and Pursglove (1990), wherein algorithms to
find the least-squares, maximum inscribed, minimum circumscribed and minimum zone spheres are
described. In some applications, for example in lens making, it is required to fit a sphere to points
representing only a small patch of the sphere surface; this case is considered in Forbes (1989).
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8 Gauss-Newton strategy for circles in 3 dimensions, cylin-
ders and cones

The remaining three elements, circles in 3 dimensions, cylinders and cones, all require that
an axis, i.e., a line in 3 dimensions, be parametrized. We have indeed discussed this case
in section 4.1 but we now need to consider the problem a little more closely.

We have said that a line can be specified by giving a point on the line and the direction
cosines, so that at first sight it would appear that six numbers are required to describe
a line. However the constraint, a? + b2 4+ ¢ = 1, on the length of the direction vector
means that as soon as two of the components have been assigned, the third is determined
(apart from its numerical sign); below we consider an alternative constraint on the length
of the direction vector. Similarly, the fact that a point specifying the position of the line
has itself to lie on the line and thus satisfy an equation of the form (4.1) means again that
if two components of (2o, yo, 20) are assigned the third is also determined. Thus a line in
three dimensions can be specified by four parameters along with unambiguous rules (or
constraints) which give the other two parameters. We consider two such rules.

Rule 1. We represent a direction by a vector of the form (a,b,1).

Rule 2. Given that the direction is given by (a,b,1), we require that

20 = —azg — byo. (8.1)

Rule 1 is the simplest of all the rules that could be applied: we have a and b as
parameters and we know that c is always 1. This rule is effective for lines that are nearly
vertical, but suffers from instability for lines that are nearly horizontal - a small change in
the orientation of a near horizontal line would result in a large change in a and b; moreover,
the representation breaks down for lines exactly perpendicular to the z axis. For such lines
we could specify that @ or b should be 1 instead and use the other two components as
parameters.

Rule 2 is a sensible rule to assign zg, given zo and yo, and works well as long as (a,b,1)
is a suitable parametrization of direction. It is motivated by the fact that it specifies the
point on the axis nearest the origin. We assume that the data centroid is at or near the
origin and consequently (zo, Yo, z0) 50 constrained will have the numerically advantageous
property of being near the centroid.

We can say, then, that for nearly vertical lines, these two rules give stable parametriza-
tions in terms of the four parameters a, b, g, and yo.

We now consider a second feature of fitting with these three elements. We suppose for
the moment that the element axis is indeed nearly vertical so that we can parametrize it
with the four parameters above. As we can see from (4.2) the expression for the distance
from a point to an axis is quite complicated. To implement a Gauss-Newton algorithm, we
have also to find the derivatives of this distance with respect to the parameters and, as can
be imagined, this gives rise to rather unwieldy expressions which take a significant amount
of computer time to evaluate. However, if the axis is exactly vertical and passes through
the origin, i.e., a = b = zg = yo = 0, all of the expressions become vastly simplified.

These remarks suggest the following strategy for implementing a Gauss-Newton algo-
rithm. We iterate as usual, except that at the beginning of each iteration, we translate and
rotate a copy of the data so that the trial best-fit element (i.e. the element corresponding
to the current estimates of the parameters) has a vertical axis passing through the origin.
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This means that when we come to evaluate the Jacobian matrix, we can utilise the spe-
cial orientation to simplify the calculations. At the end of an iteration we use the inverse
rotation and translation' transformations to update the parametrizing vectors (o, %o, 20)
and (a,b,c) and thus determine the new position and orientation of the axis. A further
advantage of this scheme is that we are always using the parametrization given by Rules 1
and 2 in ideal circumstances. »

We can rotate a point (z,y,2) by applying a 3 X 3 rotation matrix U to the vector
(2,9, 2)T; the inverse rotation can be performed using the transpose of U. Thus:

Uu T
v = Ujy|, (8.2)
w zZ
:B- uw
y| = 0T v |. (8.3)
4 w

There are various ways we can construct a rotation matrix U to rotate a point so that it
lies on the z-axis. One of the simplest is to have U of the form

c2 0 s 1 0 0
U= 0 1 0 0 Ci S1 , (84)
-89 0 ¢ 0 -51

where ¢; = cosf; and s; = siné;, i = 1,2. For example, if we want to rotate (a,b,c) to a
point on the z-axis, we choose ; so that be; + cs; = 0 and subsequently choose 6, so that
acz + (ccy — bsy)sy = 0.
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9 Cylinders
We assume that we wish to fit a cylinder to m points (z;, yi, 2;), where m > 5.

9.1 Parametrization
We specify a cylinder by
i) a point (z9, yo, 20) on its axis,
ii) a vector (a, b, c) pointing along the axis and
iii) its radius r.

To parametrize a cylinder properly we need a systematic way of deciding which point on
the axis to choose, along with a constraint on (a, b,c). Following section 8, we can do this
for nearly vertical cylinders by setting

A —azo — byo,
c = 1. (9.1)

9.2 Distance from a point to a cylinder

Given a cylinder specified by zo, yo, 20, @, b, ¢, and r as above, the distance from a point
(i, ¥i, z) to the cylinder is found from

d;i=r—r, (9.2)
where Ju? ) 7
us + e + w?
.= ) 1 1 3
rt «{az + b2 + cz] b (9 )
with

u = oy~ o) - bz — 20),
v; = a(z - z) — ¢(zi — To), (9.4)
wi = b(z; - zo) — a(yi — %)

r; is the distance of the ith point to the cylinder axis; the reader may note that (u;, v;, w;)
can be expressed as a vector cross-product of {(z;, ¥, z:) — (2o, ¥o, 20)] With (a, b, ¢).

If we employ the constraints (9.1), d; is a function of the five parameters g, yo, a, b
and r, and to implement a Gauss-Newton algorithm to minimise the sum to squares of
the distances we need to calculate the partial derivatives of d; with respect to these five
parameters. The expressions are algebraically complicated, but for the special case when
zo = Yo = a = b = 0, they simplify to

ri = [zl + 97 (9.5)
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and

od; o

z0 = -—(E,/‘I‘,,

od; .

o - vi/Ti

adi — . . .

5a ~z;2; 75, (9.6)
9d; = —yz/r

b = Yizi/ T4,

od;

or =

9.3 Algorithm description

The algorithm to find the best-fit cylinder is based on the Gauss-Newton strategy outlined
in sections 2.2 and 8. Given estimates of (zo, Yo, 20), (@,b,c) and r, one iteration of the
algorithm follows the steps below:

I translate (a copy of) the data so that the point on the axis lies at the origin:
(%4, ¥i, 2) := (i, ¥, 2:) — (To, Yo, 20);

IT transform the data by a rotation matrix U which rotates (a,b,c) to a point on the

Z-axi1s
T4 T;
| =U % |
Z i

IIT form the right hand side vector d and Jacobian matrix according to (9.2), (9.5) and
(9-6);

v .solve the linear least-squares system

Pz,
Pyo
J| Pa = —d;
Dy
Dr

V update the parameter estimates according to

o To Dz,
% | = | v |+UT Pyo ;
2o | 2g —PzxgPa — Py Pb
a | Pa
b| = UT| p |;
| 1
T = T+ P
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These steps are repeated until the algorithm has converged. In step I, we always start with
(a copy of) the original data set rather than a transformed set from a previous iteration.
If we wish to have (zo,yo, 20) represent the point on the line nearest the origin, then we
introduce one further step:

VI
;0 o ;0 azo + byo + czo
0 f-= 0T T3 ) 2
o) 2 a2 +b2+¢
9.4 Notes

1. There appears to be no straightforward method for obtaining initial estimates of the parameters.
If there are 9 or more data points, we can fit a general quadric,

Az? + By?* + C2* + Dey+ Ezz+ Fyz+ Gz + Hy+ Iz + J =0,

to the data and derive estimates of (29, yo, 20), (a,b,¢) and » from the solution parameters A, B,
...,J. This fitting problem can be posed as a linear least-squares or eigenvalue problem. If there
are fewer than 9 points then it is not clear what can be done.

If there are estimates of (a, b, ¢), then we can rotate the data so that the trial axis is vertical and
fit a circle to the z- and y-coordinates of the rotated points to obtain estimates of (zo, yo, 20) and
r. In many measurement situations such estimates of (a, b, c) are available from the approximately
known orientation of the workpiece with respect to the coordinate system of the measuring machine.

10 Circles in 3 dimensions

We assume that we wish to fit a circle to m points (z;, ¥i, 2i), where m > 3, in 3 dimensions.
This is in fact the most complicated of all the fitting problems considered in this report
and the reader may wish to look at the cylinder case first (section 9).

10.1 Parametrization
We specify a circle in 3 dimensions by
i) its centre (zo, Yo, 20),
ii) its radius r and
iii) a vector (a,b,c) normal to the plane containing the circle.

To parametrize the circle properly we need to constrain the length of the vector (a,b,¢).
Following section 8, we can do this for circles lying in nearly horizontal planes by setting
c=1.
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10.2 Distance from a point to a circle in 3 dimensions

Given a circle specified by zo, yo, 20, 7, @, b and ¢ as above, the distance from a point
(zi, ¥i, z) to the circle is found from ’

d =e+ fl. (10.1)

In this equation, e; is the distance from (z;,;, %) to the cylinder specified by (20, %0, 20),
7 and (a,b,c)/{/[a® + b2 + c?] (see (9.2)) and f; is the distance from (25, %, ) to the plane
specified by (zo,%0, 20) and (a,b,c) (see (5.1)). If the circle lies in the zy-plane, then we
have

ei = (ei—2z0)’ + (vi — %)% -,
fi = =z (10.2)

We note that in (10.1), d? is itself a sum of two squares, and for this reason we model the
element fitting problem as minimising

m m m
E=)dl=>Ye+) s (10.3)
1=1 1=1 i=1

If we employ the constraint ¢ = 1, d; is a function of the six parameters Zo, Yo, 20,
a, b and r. To implement a Gauss-Newton algorithm with E as in (10.3), we need to
calculate the derivatives of e; and f; with respect to these six optimization parameters.
The expressions are lengthy, but for the special case 2o = yo = 20 = a = b = 0, we have

af;

e = —z/m, gL = o,
S5 = —yi/m, sk = o,
g_z-f = 0 %ﬁ? = -1 (10.4)
e = —wiz/m, P = T
5 = —wa/n, &% = w
g = -1, & 0.

We note that three of the f; derivatives are zero and we can use this fact to make the
solution of the Jacobian linear least-squares system more efficient.
10.3 Algorithm description

The algorithm to find the best-fit circle in 3 dimensions is based on the Gauss-Newton
strategy outlined in sections 2.2 and 8. Given estimates of (zo, Y0, 20), (a, b, ¢) and 7, one
iteration of the algorithm follows the steps below:

I translate (a copy of) the data so that the centre estimate lies at the origin:
(i, ¥i> 23) == (2, 9y 2) — (2o, Yo, 20);

II transform the data by a rotation matrix U which rotates (a,b,c) to a point on the

2-axis;
T T
% | =U|w|;
z z;
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III form the right hand side vectors e and f according to (10.2);

IV form two Jacobian matrices J. and Jy where: J, is the matrix of partial derivatives of
the e; and Jy¢ is the matrix of partial derivatives of the f;, with the partial derivatives
calculated according to (10.4);

V solve the linear least-squares system

Pz
Dy,
BIHEE!
Jy Pa -f 1!
Db
| Dr

VI update the parameter estimates according to

zo | o .| P
Yo = Yo | YU | Py |
29 ] 20 Pz
a Pa
= UT | po |;
c 1
r = T+ Dr.

These steps are repeated until the algorithm has converged. In step I we use (a copy of)
the original data points rather than a transformed set from a previous iteration.

10.4 [Initial estimation of the parameters

We can use plane fitting (section 5) and linear least-squares circle fitting (section 6.4)
algorithms to arrive at initial estimates for (zg, y0, 20), (@, b, ¢) and = by following the steps
below:

I fit a plane to the data points to get estimates of (a,b,c) along with the centroid
(2,9, 2);
II translate the data points so that (Z, 7, ) is now at (0,0,0);

III rotate the data points by a rotation matrix U which transforms (a, b, ¢) to a point on
the z-axis;

IV use the linear least-squares circle fitting algorithm to find an approximate best-fit
circle specified by centre (£q,9o) and radius r to the = and y coordinates of the
rotated data points;

V obtain the estimate of (zq, yo, 20) from

To T Zo
wol|=17|+U7| %
20 z 0
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11 Cones

We assume that we wish to fit a cone to m points (z;, y;, 2;), where m > 6. In the algorithm
described below, we use a strategy similar to the one outlined in section 8. However, to
deal with the case of cones with a wide apex angle, numerical considerations force us to
adopt a slightly modified approach.

11.1 Parametrization
We specify a cone by
i) a point (zo, yo, 20) on its axis,
ii) a vector (a,b, c) pointing along the axis,
iii) the angle ¢ at the apex, and
iv) information about where on the axis the cone is situated.

To parametrize a cone properly we need a systematic way of deciding which point on the
axis to choose, along with a constraint on (a,b,c). Following section 8, for nearly vertical
_cones we set

c=1, (11.1)

while for the point on the axis we choose a constraint of the form
29 = 8g — axg — byo, (112)

for some constant so. We shall see in section 11.2 how to choose the constant so. Regarding
iv), a first choice would be to use the cone vertex to specify position. However, for cones
with small apex angle, the vertex could be situated very far from the data, leading to loss
of numerical accuracy. A second choice is to specify the radius, i.e., the distance from
the axis to the cone surface measured perpendicularly to the axis, at the point (zo, ¥o, 20)-
This works well for cones with small apex angle, but not so well for cones with a wide
angle. Our preferred choice is to specify the distance ¢ from the point (o, o, 20) to the
cone surface, measured perpendicularly to cone surface, see Figure 11.1. We shall see that
this parametrization also suffers from some defects for cones with a wide angle, but with
care, these defects can be minimised.

11.2 Distance from a point to a cone

Given a cone specified by (zo, yo, 20), (a, b, ¢), angle ¢ and distance ¢ as above, the distance
from a point (z;, ¥, 2;) to the cone is found from

d; = e; cos(¢/2) + f;sin(¢/2) — ¢, (11.3)

where e; is the distance from (z;,;, 2;) to the line specified by (zo, %0, 20) and (a, b, ¢); and
fi is the distance from (z;,;, z) to the plane specified by (zo, ¥o, 20) and (a, b, c). We have
assumed that the vector (a,b,c) points along the axis in the direction of decreasing radius;
if this is not so then we replace (a, b,c) by —(a,b,c).
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Xo

Figure 11.1: Parametrization of a cone.

If we employ the constraints (11.1) and (11.2), d; is a function of the six parameters
Zo, Yo, @, b, ¢, and t, and to implement a Gauss-Newton algorithm to minimise the sum
of squares of the distances we need to calculate the partial derivatives of d; with respect
to these six parameters. The expressions are algebraically complicated, but for the special
case when zg = 99 = a = b = 0, they simplify to

e = T4 where
ri = Vel +9l; (11.4)
fi = z - so,
and
od; . »
92g —z; cos(@/2)/rs,
g;i; = —y;cos(¢/2)/r;,
adi — . . .
% - —:I:,'LU,/T,, . (115)
o _
6b - ylw! Tﬁ)
od;
36 " w;/2,
ad;
5 - b
with
w; = (2; — s0) cos(@/2) — r;sin(P/2). (11.6)

We note that for cones with apex angle near , the term cos(¢/2) will be near zero and
the zo and yp columns of the Jacobian will correspondingly be near zero. The Jacobian
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will then be nearly rank-deficient resulting in a degraded performance of the Gauss-Newton
algorithm. In geometrical terms, the position of the vertex of the best-fit cone to nearly
planar data is poorly defined - moving the vertex to any point on the plane has a small
effect on the sum of the squares.

There remains the question of a suitable value for the constant sg. We can show that
in order to avoid unnecessary ill-conditioning in the Jacobian matrix, it is best to choose
so such that ¥ w; = 0, from which we get

so = Z — 7tan(¢/2), (11.7)

where 7 is the mean of the ;. We can see that for cones with small apex angle and with
so given by (11.7), the point (2o, ¥o, 20) Will be close to the point on the axis nearest the
centroid and if we assume that the centroid is at the origin we can safely set s = 0. In the
next section we describe an algorithm for this case. For wide-angled cones, (zo, Yo, 20) will
be far from the data (and the cone surface) and this can give rise to numerical instability.
For example, if we calculate d; according to (11.3) then we risk cancellation errors. However,
we can show that given an axis and apex angle the best-fit cone with this axis and angle
contains the circle centred at the point on the axis nearest the centroid, with radius equal
to the mean distance of the points to the axis. We can use this fact to produce a modified
algorithm which obviates some of the numerical difficulties that occur for wide-angled cones.

11.3 Algorithm description

The algorithm to find the best-fit cone is based on the Gauss-Newton strategy outlined in
‘sections 2.2 and 8. If the cone has a moderate apex angle (say < 0.97) then, given estimates
of i) a point (zo, Yo, 20) on its axis, ii) a vector (a, b, ¢) pointing along the axis, iii) the angle
¢ at the apex, and iv) the distance t from (o, Yo, 20) to the cone surface, we can set so = 0
and follow the steps: ‘

I translate the data so that the point on the axis lies at the origin:
((E,’, Yi,s Z{) :,:‘ ((B,:, i, Z,:) - (zO7 Yo, ZO);

II transform the data by a rotation matrix U which rotates (a,b,c) to a point on the

z-axis:
T S
% | =0 % |;
23 : 23

'III form the right hand side vector d and Jacobian matrix according to (11.3) - (11.5)
with so = 0;

IV solve the linear least-squares system
Pz,
. Pyo

J| Po | =g
| ope

Pg
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V update the parameter estimates according to

To o on_
o | = |w|+UT Pyo ;
Z | 2 —PxzoPa — PyoPb
a Pe
= UT| p |;

] 1

¢ = ¢+ py;

t = {4+ Pt

These steps are repeated until the algorithm has converged. In step I, we always start with
(a copy of) the original data set rather than a transformed set from a previous iteration.
If we wish to have (zo, yo, 20) represent the point on the line nearest the origin, then we
introduce one further step:

VI
;0 L ;0 azo + byo + c2o
0 | = 0 | T T T B2 2
2 2 a4+ b2+ ¢

We can adjust the above algorithm to ensure that we minimise any loss of numerical
accuracy for wide-angled cones. For the modified algorithm we require that the centroid of
the data lies at the origin. Given estimates of i) a point (2o, ¥o, 20) on its axis, ii) a vector
(a,b,c) pointing along the axis, and iii) the angle ¢ at the apex, one iteration follows the
steps below:

It calculate the point on the axis nearest the origin ( = the centroid):

:o i ;0 azg + byo + c2o
2 2 a2+b%+c¢

II{ translate the data so that the point on the axis lies at the origin:
(i, %3y &) := (20, %, 2) — (2o, Yo, 20);

IIIt transform the data by a rotation matrix U which rotates (a,b,c) to a point on the
positive z-axis:

z; T
u | =Uw|;
2 2

IV} calculate the mean distance of the points to the axis:
e = \/{zf + 97,

F o= %Zr;;
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Vi calculate the right hand side vector d according to

di = (r; — 7) cos($/2) + z sin(¢/2), (11.8)
and Jacobian matrix according to (11.5) with
w; = 2; cos(¢/2) — (r; — F) sin(¢/2); (11.9)
VI} solve the linear least-squares system
ey ]
Pyo
J pa - “‘d;
Po
Py
L P

VII} update the parameter estimates according to

o Zo Pzo + TDa ta.n(¢/2)
Yo | == | v | +UT| py +7optan(e/2) |;
20 | 20 —DzoPa — PyoPb
a ] Pa
b| = UT| m|;
] 1
¢ = ¢+ ps.

The modified algorithm implicitly has so = —7 tan(¢/2) (we have assumed that z = 0)
and so ensures that the Jacobian matrix is not unnecessarily ill-conditioned. Also at step
V1, we use the fact that the best-fit cone with the given axis and angle contains the
circle centred at the origin with radius #, and this allows us to calculate the quantities d;
and w; in a stable manner via (11.8) and (11.9). The modified algorithm is only slightly
more complicated that the original algorithm and we recommend its use. However we
can emphasise again that there will be ill-conditioning for near-planar cones, and that the
computation will break down if ¢ = 7.

11.4 Notes

1. The situation for obtaining initial estimates of the parameters is much the same as that for
cylinders (section 9.4). If we have estimates of (a,b,c) and ¢, then we can rotate the data so that
the axis is vertical and then fit

(=20 +(y—B0)* =(r—k2)?, k= tan(¢/2),

to the z- and y-coordinates of the rotated points; this problem can be posed as a linear least-squares
problem by a change of parameters similar to that employed for the circle (section 6.4). From the
solution #o, Jo and r, we can derive estimates of (zo, ¥o, 20), and subsequently ¢.
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